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PREFACE 


The present elementary text-book embodies the course in 
Solid Coordinate Geometry which, for several years, it has 
been part of my duties as Lecturer in Mathematics at the 
University of. Glasgow to give to two classes of students. 

For the student whose interests lie in the direction of 
Applied Mathematics, the book aims at providing a fairly 
couiploto exposition of the properties of the plane, the 
straight lino, and the conicoids. It is also intended to 
fnrni.sh him with a book of reference whicli he may consult 
wluui his reading on Applied Mathemltics demands a know- 
ledge, say, of the properties of curves or of geodesics. At the 
sainii time it is hoped that the student of Pure Mathematics 
may lind here a suitable introduction to the larger treatises 
oil the subject and to works on Differential Geometry and 
the- Thooi'y of Surfaces. 

The matter has been arranged so that the first ten 
chapters contain a first course which includes the properties 
of conicoids as far as con Ideals. Certain sections of a less 
elementary character, and all sections and examples that 
involve the angle- or distance-formulae for oblique axes 
have been marked with an asterisk, and may be omitted. 

Chapter XI. has hcon devoted to the discusvsion of the 
General Equation of the Second Degree. This order of 
arrangement imtails some repetition, but it has compensat- 
ing advantages. The student who has studied the special 
forms of the eipiatiou finds less difficulty and vagueness in 
dealing with the general. 

I have omitted all account of Plomogeneous Coordinates, 
Tangential, Equations, and the method of Reciprocal Polars, 
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and have included sections on Euled Surfaces, Curvilinear 
Coordinates, Asymptotic Lines and Geodesics. It seemed 
to be more advantageous to make the student acquainted 
with the new ideas which these sections involve than to 
exercise him in the application of principles with which his 
reading in the geometry of two dimensions mirst have made 
him to some extent familiar. 

In teaching the subject constant recourse has been had to 
the treatises of Smith, Frost and Salmon, and the works of 
Carnoy, de Longchamps and Niewenglowski have been 
occasionally consulted. My obligations to these authors, 
which are probably much greater than I am aware of, are 
gi'atefully acknowledged. I am specially indebted to Kesal, 
whose methods, given in liis Th4orie des Surfaces, I have 
found very suitable for an elementary course, and Iil, ;c 
followed in the work of the last two chapters. 

The examples are very numerous. Those attached to tlie 
sections are for the most part easy applications of the theory 
or results of the section. Many oi these have been con- 
structed to illustrate particular theorems and others have 
been selected from university examination papers. Some 
have been taken from the collections of de Longchamps, 
Koehler, and Mosnat, to whom the author desires to acknow- 
ledge his indebtedness. 

I have to thank Profs. Jack and Gibson for their kindly 
interest and encouragement. Prof. Gibson has read part of 
the work in manuscript and all the proofs, and it owes irmcli 
to his shrewd criticisms and valuable suggestions. My 
colleague, Mr. Neil M' Arthur, has read all the proofs and 
verified nearly all the examples; part of that tedious task 
was performed by Mr. Thomas M. MacEobert. I tender my 
cordial thanks to these two gentlemen for their moat efficient 
help. I desire also to thank Messrs. MacLehose for the 
excellence of their printing work. 

EOBT. J. T. BELL. 


Glasgow, September, 1910. 



PREFACE TO THE SECOND EDITION 


Tn this edition a few alterations have been made, chiefly in 
the earlier part of the book. One or two sections have been 
rewritten and additional figures and illustrative examples 
have been inserted. 

E. J. T. B. 


1912 . 


PREFACE TO THIRD EDITION 

In this edition some corrections have been made and a second 
set of Miscellaneous Examples and an Appendix have been 
added. The Appendix contains notes on several paragraphs, 
which indicate alternative, and generally shorter, methods of 
|)roc(Mlnrc. It also includes a discussion of the reduction of 
the. general equation of the second degree, which depends only 
on the formulae for change of axes, and which can accordingly 
be read by the student as a sequel to Chap. VII. 

B. J. T. B. 


Dmmkr, 1937 . 
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CHAPTER I. 


SYSTEMS OF COOEDINATES. THE EQUATION 
TO A SUEFACE. 

1. Segments. Two segments AB and CD are said to 
have the same direction when they are collinear or parallel, 
and when B is on the same side of A as D is of C. If AB 
and CD have the same direction, BA and CD have opposite 
directions. If AB and CD are of the same length and in 
the same direction they are said to be equivalent segments. 

2. If A, B, C, ... N, P are any points on a straight 
line X'OX, and the convention is made that a segment of 
the straight line is positive or negative according as its 
direction is that of OX or OX', then we have the following 
relations : 

AB=-BA; OA+AB=OB, or AB = OB-OA, 
or OA+AB + BO = 0; 

OA+AB+BC+... NP = OP. 

If x^, X.2 are the raea.sures of OA and OB, ie. the ratios of 
OA and OB to any positive segment of unit length, L, then 
OA=a:iL, OB=a;2l-, 
and AB=(ji;2— 

or the measure o! AB is x^-Xy 

3. Coordinates. Let X'OX, y'oy, Z'OZ be any three 
fixed intersecting lines which are not coplanar, and whose 
positive directions are chosen to be X'OX, Y'OY, Z'OZ ; and let 
planes through any point in space, P, parallel respectively 
to the planes YOZ, ZOX, XOY, cut X'X, Y'Y, Z'Z in A, B, C, 
(fig. 1 ), then the position of P is known when the segments 
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OA, OB, OC are given in magnitude and sign, A con- 
struction for P would be : cut off from OX the segment OA, 
draw AN, through A, equivalent to the segment OB, and 
draw NP, through N, equivalent to the segment OC. OA. 

OB, OC are known when their measures are known, and 
these measures are called the Cartesian coordinates of P 
with reference to the coordinate axes X'OX, Y'OY, Z'OZ. 
The point O is called the origin and the planes YOZ, ZOX, 
XOY, the coordinate planes. The measure of OA, the 
segment cut off from OX or OX' by the plane through p 
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parallel to YOZ, is called the ic-coordiuate of P ; the measures 
of OB and OC are the y- and z-eoonhnates, and tlie synibcd 
P, {x, y, z) is used to denote, “ the point P wliose coordinates 
are x, y, z.” The coordinate planes divide space into eight 
parts called octants, and the signs af the cosrdinatas of a 
point determine the octant in which it lies. The follawing 
table shews the signs for the eight octant.S'; 


Ootaat OXYZ OX'YZ OX'Y'Z OXY'Z OXYZ' OX'YZ' OX'Y'Z' OXY'Z' 
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§§ 3, 4] SIGN. OFv DIEECTION ' OF iROTATION- 

It is generally most convenient to choose mutually 
perpendicular lines as coordinate axes. The axes are then 
‘‘ rectangular,” otherwise they are “ oblique.” 

Ex. 1. Sketch in a figure the positions of the points : 

(8, 0, 3), (~2, -1, 5), (-4, >-2, 0), (0, 0, ->6). 

Ex. 2. What is the locus of the point, (i) whose .^-coordinate is 3, 
(ii) whose ^-coordinate is 2 and whose y-coordinate is ~ 4 ? 

Ex. 3. What is the locus of a point whose coordinates satisfy 
(i) .r-0 and 3/=0 ; (ii) .r=a and ^=0 ; (iii) and ?/==6 ; {iv) z^c 
and//— 

Ex. 4. If OA = a, OB = 6, OC = c, (fig. 1), what are the equations to 
the planes PNBM, PMCL, PNAL? What equations are satisfied by 
the coordinates of any point on the line PN ? 

4. Sign of direction of rotation. By assigning positive 
directions to a system of rectangular axes X'X, Y^Y, Z'Z, we 
have fixed the positive directions of the normals to the 
coordinate planes YOZ, ZOX, XOY. Retaining the usual 
convention made in plane geometry, the positive direction 
of rotation for a ray revolving about O in the plane XOY 
is that given by XYX'y', that is, is counter-clockwise, if the 
clock dial be supposed to coincide with the plane and front 
in the positive direction of the normal. Hence to fix the 
positive direction of rotation for a ray in any plane, we 
have the rule: if a clock dial is considered to coincide 
with the 'plane and front in the positive direction of the 
noi'mal to the plane, the positive direction of rotation 
for a ray revolving in the plane is counter-clockwise. 
Applying this rule to the other coordinate planes the 
positive directions of rotation for the planes YOZ, ZOX 
are seen to be YZY'Z', ZXZ^'X'. 

The positive direction of rotation for a plane can also be found by 
considering that it is the direction in which a right-handed gimlet or 
corkscrew has to be turned so that it may move forward in the positive 
direction of the normal to the plane. 

Ex. A plane ABC meets the axes OX, OY, OZ in A, B, C, and 
ON is the normal from O. If ON is chosen as the positive direction 
of the normal, and a point P moves round the perimeter of the 
triangle ABC in the direction ABC, what is the sign of the direction 
of rotation of NP when OA, OB, OC are (i) all positive, (ii) one 
negative, (iii) two negative, (iv) all negative ? 
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5. Cylindrical coordinates. If x'ox, y'oy, z'oz, are 
rectangular axes, and PN is the perpendicular from any 
point P to the plane XOY, the position of P is determined 
if ON, the angle XON, and NP are known. The measures 
of these quantities, u, (p, z, are the cylindrical coordinates 
of P. The positive direction of rotation for the plane XOY 
has been defined, and the direction of a ray originally 
coincident with OX, and then turned through the given 
angle is the positive direction of ON. In the figure, 
Uj (p, z are all positive. 

If the Cartesian coordinates of P are cc, y, z, tliose of N 
are x, y, 0. If we consider only points in the plane XOY, 
the Cartesian coordinates of N are x, y, and tlie polar, u, cp 
Therefore 
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6. Polar coordinates. Suppose that the position of the 
plane OZPN, (fig. 2), has been determined by a given value 
of <j), then we may define the positive direction of the 
normal through O to the plane to be that which makes an 
angle 0+7r/2 with X'OX. Our convention, (§ 4), tlien fixes 
the positive direction of rotation for a ray revolving in the 
plane OZPN. The position of P is evidently determined 
when, in addition to 0, we are given r and 0, the measures 
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of OP and lZOP. The quantities r, 6, <j) are the polar 
coordinates of P. The positive direction of OP is that of a 
ray originally coincident with OZ and then turned in the 
plane OZPN through the given angle 6. In the figure, OM 
is the positive direction of the normal to the plane OZPN, 
and r, 6, (p are all positive. 

If we consider P as belonging to the plane OZPN and OZ 
and ON as rectangular axes in that plane, P has Cartesian 
coordinates 0 , u, and polar coordinates 9, Therefore 

'26' 

z = rcosd, '26 = 'rsin 0 ; = tand = 

But if P is {x, y, 0 ), x = u cos y — u sin (p. 

Whence x = t sin 9 cos cp, y = r^in 9 sin z — r cos 9 ; 

7'^==x^ + y^+0^, tan g== tan^ = ^. 

Cor, If the axes are rectangular the distance of (x, y, z) 
from the origin is given by 


Ex. 1. Draw figures shewing the positions of the points 

(*. -|. J> {=• !• -!)• {-*■ -r -I). (*. % -¥)■ 

What are the Cartesian coordinates of the points ? 

Ex. 2. Find the polar coordinates of the points (3, 4, 5), ( - 2, 1, - 2), 
so that r may be positive. 


Ans. 


'• (sv'S, (3, l + |+tan-'2j, 


4 2n/5 

where taii“^-, tan~^— tan"i2 are acute angles. 


Ex. 3. Shew that_the ^stanc is of the point (1, 2, 3) from the 
coordinate axes are Vl3, VlO, Vs. 

Ex. 4. Find (i) the Cartesian, (ii) the cylindrical, (iii) the polar 
equation of the sphere whose centre is the origin and radius 4, 

Ans. (i) (ii) = (iii) r=4. 

Ex. 5. Find (i) the polar, (ii) the cylindrical, (iii) the Cartesian 
equation of the right circular cone whose vertex is O, axis OZ, and 
semivertical angle a. 

Ans. (i) (ii) w—^tana, (iii) 

Ex. 6. Find (i) the cylindrical, (ii) the Cartesian, (iii) the polar 
equation of the right circular cylinder whose axis is OZ and radius a. 

Ans. (i) 26 = a, (ii) — (iii) rsin^=a. 
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Ex. 7. Find (i) the polar, (ii) the Cartesian equation to the plane 
through OZ which makes an angle a with the plane ZOX. 

Ans. (i) = (ii) y=a7tana. 

7, Ohange of origin. Let x'ox, y'oy, z'oz ; aW, /3'co/S, 
(fig. S), be two sets of parallel axes, and let any point P 
be {x, y, z) referred to the first and (^, f) referred to the 
second set. Let to have coordinates a, 6, c, referred to 
OX, OY, OZ. NM is the line of intersection of the planes 
/3o)y, XOY, and the plane through P parallel to fiwy cuts 
0,03^ in GH and XOY in KL. 



Then 0L = 01Vl + lVlL = 0M + ft)H, 

therefore = a + Similarly, + ^===<^ + ^1 

whence — — y — 

Ex. 1. The coordinates of (3, 4, 6), (-1-5,0), referred to parallel 
axes through ( -2, -3, _ *7), are (5, 7, 12), (1, -2, 7). 

Ex. 2. Find the distance between P, (oTj, yj, z{) and Q, (,n, 
the axes being rectangular. 

Change the origin to P, and the coordinates of Q bocoino .r2 — .ri, 
^1^® distance is given by 

{ {Xi - + (!/2 - ?/,)2 + (Za - Zi)2 

Ex. 3. TJie axes are rectangular and A, B are the poiiEs (3, 4, 5), 
(-1, 3, -7). A variable point P ha.s coordinates y, z. Find the 
equations satisfied by a?, y, if (i) PA = PB, (ii) PA'M-PB-==2F, 
(iii) PA‘-^-PB2=2 F. ^ ’ w ,v/ 

Ans. (i) 8a7+2y4‘24^f+9 = 0, 

(ii) + 2y 2 + 2^2 - Iv - 1 4y + 4^ + 109 « 2^2^ 

(iii) 8.r4'2y + 242: + 9 + 2^2-=0. 



CHANG-E OE ORIGIN 


7 


§§7,8] 

Ex. 4. Find the centre of the sphere through the four points 
(0, 0, 0), (0, 2, 0), (1, 0, 0), (0, 0, 4). Ans. (^, 1, 2). 

Ex. 5. Find the equation to the sphere whose centre is (0, 1, — 1) 
and radius 2. Ans. 4- ^2 _ 2^ q. 22;= 2. 

Ex. 6. Prove that represents a 

right circular cone whose vertex is the point (2, 1, -3), whose axis 
is parallel to OY and whose semivertical angle is 46°, 

Ex. 7. Prove that — 2:r + 4?y — 60 ~ 2 = 0 represents a 

sphere whose centre is at (1, - 2, 3) and radius 4. 

8. To find the coordinates of the point which divides the 
join of P, (ccp 2 / 1 , 0^) and Q, (ajg, 2/3, in a given ratio, 
X:l. 

Let R; {x, y, z\ (fig. 4), be the point, and let planes through 
P, Q, R, parallel to the plane YOZ, meet OX in P', Q", R'. 



Then, since three parallel planes divide any two straight 
lines proportionally, P'R' : P'Q' = PR : PQ = X : X + 1. Therefore 


iT — i^i __ X 

CC>sy X “h 1 


and 


\x.+x. 
X4-1 ‘ 


Similarly, 


^ X + l ’ 


5 ; = 


X^2 + ^l 
X + l 


These give the coordinates of R for all real values of X.. 
positive or negative. If X is positive, R lies between P and 
Q ; if negative, R is on the same side of both P and Q. 


Oor, 


The mid-point of PQ is 


>- 1+^2 yi+y2 
.2*2^ 


2 / 
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Ex. 1. Find the coordinates of tbe points that divide the join of 
(2, - 3, 1), (3, 4, - 5) in the ratios 1:3, - 1 : 3, 3 : - 2. 



9 

4’ 


5 

4’ 


1 

2 


(|, -L®,4), (5,18,-17). 


Ex. 2. Given that P, (3, 2, -4) ; Q, (5, 4, -6) ; R, (9, 8, - 10) are 
collinear, find the ratio in which Q divides PR. Why can the ratio bo 
found by considering the j?-coordinates only? Ans. 1 : 2. 

Ex. 3. A, (.r^, yi, ; B, (.2^2, ^2) ; G, (^^3, 7/3, ; D, z^) 

are the vertices of a tetrahedron. Prove that A', the centroid of tbe 
triangle BCD, has coordinates 

3 ’ 3 ’ 3 ' 

If B\ C', D' are the centroids of the triangles CDA, DAB, ABC, prove 
that AA', BB', CC', DD' divide one another in the ratio 3:1. 

Ex. 4. Shew that the lines joining the mid' points of opposite 
edges of a tetrahedron bisect one another, and that if they be taken 
for coordinate axes, the coordinates of the vertices can be wi'itten 
(a, h, c\ {a, ~ ^ -c), ( - a, h, ~c\{-a,- 6, c). 

Ex. 5, Shew that the coordinates of any three points can l)e pat 
in the form (a, 0), (a, 0, c), (0, 6, c\ a fourth given point being taken 

as origin. 

Ex. 6. The centres of gravity of the tetrahediva ABCD, A'B'C'D', 
(Ex. 3), coincide. 

Ex. 7. Find the ratios in which the coordinate planes divide the 
line joining the points ( - 2, 4, 7), (3, - 5, 8). Ans. 2:3, 4 : 5, -7:8. 

Ex. 8. Find the ratios in which the sphere divide.^ 

the line joining the points (12, - 4, 8), (27, -9, 18). Am. 2:3, -2:3. 

Ex. 9. The sphere meets the line 

joining A, (2, ~1, -4); B, (5, 5, 5) in the points P and Q. Prove 
that AP:PB===-AQ:QB:=1:2. 

Ex. 10. A is the point (-2, 2, 3) and B the point (13, -3, 13). 
A point P nrioves so that 3PA = 2PB. Provo that the locus of P is 
the sphere given by 

4-^2 .p 2^ 4 28x - 1 2?/ + IO2 - 247 = 0, 

and verify that this sphere divides AB internally and extornallv in 
the ratio 2 : 3. 

Ex. 11. From the point (1, -2, 3) lines are drawn to meet the 
sphere x^i-y^+z^—4, and they are divided in tlie ratio 2:3. Prove 
that the points of section lie on the sphere 

5.3?^ 4- 5 ?/2 + 52:2 - 6.r 4- 1 2^ - 1 82 + 22 = 0. 


9. The equation to a surface. Any equation involving 
one or more of the current coordinates of a variabie 
point represents a surface or system of surfaces which 
is the locus of the variable point 
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The locus of all points whose a^-coordinafces are equal 
to a constant a, is a plane parallel to the plane YOZ, and 
the equation a?==a represents that plane. If the equation 
f(x)^0 has roots ag, ... it is equivalent to the 

equations x = 0 i 2 i ... 5:c = a,j, and therefore represents 

a system of planes, real or imaginary, parallel to the plane 
YOZ. 

Similarly, /(j/)=0, f(z)=:0 represent systems of planes 
parallel to ZOX, XOY. In the same way, if polar coordinates 
be taken, /(■r) = 0 represents a system of spheres with a 
common centre at the origin, /(0) = O, a system of coaxal 
right circular cones whose axis is OZ,f(^)==0, a system of 
planes passing through OZ. 

Consider now the equation f{x, 2/)==0. This equation is 
satisfied by the coordinates of all points of the curve in the 
plane XOY whose two-dimensional equation is f{x, y) = 0 



Let P, (fig. 5), any point of the curve, have coordinates 
Xq, 7 /q, 0. Draw through P a parallel to OZ, and let Q be 
any point on it. Then the coordinates of Q are Zq, 

and since P is on the curve, f{X(^, y^) = 0, thus the coordinates 
of Q satisfy the equation f(x, y) — 0. Therefore the co- 
ordinates of every point on PQ satisfy the equation and 
every point on PQ lies on the locus of the equation. But 
P is any point of the curve, therefore the locus of the 
equation is the cylinder generated hy straight lines drawn 
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parallel to 02 through points of the curve. Similarly, 
f{y^ 0) = O, /(^, ir) = 0 represent cylinders generated by 
parallels to OX and OY respectively. 

Ex. What surfaces are represented by (i) (h) y“ = 46)5.r, 

the axes being rectangular ? 

Two equations are necessary to determine the curve in 
the plane XOY. The curve is on the cylinder whose equa- 
tion is f{x, 2/) — ^ 3'^id on the plane whose equation is 5; = 0, 
and hence “ the equations to the curve ” are f(x, 2/)== 0, 0=;O. 

Ex, What curves are represented by 
(i) == 2 ” 0 ; (ii) + ?/^ (iii) = 4a^, y = c ? 



Pm. U. 

(The surface shewn is represented by the equation 


Consider now the equation f{x, y, z) = 0. I'lie equation 
z=h represents a plane parallel to XOY, and the equation 
f(®. y, /*;) = 0 represents, as we have just proved, a cylinder 
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generated by lines parallel to OZ. The equation /( oj, y, h) ~ 0 
is satisfied at all points where f{x, y, and are 

simultaneously satisfied, i.e, at all points common to the 
plane and the locus of the equation /(^r, y, z) = 0, and hence 
f(Xj y, Ic) — 0 represents the cylinder generated by lines 
parallel to OZ which pass through the common points, (fig. 6 ). 
The two equations f(x, 3 /, 7c) = 0, 0 = i represent the curve 
of section of the cylinder by the plane z = k, which is the 
curve of section of tlie locus by the plane z—k If, now, 
all real values from — 00 to + 00 be given to k the curve 
f{x, y, /i;) = 0 , varies continuously and generates a 

surface. The coordinates of every point on this surface 
satisfy the equation f{x, y, z)~0^ for they satisfy, for some 
value of k, fix, y, k) — 0, z — k; and any point (Xj^, %) 

whose coordinates satisfy f(x, y, z) = 0 lies on the surface, 
for the coordinates satisfy f{x, y, zf) — 0y “Z^z^, and there- 
fore the point is on one of the curves which generate the 
surface. Hence the equation fix, y, z) = 0 represents a 
surface, and the surface is the locus of a variable point 
wliose coordinates satisfy the equation. 


Ex. 1. Discuss the form of the surface represented hy 

The section by the plane z~h has equations 
z~Jc, x^ja^ _ I _ 

The section is therefore a real ellipse if is imaginary if lc^>c\ 

and reduces to a point if The surface is therefore gkierateci 

by a variable ellipse whose plane is parallel to XOY and whose centre 
is on OZ. The ellipse increases from a point in the plane 0 = — to 
the ellipse in the plane XOY which is given by and 

then decreases to a point in th<3 plane 0 =c. The surface is the 
ellipsoid, (fig. 29). 

Ex. 2. What surfaces are represented by the equations, referred 
to rectangular axes, 

(i) — (ii) = 


Ex. 3. Discuss the forms of the surfaces 




(ii) 


y2 02^ 


(i) The hyperboloid of one sheet (fig. 30). 

(ii) The hyperboloid of two sheets (fig. 31). 
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Ex. 4. What loci are represented by 

(i) /(«)=o, (ii) /(^)=o, (iii) /()•, e)=o, 

(iv) f { 0 , 4 >)= 0 , (v) f(r, ^)= 0 , (vi) /(a, ^)=0 ? 

(i) A system of coaxial right cylinders ; (ii) a system of planes 
parallel to XOY ; (iii) the surface of revolution generated by rotating 
the curve in the plane ZOX whose polar equation is /(r, 0) = 0 about 
the ir-axis ; (iv) a cone whose vertex is at O ; (v) a surface generated 
by circles whose planes pass through OZ and whose dimensions vary 
as the planes rotate about OZ ; (vi) a cylinder whose generators are 
parallel to OZ, and whose section by the plane z=0 is the curve 
f(u, < 5 (>)== 0 . 

10. The equations to a curve. The two equations 
y, z) = 0, f^{x, y, 0 ) = O represent the curve of inter- 
section of the two surfaces given by j/, ^) = 0 and 
f^{Xyy,z) — 0. If we eliminate one of the variables, 



Pig. 7 shews part of the curve of intersection of the sphere 
and the right ciroiilar cylinder The 

cylinder which projects the curve on the plane a; = 0 is also shown. 

Its equation is The projection of the ourvti 

on the plane ZOX is the parabola whoso equations are y=0, 
z^ — a{a-x). 

say, between the two equations, we obtain an equation. 
0(£d, 2 /) = 0, which represents a cylinder whose generators are 
parallel to OZ. If any values of x, y, z satisfy f^{x, y,z) = ^ 
fmA f^{x,y,z)—0, they satisfy ^{Xyy) = 0, and hence the 
cylinder passes through the curve of intersection of the 





SUBI?'ACES OF REVOLUTION 


13 


surfaces. If the axes are rectangular j/) = 0 represents 
the cylinder which projects orthogonally the curve of 
intersection on the plane XOY, and the equations to the 
projection are y)=^ 0 , 0 = 0. 

Ex. 1. If the axes are rectangular, what loci are represented by 
(i) ; (ii) i- y^-\- = ^az ; (iii) +y^— a\ 

(a2>52)? 

Ex. 2. Find the equations to the cylinders with generators parallel 
to OX, OY, OZ, which pass through the curve of intersection of the 
surfaces represented by a;2-(-y2^23^ = 12, .r-^+2=l. 

Ans. 2 ?y 2 - 2 ^s+ 332 -f 2 ^- 22 - 11=0, 2^^ + 2^2 +32^ -2.3; -2-^- 11 = 0, 
3.2;*-^ - 4:Xy + - 4.;r + 4y — 10 = 0. 

11. Surfaces of revolution. Let P,(0, y^,z^\ (fig. 8), 
be any point on tlie curve in the plane YOZ whose Cartesian 
equation is f(y, z) = 0. Then 

( 1 ) 



Fjg. 8. 


The rotation of the curve about OZ produces a surface 
of revolution. As P moves round the surface, 0^, the 
0-coordinate of P remains unaltered, and u, the distance 
of P from the 0-axis, is always equal to 2/1 • Therefore, 
by (1), the cylindrical coordinates of P satisfy the equation 
f{'W, z) = 0. But P is any point on the curve, or surface, 
and therefore the cylindrical equation to the surface ivS 
/(tx-, 0) = 0. Hence the Cartesian equation to the surface 
is/Cs/ajHj/^ z)= 0 . 
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Since the distance of the point (x, y, z) from the 2/-axis 
is Jz^+x\ it follows as before that the e(iuation to the 
surface formed by rotating the curve JXy>^)~0, x==0 about 
OY is f{y,Jz^-\-x^)=0, and similarly a;) =0 repre- 
sents a surface of revolution whose axis is Ox. 

Ex. 1. The equation represents the sphere fortnod 

by the revolution of the circle 2=0, about OX or OY. 

Ex. 2. The surface generated by the revolution of the parabola 
about ite axis has equation about the 

tangent at the vertex, equation 

Ex, 3. The surfaces generated by rotating the ellipse 1, 

^==^ 0 , about its axes are given by ^^ 4 .'-^-^^=: 

Ex. 4. Find the equations to the cones formed by rotating the 
line z-Oy y-’^x about OX and OY. 

ins. — 0, 4 ^ 0. 

Ex. 5. Find the equation to the surface generated by the revolu- 
tion of the circle . 3 ? 24 yH 2 a^ 4 * 6 ‘^= 0 , z^O, about tlie y-axis. 

Am. 

Ex. 6. Sketch the forma of the surfaces : 

(i) (h) 2^, (iii) 

The surfaces are generated by rotating (i) the curve 
about OX ; (ii) the lemniscate in the plane ZOX, about 

OZ ; (iii) the parabola in the plane YOZ, ?/=2cs, about OZ. 

Ex. 7. Prove that the locus of a point, the sum of wIkiho distances 
from the points (<z, 0, 0), (-a, 0, 0) is constant, (2/^), is the ellipsoid 

of revolution V^+*4 — 5 = 1 . 
k‘ k^-d? 
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PROJECTIONS. 

12. The angle that a given directed line OP makes with 
a second directed line OX we shall take to be the smallest 
angle generated by a variable radins turning in the plane 
XOP from the position OX to the position OP. The sign of 
the angle is determined by the usual convention. Thus, in 
figures 9 and 10, 0^ is the positive angle, and dgthe negative 
angle that OP makes with OX. 



IS. Projection of a segment. If is a given segment 
and B' are the feet of the perpendimlars from A,Bto a 
given line X'X, the segment A'B' is the projection of the 
segment ab on x'x. 

From the definition it follows that the projection of BA 
is B'A', and therefore that the projections of AB and BA 
differ only in sign. 

It is evident that a"b' is the intercept made on x'x by 
the planes through A and B normal to X'X, and hence the 
•projections of equivalent segments are equivalent segments. 

14. if AB is a given segment of a directed line MN 
whose positive direction ^ MN, makes an angle 6 with a 
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given line X'X, the projection of AB on X'X is equal to f 

AB . cos 9. 

In figures 11 and 12, AB is positive, in figures 13 and 14, 



Draw OQ from O in the same direction as MN. If AB is 
positive^ cut off OP, the segment equivalent to AB ; then 
the projection of AB = the projection of OP, 

= OP , cos 6 , (by the definition 
= AB,cos0. of cosine), 

If AB is negative, BA is positive, and therefore 
the projection of BA = BA . cos 6 , 
i.e. - (the projection of AB) = AB . cos 0, 
ie. the projection of ab= AB . cos 6 . 

15. If A, B, C, ... M, N are any n points in space, the 
sum of the projections of AB, BC, ... MN, on any given line 
X'X is equal to the projection of the straight line AN on X'X, 
Let the feet of the perpendiculars from A, B, ... M, N, to 
X'X be A', b', . . . M', N'. Then, (§ 2), 

A'B'+B'C' + ...M'N' = A'N', 
which proves the proposition 



IV 


§§14-17] PROJECTION OF A CLOSED FIGURE 

16. The angle between two planes we shall take to be 
the angle that the positive direction of a normal to one 
makes with the positive direction of a normal to the other. 

17. Projection of a closed plane figure. If the pro- 
jections of three points A, on a given plane are A', B', C', 
then A a'b'C' = cos 6 A ABC, where Q is the angle between the 
planes ABC, A'B'C'. 

Consider first the areas ABC, A'B'C^ without regard to 
sign. 

(i) If the planes ABC, a"b'C' are parallel, the equation 
A A'b'C' = cos 9 A ABC is obviously true. 

(ii) If one side of the triangle ABC, say BC, is parallel to 
the plane A'b'C', let AA' meet the plane through BC parallel 
to the plane A^B'C' in Ag, (fig. 15). Draw Ap at right 
angles to BC, and join AD. Then BC is at right angles to 


C 



AqD and AAg, and therefore BC is normal to the plane AA^D, 
and therefore at right angles to AD. Hence the angle AgDA, 
is equal to 0, or its supplement. 

But aA'B'c' = AA^BC, 

and A AgBC : A ABC = Ap : AD = cos L AgDA ; 

therefore A A^B^C' = cos 6 A ABC. 

(iii) If none of the sides of the triangle ABC is parallel 
to the plane A'B'C', draw lines through A, B, C parallel to 
the line of intersection of the planes ABC, a'b'c'. These 
lines lie in the plane ABC and are parallel to the plane 
A'B'C', and one of them, that through A, say, will cut the 
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opposite side, BC, of the triangle ABC, internally. And 
therefore the triangle ABC can always be divided by a line 
through a vertex into two triangles, with a common side 
parallel to the given plane A'b'C', and hence, by (ii), 
AA'B'C' = COS0AABC* 

Suppose now that the areas ABC, A'B'c' are considered 
positive or negative according as the directions of rotation 
given by ABC, A'B'c' are positive or negative. Then, 
applying the convention of §4 to figures 16 and 17, we 



see that if cos Q is positive, the directions of rotation ABC, 
a'b'c' have the same sign, and that if cos0 is negative, 
they have opposite signs. That is, the areas have the 
same sign if cos0 is positive, and opposite signs if cost) 
is negative. Hence the equation AA'b'c' = cos0 AABC is 
true for the signs as well as the magnitudes of the areas. 

18. If A, B, C, ... N are any coplanar points and 
B\ C\ ... are their projections on any given planCj 
then area A'B'o' area ABC ... N = cos 0, 
where 0 is the angle between the planes. 

Let O be any point of the plane ABC ... N, and O' be its 
projection on the plane A'b'c' ... N'. 

Then area ABC... N = A OAB + AOBC + .., AONA, 
and area A'B^C' ... N' = AO'a'b'+ AO'b'C'+... ao'N'A'. 

But ao'a'B'=:cos0 AOAB, etc., and therefore the result 
follows. 
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19. If \ is the area of any plane curve and A is the 
aifea of its projection on any given plane y A=S!COS0.A^, 
u^ere 6 is the angle between the planes. 

For Aq is the limit, as n tends to infinity, of the area of 
an inscribed n-gon, and A is the limit of the area of the 
projection of the n-gon, and, by § 18, the ratio of these 
areas is cos 6. 

Ex. 1. AA' is a diameter of a given circle, and P is a plane through 
AA' making an angle d with the plane of the circle. If B is any 
point on the circle and B' is its projection on the plane P, the 
perpendiculars from B and B' to AA' are in the constant ratio 1 : cos d, 
and the projection is therefore a curve such that its ordinate to AA' is 
in a constant ratio to the corresponding ordinate of the circle ; that 
is, the pi'ojection is an ellipse whose major axis is AA' and wdiose 
auxiliary circle is equal to the given circle. The minor axis is 
cos^. AA'; therefore if AA'~2a and cosO—hja^ the minor axis is 2&. 
By § 19, the area of the ellipse = cos 0 .to?— irab. 

Ex. 2. Find the area of the section of the cylinder — 144 

by a plane whose normal makes an angle of 60'" with OZ. Ans. 24t 


DIEECTION-OOSINES. 

20. If a, j8, y are the angles that a given directed line 
makes with the positive directions X'OX, Y'OY, Z'OZ of the 
coordinate axes, cos a, cos /3, cos y are the direction-cosines 
of the line. 



21. Direction-cosines referred to rectangular axes. 
Let A'OA be the line through O which has direction-cosines 
cos a, cos /3, cos y. Let P, (aj, y, %) he any point on A'OA, 



20 


COORDINATE GEOMETRY 


[CH. II, 


and OP have measure r. Ill fig. 18, t is positive; in fig. IQ 
r is negative. Draw PN perpendicular to the plane XO’e 
and NM in the plane XOY, perpendicular to OX. Then 
measures of OM, MN, HP are a?, y, z respectively. Since 
OM is the projection of OP on OX, 

£U==:rcosa, and similarly, j/=rcos/3, z==^rc,osy (1) 

Again the projection of OP on any line is equal to the sum 
of the projections of OM, MN, NP, and therefore, projecting 


on OP, we obtain 

r = 03 cos ot. + 2/ cos /3 + 2: cos y (2 ) 

But a3/r=cosa, y lr=:= cos jS, zjr^cosy] therefore 

1 =cos^a+cos^/3-}-cos^y (8) 


This is the formula in three dimensions which corresponds to 
cos2d+sin^^=l in plane trigonometry. 

Cor. 1. By substituting for cos a, cos cos y in (2) or (3), 
we obtain (cf. § 6, Cor.). 

Cor. 2. If (cr, y, z) is any point on the line through O 
whose direction-cosines are cos a, cos/3, cosy, we have, 

cos oc cos j3 cos y ' ^ ^ 

Cor. 3. If (03, y, z) is any point on the line through 
(a3p 0 j) whose direction- cosines are cos a, cos /3, cos y, by 
changing the origin we obtain 

cosoc cos^ cosy* 

Ex. 1. Prove that sin^a+sin2j0*f sin2y = 2. 

Ex. 2. If P is the point yi, prove that tlio projection of OP 
on a line whose direction-cosines are is 

The projection of OP — projn. of OM+projn. of MN 

+projn. of NP, (%a. 18, 19), 

Ex. 3. If P, Q are the points (,r^, yj, (.» 2 , y^, jjg), prove that the 
projection of PQ on a line whose direction -cosines are Zj, mj, % is 

Z, (.»2 - ^?i) + Wi (yj - s-i) + »1 i.h ~ 

(Cfhange the origin to P and apply Ex. 2.) 
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Ex. 4. The projections of a line on the axes are 2, 3, 6. What is 
the length of the line ? Ans. 7. 

Ex. 5. A plane makes intercepts OA, OB, OC, whose measures are 
a, 5, c, on the axes OX, OY, OZ. Find the area of the triangle ABC. 

Let the positive direction of the normal from O to the plane 
ABC have direction-cosines cosoc, cos/5, cosy, and let A denote the 
area ABC. Then since AOBC is the projection of A ABC on the 
plane YOZ, cos cl . A — and similarly, cos ^ . A cos y . A=-ia6. 

Therefore, since 

cos^a + coa^/3 4- cos^y == 1 , A = I { ^ . 

Ex. 6. Find the areas of the proj ections of the curve .a?® ^ ^2 = 25, 
.rH- 2 ?/-l- 2 ; 3=9 on the coordinate planes, and having given that the 
curve is plane, find its area. 

(Of. Ex. 2, § 10.) Alls, 167r/3, 327r/3, 32^r/3 ; Idw, 

22. If a, b, 0 are given proportionals to the direction- 
cosines of a line, the actual direction-cosines are found 
from the relations 

cos g cos ^ _ ooa y __ \/^^a 4- cos^/3 + cos^y _ +1 

a b c \/a^ + b'^ + c^ 

If P is the point (a, b, c) and the direction-cosines of the 
directed line OP are cos a, cos /5, cos y, then, since OP is 
positive and equal to 

C03(X = ~ = ^,_^-j;^_, COS^ = -^=^_, 

c 

cos V = -7======, 

\/aF+W+^ 

The direction-cosines of PO are 
— a —6 

sJaF+WT^' + Ja^ + b^+c^ 


Ex. 1. Find the direction-cosines of a line that makes equal angles 
with the axes. 

Ans. COSOL— cos^=cos y=* ±1/V3 ; (whence the acnte angles which 
the line makes with the axes are equal to 54° 44'). 


Ex. 2. P and Q are (2, 3, -6), (3, -4, 5). 
cosines of OP, OQ, PO. 


Find the direction- 


Ans, 


2 3-6 
7’ 7’ 7 


--L. Jii JL* -3 6 

5\/2^ 5\/2’ n/I * 7 7 ’ 7 


Ex. 3. If P, Q are (xiy (^ 2 ? 2 / 2 ? ^ 2 ) ^he direction- cosines 

of PQ are proportional to 
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Ex, 4, If P, Q are (2, 3, 5), 1, 3, 2), fiud the direction-cosines of PQ. 


Ans. 0) 
s/2 


\/2 


Ex. 5. If P, Q, R, S are the points (3, 4, 6), (4, 6, 3), (~1, 2, 4), 
(1, 0, 5), find the projection of RS on PQ. Ans. -- 

Ex. 6. If P, Q, R, S are the points (2, 3, -1), (3, 5, -3), (1, 2, 3), 
(3, 5, 7), prove by projections that PQ is at right angles to RS. 


23. The angle between two lines. // op and OQ have 
direction-cosines cos a, cos cosy; cos a', cos /?', cosy', 
and 6 is the angle that OP makes with OQ, 

cos 0 = cos a cos oC + cos ^ cos /3' + cos y cos y. 

If, as in §21, P is {x, z) and the measure of OP is r, 
projecting OP and OM, MN, NP on OQ, we obtain 
r cos 6 — x cos od+y cos /3'+z cos y^ 

But x = r cos oc, y==rcoaj8, z=^rco8y; 

therefore cos 0 = cos a cos a' + cos j8 cos jS ' + cos y cos y'. 

Oor. 1. We have the identity 
(l^ +m^+ n^) (L'^ + m'2 + n'^) — (IV + mm' + nn')^ 

= {mnf — m'nY + {nV — ndy + (Im' — VmY. 

(This identity is known as Lagrange's identity. We 
shall frequently find it advantageous to apply it.) 

Hence 


sin^d — (cos^a + cos^/S + cos^y ) (cos^a' + cos^/3' + coa^y') 

— (cos a cos a' + cos /3 cos /3' + cos y cos y')^, 
= (cos ^ cos y — cos y cos + (cos y cos a ! — cos oc cos y')^ 
+ (cos a cos /3' — cos /3 cos a!f, 

Oor. 2. If 6 is an angle between the lines whose 
direction-cosines are proportional to a, c ; a', b\ c\ 

PAfl = ±(aa + hh' + cc') 

+b^ + 

and sin 0 = + (cri ' - e'a)- + (ah' - 

n/oc-^ Hh d“ a'^ + 6'" -h 

Oor, 3. If the lines are at right angles, 
cosacosa'+cos/3cos/3'+cosy cosy^=0, or aa'+6&'+oc^— (1 
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123] 


Oor. 4. I£ the lines are parallel, 

cos /3 cos y' — cos y cos j8' = 0, cos y cos oc' — cos a cos y = 0, 
and cos a cos cos ^ cos a' = 0, 

whence cos a = cos a', cos /3 = cos /S', and cos y== cosy' (as is 
evident from the definition of direction-cosines) ; or 

C6 _ 6 _ c 


Ex. 1. If P, Q are (2, 3, 
makes with OQ. 


-6), (3, -4, 5), find the angle that OP 
Am, COS^=: . 


Ex. 2. P, Q, R are (2, 3, 5), ( *- 1, 3, 2), (3, 5, - 2). Find the angl^ 
of the triangle PQR. ^ 

*3 ’ O * 


Ex. 3. Find the angles between the lines whose direction-cosines 
are proportional to (i) 2, 3, 4 ; 3, 4, 5 ; (ii) 2, 3, 4 ; 1, - 2, 1. 

Ans. (i) cos“"^ (ii) 90“. 

5n/58 


Ex. 4. The lines whose direction-cosines are proportional to 2, 1, 1 ; 
4, \l3-l, 4, -Va-l, V3-1 are inclined to one another 

at an angle tt/S, 

Ex. 5. If^i, Ml, ; l 2 i m 2 f 712 J hi '^ 2 ) % ^he direction-cosines 
of three mutually perpendicular lines, the line whose direction-cosines 
are proportional to ^i-h^2 + ^3, + n^akes equal 

angles with them. 

Ex. 6. Find the angle between two diagonals of a cube. 

A71S. cos~n/3. 

Ex. 7. Prove by direction-cosines that the points (3, 2, 4), (4, 5, 2), 
(5, 8, 0), (2, — 1, 6) are collinear. 


Ex. 8. A line makes angles a, y, 8 with the four diagonals of 
a cube ; prove that 

cos^a + cos^/3 -f cos^y 4- cos^S ~ 4/3. 

Ex. 9. If the edges of a — -iV" - — -Telepiped are <?, 
shew that the angles between . ■ ' ■ ^ ' are given by 



a^±h^±c'^\ 


Ex. 10. If a variable line in two adjacent positions has direction- 
cosines I, m, n; 1 + 81^ 4-871, shew that the small angle, S&. 

between the two positions is given by 
We have ^nd 2(^+8?)‘^=l, therefore S(8^)^= — 22^3^. 

But cos 80=11(1+ SI) + 2181. 


Therefore 2 sin^ y= - 

sin^=^, S02=2(6;)l 


That is, since 
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Ex. 11, Lines OA, OB are drawn from O with direcbion-cosines 
proportional to (1, -2, -1), (3, -2, 3). Find the direction -cosines of 
the normal to the plane AOB. 4 3 

Ex. 12. Prove that the three lines drawn from O with direction - 
cosines proportional to (1, -1, 1), (2, -*3, 0), (1, 0, 3) lie in one plane. 

Ex. 13. Prove that the three lines drawn from O with direction- 
cosines ^ 1 , wij, ; ^ 2 ) ^ 3 j coplanar if 

. ^3j ^3> ^3 

Ex. 14. Find the direction-cosines of the axis of the right circular 
cone which passes through the lines drawn from O with direction- 
cosines proportional to (3, 6, ~2), (2, 2, -1), (-1, 2, 2^ and prove 
that the cone also passes through the coordinate axes. 

Ans. 1/V3, IjsJz, l/v/3. 

Ex. 15. Lines are drawn from O with direction-cosines proportional 
to (1, % 2), (2, 3, 6), (3, 4, 12), Prove that the a^ia of the right circular 
cone through them has direction-cosines -l/v/s, l/\/3, l/v3, and that 
the semivertical angle of the cone is cos'"^ l/\/3- 


24. Distance of a point from a line. To find the 
distance of P, {%’, y', z') from the line through A, {a, h, c), 
whose direction-cosines are cos a, cos /3, cob y. 

Let PN, the perpendicular from P to the line, liave 
measure S. Then AN is the projection of AP on the line, 
and its measure is, (Ex. 3, § 21), 

(a;' - a) cos a + (i/' — 6) cos /3 + (s' — c) cos y. 

But PN2 = Ap2-AN^ 

therefore 

(s' - cf } (cos^a + cos^^ + cos^y) 

- { (»' - a) cos 0 !. + (?/' - h) cos + (s' - c) cos y } 
which, hy Lagrange’s identity, gives 
(52= 5) cos y— (s'-c) cos 

+ {(3'-c)cosa— (*'— a) cosy}® 

+ { (a;' — ct) cos |8 — ( 7/' — h) cos fx } 2. 


Cor. 


n (»', ^', s') is any point on the line, (5=0, and 


x '—a _ y'—h z'~G 
cos a CO.S (8 ~ cos y 


(Of. §21, Cor. 3.) 
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Ex. 1. Find the distance of (“i, 2, 5) from the line through 
(3, 4, 5) whose direction-cosines are proportional to 2, ~3, 6. 


A ns. 


4\/61 

7 ■ 


Ex. 2. Find the distance of A, (1, -2, 3) from the line, PQ, 
through P, (2, -3, 5), which makes equal angles, with the axes. 



Ex. 3. Shew that the equation to the right circular cone whose 
vertex is at the origin, whose axis has direction-cosines cos oc, cos 
cos y, and whose semivertical angle is Oj is 

(?/ cos y ~ cos /3)^ ^(^cosoL-s; cos yf -f- (.2? cos ~ y cos a.)^ 

= sin®^(jc2 + z^). 


Ex. 4. Find the equation to the right circular cone whose vertex 
is P, axis PQ (Ex. 2), and semi vertical angle is 30”. 

Am. 4{(y-2-h8)H(-3:-»^~3)2-}-(jr-y-5)2( 

= 3{(.r - 2)2 -|-(y -H 3)2 + - 6)2}. 

Ex. 5. Find the equation to the right circular cone whose vertex 
is P, axis PQ, and which passes through A (Ex. 2). 

A71S, 3 {(y - + 8)2 -1- (2 - .a? - 3)2 -{- (-3? -y ~ 5)2 } 

= 7{(a7 - 2)2+ (y 3)2+ (^ - 5)2}. 

Ex. 6. The axis of a right cone, vertex O, makes equal angles with 
the coordinate axes, and the cone passes through the line drawn fr*om 
O with direction-cosines proportional to (1, —2, 2). Find the equation 
to the cone. A ns. 4.^2 + 4y2 + + 9y^ + ^zx + 9.ry = 0. 

Ex. 7. Find the equation to the right circular cylinder of radius 2 
whose axis passes through (1, 2, 3) and has direction-cosines pro- 
portional to (2, - 3, 6). 

Ans. 9(2y +2 - 7)2 + 4(2 - 3^7)2 + (Zx + 2y - 7)2 = 196. 


*25. Direction-cosines referred to oblique axes. Let 
X'OX, Y'OY, Z'OZ, (fig. 20), be oblique axes, the angles 
YOZ, ZOX, XOY being A, /i, v respectively. Let A'OA be the 
line through O whose direction-cosines are cos a, cos/3, 
cos y. Take P, {x, y, z) any point on A'OA, and let the 
measure of OP be r. Draw PN parallel to OZ to meet 
the plane XOY in N, and NM parallel to OY to meet OX 
in M. Then, since the projection of OP is equal to the 
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sum of the projections of OM, MN, HP, projecting on OX. 
OY, OZ, OP in turn, we obtain 

rcosa=aJ+2/cosi/+5:cos/;t, ( 1 ) 

r cos /3 == OJ cos r + 2 / + ^ cos X, (2) 

rcosy=a3coSM+3/cosX+^, (3) 

r = (23 cos a + 2 / cos / 8 + 0 cos y - . . (4) 



Therefore, eliminating r, x, y, z, we have the relation 
satisfied by the direction-cosines of any line 

1 , cos I/, cos^, cos a = 0 , 
cosr, 1 , cosX, cos^ 
cos juL, cos X, 1, cos y 
cos a, cos/3, cosy, 1 

which may be written, 

2 sin^X cos^a— 2S(cos X — cos /a cos i/)cos /3 cos y 

= 1 - cos^ X — cos^ fix — cos^ 1 / + 2 cos X cos jx cos v. 

Gov. 1 . Multiply ( 1 ), ( 2 ), (3) by x, y, z respectively, and 
add, then 

x'^ -f 2yz cos X + 2zx cos fi + 2xy cos v 

= r(x cos oc + 3 / cos ^ cos y ), 

=r2, [hy (4)] (a) 

Cor. 2. If P, Q are (aj^, y^, z^), (x^, y^, 0^), PQ^ is given by 
2 ( 0:2 - 22 ( 2 / 3 - - %)cos X. 
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Ex. 1. If P, (‘2?, y, s) is any point on tile plane through O at right 
angles to OX, the projection of OP on OX is zero, and therefore 
^+ycosv-f£: cosja-0. 

Ex. 2. If P, is any point on the normal through O to the 

plane XOY, ^4-y cos v-h^cos/^=0=.rcos v+y-f^cos A. 

*26. If a, b, c are given proportionals to the direction- 
cosines of a line, the actual direction-cosines are given by 
cos a_ cos cos y 

a ^ b G 

± { 2 sin^X cQs^g ~ 22 (cos X — cos // co s y)cos /3 cos y )^ 
{ 2 sin^X . — 22(cos X — cos /x cos v)bc)^ 

_ + { 1 ~ cos^X — cos^ fjL — cos^i/+ 2 cos X cos fx cos v} ^ 

{ 2 sin^X . — 22(cos X — cos /x cos v)bo)^ 

*27. The angle between two lines. If OQ has direction- 
cosines cos oc', cos cos y\ and makes an angle 6 with OP, 
projecting on OQ, we obtain 

T cos 0 = cos a! +y cos /3' + 0 cos y (5) 

Therefore eliminating x, y, r between equations (1), 
(2), (3) of § 25, and (5), we have 

1, cosr, cos /A, cos a 1 = 0, ox 
cosr, 1, cosX, cos^ 

COB ju, cosX, 1, cosy 
cos a', cosjS', cosy', cos0 
2(sin^X cos a cos a') — 2 { (cos X — cos cos v) 

X (cos cos y + cos /S' cos y) } 

= cos 0(1 — cos^X — cosV — cos^r + 2 cos X cos jm cos v), 

Oor. The angles between the lines whose direction- 
cosines are proportional to a, b, c; a', h\ d are given by 

cos ±{S(<xa>'sin^X) — 2(6g'+b'c)(cosX— cos/xCQs^)} 

{ 2a^sin2X — 225c(cos X — cos /x cos v ) } “ 

X { 2a'^sin®X — 226'c'(cos X — cos }x cos r)}^ 

Ex. 1. If X=/x=v== 7 r/ 3 , find the angles between the lines whose 
direction-cosines are proportional to 

(i) 2,3,4; 3,4,5; (ii) 2,3,4; 1, -2,1. 

Am. (i) cos~^ ; (ii) 7 r/ 2 . 

^ 7\/l0 
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Ex. 2. Prove that the lin.es whose direction-cosines are propor- 
tional to n\ ?i~Zj Z-m are at right angles if 

Ex. 3. The edges OA, OB, OC of a tetrahedron are of lengths 
&, 0 , and the angles BOC, COA, AOB are A, /x, v ; find the volume. 
Take OA, OB, OC as axes, and draw ON at right angles to the 
plane AOB. Then if ON is of length jp, and V denotes the volume, 

V = and ;o=ccosz,OCN. But the direction-cosines of 

ON are 0, 0, cosiLOCN, therefore, by § 25, 

sin^v cQs^L OON = 1 — cos^A - cos^ - cos-r 4- 2 cos A cos /x cos v, 

V = ~ { 1 - eos'*^ A - cos V - V -h 2 cos A cos fx cos . 


DIRECTION-RATIOS. 


28. Let OL be drawn from O in the same direction as a 
given directed line PQ and of unit length. Then tlie co- 
ordinates of L evidently depend only on the direction of 
PQ, and when given, determine that direction. They are 
therefore called the direction-ratios of PQ. 

If the axes are rectangular the direction-ratios are the 
same as the direction-cosines. 


29. If P, {x, y, 0 ) is any point on a given line A'OA 
whose direction-ratios are I, m, n, and the measure of OP 
is r, then 


y X 
r 


y 

= 

r 


z 

r 




In %. 21, r is positive, in %. 22 r is negative. LK, PN 
are parallel to OZ; KH, NM are parallel to OY. Then since 
the parallel planes PNM, LKH cut x'OX, A'OA proportionally, 
OP:OL = OIVl:OH, 

where OP, OL, OM, OH are directed segments. 
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But the measures of OM and OH are x and I respectively, 
and therefore Similarly, m^yjr, n^zjr. 

Cor. 1. If P, {x, y, z) is any point on the line through O 
whose direction-ratios are i, m, n, 

= (Cf.§2l, Oor. 2.) 

Cor, 2. If (cc, z) is any point on the line through 
(x\ y\ z') whose direction-ratios are Z, m, 

(Cf. § 21, Cor. 3.) 

L m n ^ ' 

Got. 3. If P, Q are (cCj, y^, 0 ^), y^, and the 

measure of PQ is r, the direction-ratios of PQ are 

/ft ^ 

Ex. 1. Find the direction -ratios of the lines bisecting the angles 
between the lines whose direction-ratios are wig, 

If L, L' are (Zj, ??j), (Zg, 7 ?i 2 , Wg), then OL and OL' are the lines 
from O with the given direction-ratios, and OL and OL' are of unit 
length. 

The mid-point, M, of LL' has coordinates, 

2 2 2 

and OM =cos where L LOL'= therefore the direction-ratios of OM 
are ^ ^ 

Z^-f-Zg Tilt -i- mg ?^t + n 2 

2 cos 2 cos ^/ 2 ’ 2 cos ^/ 2 * 

Similarly, the direction-ratios of the other bisector are etc. 

2 sm ^/2 

Ex. 2. OX, OY, OZ are given rectangular axes ; 

OXj, OY^, OZi bisect the angles YOZ, ZOX, XOY ; 

0 X 3 , OY 2 , OZg bisect the angles YjOZj, Z^CXj, XjOYj. 

Prove that and that 

L Y<pT^-=LZf>X^^L XgOYg =cos-i5/6. 

Ex. 3. A, B, C, are the points (1, 2 , 3), (3, 5, -3), (-2, 6 , If 
and the axes are rectangular. Find the direction -cosines of tl 
interior bisector of the angle BAC. Am, 67/5a/T82, 6/5>/18 

■^30. The direction-ratios of any line satisfy the equatio 
(§25, Cor. 1, (A)), 

P‘+w?‘+n^+ 2mn cos X + 2nl cos y, -f 2Zm cos r = 1, 
which it is convenient to write, ^(Z, m, 'u) = l. 
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*31. To find the direction-cosines of the line whose 
direction-ratios are 1, m, n. 

Project OL, (figs. 21 and 22), on the axes and on itself, 
and we obtain, as in § 25 (1), (2), (3), (4), 

7 I I 1 

cosoL=il+'m(iOBv+ncosj[A 

Gos 3—lco8v+m + ncos \ 

2 OTYl 

COS y==Zcos fjL+w cosX+n^^ 

l = Zcos(x+mcos/3+'?^cosy. (Cf. §21 (3).) 


*32. To find the angles between the lines whose direction- 
ratios are l,m^n\ l\ m\ nl. 

Let OL", the unit ray from O which has direction-ratios 
V, m\ n\ make an angle Q with OL. Then projecting OL' 
on OL, we obtain, 

cos 0 == i' cos oc + m' cos ^+n' cos y, 


= IV + mm' + nn' + (mr?/ + rrVn) cos X 
+(nV+ n'l) cos jm + (InV + Vm) cos i/, 




2mfh 




Cor, If the lines are at right angles, 
Zip 


■A 


which may be written in the forms, 

V cosoc+m'cos cos y = 0 
or I cos a'+m cos ^'+n cos y == 0, 
where cos a', cos cos y are the direction-cosines of OL'. 


Ex. 1. If A=/w=: v=7r/3, find the direction-ratios of the line joining 
the origin to the point (1, 2, ‘-1). Eind also the direction -cosines. 




i A Ci . ^ A 1 
\/5’ sjt V5 ' 2 Vs’ sfS Wl* 
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Bx. 2. Shew that the direction-ratios of a normal to the plane XOV 
are given by 

I m ^ 

cos V cos A- cos /i cos/xcos v-cos A sinV sinvA^ 
where A = 1 - cos^A ~ cos^/x - cosV + 2 cos A cos /x cos v. 


Ex. 3. Prove that the lines which bisect the angles YOZ, ZOX, 
XOY, internally, have direction-cosines 


cos^, 

2 COS A/2 ’ 2’ 


cos ~ ; etc., 
2 ' ^ 


and that the angles between them are 

cos'i etc 

\ 4cos/x/2cosv/2 / 



CHAPTER III 


THE PLANE. 


33 . Let ABC, (fig. 23), a given plane, make intercepts OA, 
OB, OC on the axes, measured by a,b,e; and let ON, the 
normal from 0 to the plane, have direction-cosines cosoc, 
cos iS, cos y, and have measure j), (p is a positive number). 

Equation to a plane, (i) To find the equation to the 
plane ABC in terms of cos a, cos cos y, p. 



Let P, (oc, y, z) be any point on the plane. Draw PK 
parallel to OZ to meet the plane XOY in K, and KM parallel 
to OY to meet OX in M. Then the measures of OM, MK, KP 
are x, y, z respectively, and since ON is the projection of 
OP on ON, and therefore equal to the sum of the projections 
of OM, MK, KP on ON, 

p == « cos a + y COS /3 + cos y . 

This equation, satisfied by the coordinates of every point 
on the plane, represents the plane. 
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(ii) To find the equation to the plane in terms of a, 

ON = projection of OA on ON = OA cos a ; 
p^a cos oc. Similarly, hcos^^c cos y =p. 

Hence, by (i), the equation to the plane is 
mooBOL . y COB ^ . 0 cosy , 

“ P P ~P 

i.e. 

a 0 e 

Ex. Eind the intercepts made on the coordinate axes by the plane 
— Find also the direction-cosines of the normal to the 

plane if the axes are rectangular. 9, 9/2, ~ 9/2 ; -J, - ?j. 

34. General equation to a plane. The general equation 
of the first deg^^ee in x, y, 0 represents a plane. 

For Ax + By + C 2 ; + D = 0 can be written 

-D/A^--D/B^--D/C ^ 

and therefore represents a plane making intercepts —D/A, 
— D/B, — D/C on the axes. 


35. If Ax4- By + + D == 0 and^ “ xcosa+y cos/3+^eosy 

represent the same plane, 

cos _ cos ^ cos y _ p . . . 

-A ^ ^ ^ 


therefore the direction-cosines of the normal to the plane 
Ax + 6y4-C0+D = O are proportional to A, B, c. If the 

“f 1 

axes are rectangular, each of the ratios in (1) — -==========. 

V A^-l-B^ + C^ 

But is a positive number ; therefore if D is positive, 


_ D 

^”7a®+P+c^’ 


COBOL — 


-A 


cosj8= 


V aHbHc^’ 


and cos v = 


-C 

n/aHb2+“c^ 


K D is negative, we must cl^ange the sign of Va^+B*+C®. 
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Chr. H the axes are rectangular, the angle between the 
planes cix^hy+cz-^d = 0, a'x-\-Vy-\-c'z-\-d' —0 
. if "b ( QjOf ~\~hh *1 

17^+P+77^+F+f4' 

Ex. 1. If the axes are rectangular, And the angle between the 

(i) 2x-y+z-6, a;+2/+^s=2; 

(ii) 3 ;i 7 4*43^~5<2==9, 2jt’ + 6^ + 62:s=7. 

Ans. (i) 7r/3, (ii) 7r/2. 

Ex. 2. If tlie axes are rectangular, find the distance of the origin 
f iX)m the plane 6.v 2s- 14—0. A m. 2. 

Ex. 3. Shew that the equations 0, c.2?+o!;r4-£^=0, 

(T.r+6y+<5?==0 represent planes parallel to OX, OY, OZ respectively. 
Find the equations to the planes through the points (2, 3, 1), (4, -5, 3) 
parallel to the coordinate axes. 

Ans. ^-h4s — 7^0f .r-iS-l—O, 4:v4',y-ll —0. 

Ex. 4. Find the equation to the plane through (1, 2, 3) parallel 
to 3.r-f 0. Ans. 3a’+4y — 55: + 4— 0. 

Ex. 5. Prove that the equation to the plane through (a, JS, y) 
parallel to aa;-i-by-i-€s==0 is aa^+by4-os — aa.-hl>j8-h-cy. 

Ex. 6. If the axes are rectangular and P is the point (2, 3, -I), 
find the equation to the plane through P at right angles to OP. 

A 718. ’2j7-h3j/ -z — 14. 

Ex. 7. Prove that the equation 2:v^ — 6}/ — 12 z^-j-lSyz+ 22 x 4 -s 2/—0 
represents a pair of planes, and find the angle between them. 

Ans. cos"*^ 16/21. 

Ex. 8. Prove that the equation 

+ b?/ + + 2 fj/s -h + 2/i.rj/ = 0 

represents a pair of planes if ahQ4'2fgh-ap — hg^-dh^^0. 

Prove that the angle between the planes is 

tan-i ( 2{P^g^^h^-hc-ca-ah)h 
\ a^^h^-c r 

Ex. 9. A variable plane is at a constant distance p from the origin 
and meets the axes, which are rectangular, in A, B, C. Through A, 
B, C planes are drawn parallel to the coordinate planes. Shew that 
the locus of their point of intersection is given by 

36. Plane through three given points. The general 
equation to a plane contains three arbitrary constants, and 
therefore a plane can be found to satisfy three conditions 
which each involve one relation between the constants; 
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e,g, a plane can be found to pass through any three non- 
collinear points. 

To find the equation to the 'plane through ;z^) 

2/2 » (%? 2/3^ %)• 

Let the equation to the plane ax+hy+cz+d — ^. 

Then OjX^ + hy^ + + c? = 0, 

d- %3 + + C? = 0 . 

Therefore, eliminating a, b, c, c?, we obtain the required 
equation. y, 0, 1 =0. 

2/1, ^1, 1 
^^2^ 2/2^ ^2^ 1 
^3? 2/3’ ^ 

Ex. 1. Find the equation to the plane through the three points 

( 1 , 1 , 0 ), ( 1 , 2 , 1 ), (- 2 , 2 ,^- 1 ). 

Ans. 2 ji;+ 3 y- 32 = 5 . 

Ex. 2. Shew that the four points (0, -1, 0), (2, 1, -1), (1, 1, 1), 
(3, 3, 0) are coplanar. 

37.^ Distance from a point to a plane. To find the 
distance of the j)oint P, {x\ y\ z') from the plane 
p^x cos OL + y cos /3 + 0 cos y. 

Suppose that p is a positive number so that cos a, cos /3. 
cos y are the direction-cosines of the normal from the origin 
to the plane. Change the origin to {x\ y\ z\ and the 
equation to the plane becomes 

= (03 q- a;') cos a + (1/ 4" 2/0 cos /3 -f (iz; + £') cos y, 
or _p'=a3Cosa+2/cos /3+^cosy, 
where p' ^p-^x' m^CL^yf cos /3 — cos y . 

Hence the distance of (cc', y\ z'), the new origin, from the 
plane is cos a — y" cos /3 — z cos y. 

If P is on the same side of the plane as the original 
origin O, cos a, cos /3, cos y are still the direction-cosines of 
the normal from the new origin, P, to the plane, and there- 
fore p' or jp — £»'cosa — 2 /"gos/3 — ; 2^'cos y is positive. If P 
^ See Appendix, p. i. 
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and O are on opposite sides of the plane, cos a, cos /3, cos y 
are the direction-cosines of the normal from the plane to 
P, and therefore p' or j^-cr^cosa — y' cos cosy is 
negative. Hence, if p is positive, 

p — x' cos a — ?/' cos /3 — 0 ' cos y 

is positive if {x\ y\ z') is any point on the same side of the 
plane as the origin, and negative if {x\ y\ z) is any point 
on the side of the plane remote from the origin. 


Cor, 1. The distance of {x\ y\ z') from the plane 

acc + 63/ + C0 + c2 = 0, 

, i. 1 • • 1. ax' +cz' +d 

II the axes are rectangular, is given by 

If cl is positive the positive sign is to be taken, as it gives 
a positive value for the perpendicular from the origin. 


Cor. 2. If d is positive, the expression ax' -\-hy' '^■cz' 
is positive if {x\ y'^ z') and the origin are on the same side 
of the plane + + and negative if they are 

on opposite sides. 


Ex. 1, If P is (y, y', z'\ shew that the projection of OP ou the 
normal fco the plane 

cos cx+;^ cos /5 cos y is x ' cos a-f ?y' cos + cos y, 
and deduce the results of § 37. 

Ex. 2. Find the distances of the points (2, 3, - 5), (3, 4, 7) from 
the plane .r + 2y - 2^=9. Are the points on the same side of the plane ? 

Ans, 3, 4, Ko, 

Ex. 3. Find the locus of a point whoso distance from the origin 
is 7 times its distance from the plane 2.r + 3y — 62 — 2. 

A m. 3.r“ -P -f 352^ - Z^yz — 242a' -f 1 2xy - 8.^? - 1 2// + 242 4-4=0. 

Ex. 4. Find the locus of a point the sum of the H(]uare8 of whose 
distances from the planes x^y^z=^Q^ x^z—Q, — 3?/ 4-2 = 0, is 9. 

A 71s. 

Ex. 5. The sum of the squares of the distances of a point from the 
planes .a?4-?y4-2 = 0, .!r-27y 4-2=0 is equal to the square of its distance 
from the plane x^z. Prove that the equation to the locus of the point 
is 7/2 4-2.172=0. By turning the axes of .1? and z in their plane through 
angles of 45”, prove that the locus is a right circular cone whose semi- 
vertical angle is 45”. 
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38. Planes bisecting the angles between given planes. 

To find the planes bisecting the angles between the given 
planes ax+hy+cz + d=^Qj a'x+b'y‘^c'z-^-d'^0, the axes 
being rectangular. 

We can always write the equations so that d and d' are 
positive. Then the equation 

ax + by + cz + d_a'x+b'y + c'z+d' 

represents the locus of points equidistant from the given 
planes, and since the expressions 

ax + hy+cz + d, a'x + Vy+c'z+d' 
in the equation have the same sign, the points are on the 
origin side of both planes or on the non-origin side of both. 
The locus is therefore the plane bisecting that angle 
between the given planes which contains the origin. 
Similarly, 

ax + by + cz + d _ a'x-{-b'y+G'z+d' 

represents the plane bisecting the other angle between the 
given planes. 

Ex. 1. Shew that the origin lies in the acute angle between the 
planes .a 7 + 2 ?y-h 22 = 9, 4 j 7 -~ 3 y - 1-122 + 13=0. Find the planes bisecting 
the angles between them, and point out which bisects the acute angle. 
uins. Acute, 25.r+ 17^ + 622 - 78 = 0 ; obtuse, .27+353'- 102~ 156 = 0 . 

*Ex. 2. Shew that the plane aji^+by+cZ'^d—O divides the join of 
(^17 yi 7 h )7 (^27 2/27 h) ratio 

aa\^ + by2^€Z2-\-d' 

[The point (h£i±p, Mill, lies on the plane if 

\ A + 1 A+i A+1 J 

X {ax.i + by 2 + CZ2 + d) + ax^ + by-^ + C2i + < 3 ? = 0 .] 

*Ex. 3. Hence shew that the planes u^ax^-by-^cz-^-d—O, 
'y = a".r+5'?/ + c' 2 +of' = 0 , w+Ay= 0 , w-Ay =0 divide any transversal 
harmonically. 

Let P, {x ^ , y ^ , 2 i) be on the plane = 0, then Wj s ax^ + hy-^ + czi + = 0. 
Let Q,(. 272 , yo) ^ 2 ) 1^^ die plane y= 0 , then = 

The planes w + Av=0 divide PQ in the ratios 

le. 

tJaiA-V ' ■ Wj' 

i.e. divide PQ harmonically. 
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♦Ex. 4. IfA, P, B, Q are any four collinear points, tbe anliarmonic 
ratio, or cross-ratio of tbe range APBQ, is defined to be 

AP.AQ AP.QB 

PB • QB AQ . PB" 

Prove that four given planes that pass through one line cut any 
transversal in a range of constant cross-ratio. 

If v=0 are two planes through the line, the equations to the 

four given planes can be written, = ^===1, 2, 3, 4. Let A, B, 

(j?i, Zi), ^ 2 ? >^ 2 ) planes 

respectively. Then and If P, Q lie oti 

tbe planes then by Ex. 2, 

PB ~ 2^2 + Q'^ % -b V 2 ' 

and therefore 

AP . QB „ (A| ■— A 2 )(A 3 — A 4 ) 
aq.pb'"(A3^A2)(A,-A4)' 

This constant cross-ratio is called the cross-ratio of the four planes. 

*Ex. 5. P, Q, R, S are four coplanar points on the sides AB, BC, 
CD, DA of a skew quadrilateral. Prove that 

^ ^ CR OS 

pb'qcrd’sa ' 


THE STEAI6HT LINE. 

39. The equations to a line. Every equation of the 
first degree represents a plane. Two equations of the first 
degree are satisfied by the coordinates of any point on the 
line of intersection of the planes which they represent, and 
therefore the two equations together represent that line. 
Thus ax + hy + cz+d-O, a'x+h'y+dz+d' — 0 represent a 
straight line. 

40. Symmetrical form of equations. The equations to 
a straight line can be found in a more symmetrical form. 
If the line passes through a given point P, (x\ y\ z') and has 
direction-ratios I, m, n, 

n — ; 

/yt 

where Q, (x, y, z) is any point on iu, and the measure of 
PQ is r, (§ 21, Cor. S ; § 29, Cor, 3). And therefore the 
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coordinates of any point on the line satisfy the equations 

I m n ^ 

These equations enable us to express the coordinates of a 
variable point on the line in terms of one parameter r, for 
x^x'+lr, y — y'+mr, 0=0'+7ir. 

Conversely, any equations of the form 

I m n 

represent a straight line passing through the point (a, 6, c) 
and having direction-ratios proportional to ly on, n. 


Ex. 1. Find where the line meets the plane 

2 -3 4 6)^ 


Ex. 2. Find the points in which the line 
the surface 1 - 5;/^ 0. 


cuts 

— 1 6 2 
Ans. (1, 2, 3), (2. -3, 1). 


Ex. 3. If the axes are rectangular, find the distance from the point 
(3, 4, 5) to the point where the line — meets the plane 




i 


2 


A?is. — 6 . 


Ex. 4. Find the distance of the point (1, -2, 3) from the plane 
5 measured parallel to the line (rectangular axes). 

i -I 2 o — O 

Jns, 1. 


Ex. 5. Shew that if the axes are rectangular, the equations to the 
perpendicular from the point (a, jSy y) to the plane aJt^ + by+es+d^O 

are r . £z2 and deduce the perpendicular distance of the 

a b G 

point (a, y) from the plane. 

Ex. 6. If the axes are rectangular, the equations to the line through 
(a.j iS, y) at right angles to the lines = A are 

WXj?2'2 “■ W'1^'2 ~ 


Ex. 7. If the axes are rectangular, and if li, 71 ^ ; Ij,, mg, are 
direction-cosines, shew that the equations to the planes through the 
lines which bisect the angles between 

xlli—yl^rii^zjni and xll^^ylm^—zln^, 
and at right angles to the plane containing them, are 
{^1 zhZa)^ + (^i ±^2)2/ + (^1 ±^2)- = 0 . 
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Ex. 8. A line through the origin makes angles a, /3, y with its 
projections on. the coordinate planes, which are rectangular. The 
distances of any point (j?, y, z) from the line and its projections are 
d, a, h, c. Prove that 

(p = (a^ - cos^o. + (b^ - cos^jS + (c^ cos^y. 

41. Line through two points. If p, q are z^\ 

2/2, 2^2), the direction-ratios of PQ are proportional to 
therefore the equations to PQ 


are _ y-'Vi „ — 

By §8, the coordinates of a variable point of the line in 
terms of one parameter, are 


X — 


Xx^-^x^ 

x+T ' 




' ^th+yi 
XH-l ' 


3 


X22 -f* 2 !^ 

“x^+T* 


Ex. 1. Find the point where the line joining (2, 1 , 3), (4, - 2, 5) 
cuts the plane 2.^+^ — 2 ; =3. dm (0, 4, 1). 

Ex. 2. Prove that the line joining the points (4, - 5, - 2), ( ~ 1, 5, 3) 
meets the surface — in coincident points. 


42. Direction-ratios from equations. 'Jlie planes through 
the origin parallel to 

ax+hy^cz+d^Oy a'x+Vy+dz+d' — 0 
are given by 

ax-\-hy + cz = 0y a'x + Vy + dz^O, 

Hence the equations 

(xoj + 6 y + = 0 = + 6 'y + c ' 3 ' 

together represent the straight line through the origin 
parallel to the line given by 

ax + 6 y + c 3 + cJ = 0 == a/aj + 6'y + c 0 + df. 

They may be written 

X _ y _ 0 

he' — h'c ~ ca' — c'a ~ ah' — a'h' 

and therefore the direction-ratios of the two lines are 
proportional to hd - h'c, ca' - c'a, ah' - a'b. A gain the second 
line meets the plane 0 = 0 in the point 

/ hd' — h'd da' — d'a A . 

\a5' — a'b * ah' — a'b ' / ’ 
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therefore the equations to the second line in the symmetrical 


form are 


X — 


ah' — a'b 


be — b'c 


da' — d'a 
ab' — a'b 
ca' ~ c'a 


' ah' --a'V 


Ex. 1. The equations to a line through (a, h, c) parallel to the 

plane XOY are , 

^ x-a _y-h _z-c 

I m ~ 0 ’ 


( 1 ) 


since the direction-ratios are Z, wi, 0. Again the line lies in the plane 
2==c, and therefore its equations can be written 

m{x-a)—l{2/-h\ ‘-(S) 

and (1) is to be considered the symmetrical form of (2). 

Ex. 2. Find the equations to the line joining (2, 4, 3), ( - 3, 5, 3). 


The equations are 


.^r-2 _ y - 4 _ z-Z 


Therefore the line is parallel 


-5 10 

to the plane XOY, as is evident, since the £r-coordinates of two points 
on it are equal to 3. The equations can also be written 


^+5^=22, ;j=3. 

the straight lir 
■ or x=^a^ 


Ex. 3. The equations to the sbraiglit line through (a, c) parallel 

^ x — a y — h z-c 

toOZare_=./^=_ 


Ex. 4. Prove that the equations to the line of intersection of the 
planes 4^+4^/- 5^ = 12, 8 j 7+ 123^ - 132 — 32 can be written 

x—\_ y—^ _z 

Ex. 5. Shew that the line 2j?4-2^-2-6 = 0=2a7-f 3y-2;-8 is 
parallel to the plane y ==0, and find the coordinates of the point where 
it meets the plane .27=0. Ans. (0, 2, —2) 

Ex. 6. Prove that the lines 

2x+Zy - 4^=0 =3.27 - 4^ 5.27 -y - 32+ 12 = 0 =.2? - 7y + 5s - 6 

are parallel. 

Ex. 7. Find the angle between the lines 

.2?-2y+s = 0=.2?+;y-s, .2?+2^ + s=0=8jr+122/+5s, 
(rectangular axes). Ans, cos^^ 8/^406. 

Ex. 8. Find the equations to the line through the point (1, 2, 3) 
parallel to the line .27 — ?/ + 22:=5, 3x-^yi-z^Q, 


Ans. 
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43> Constants in the equations to a line. The equations 

I ~~ m 71 


may be written 


I lb] 

m I 


m , , me ' 
n n I 


which are of the form x = Ay 

7/ = C0+D^ 


.( 1 ) 

.( 2 ) 


and therefore the general equations to a straight line con- 
tain four arbitrary constants. The equations (1) represent 
the planes passing through the line and parallel to OZ and 
OX respectively, and by a choice of such planes to define any 
given line its equations can be put in the form (2), which 
is the form with the smallest possible number of arbitrary 
constants. 


Ex. 1. Prove that the symmetrical form of the equations to the 
iine given by is "“y* 

Ex. 2. Pimve that tbe lines 

+ z—dy-^’d', 

are perpendicular if oca'-f rc'+l — 0. 

Ex. 3. Find «, c, d, so that the line — cy-f c? may pass 

through the points (3, 2, -4), (5, 4, ~6), and hence shew that the 
given points and (9, 8, — 10) are collinear. 

A71S, a==l, 6=1, -1, d^ -2. 

Ex. 4. Prove that the line y=j*2'4-5, intersects the conic 

5=:0, if + = 

Hence shew that the coordinates of any point on a line which 
intersects the conic and passes through the point (oc^ y) satisfy the 
equation a(y.v — ol^)^ - f h (yy — =( 2 ; — y)'^. 

Ex. 5, Prove that a line which passes through the point (a, /3, y) 
and intersects the parabola y=0, z^=^4aXy lies on the surface 
{Hz - y^y=4a(fi - ?/)(/3.r - a.y). 

Ex. 6. Find the equations to the planes through the lines 
(i)+!=.tz2=!+, (ii) 2^+3,y-62-4=0=3a;-4.?^ + 62 - 6 , 

parallel to the coordinate axes. 

.dm*, (i) Gy- 42 ^ 4-1 = 05 23^— 5.v+2 = 0, 2.:r~y— 1=0; 

(ii) 17y- 250 = 0, 60 4-34=0, G.r-y-10=0. 

^ See Appendix, p. i. 
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*Ex:. 7. If fhe axes are oblique the distance of the point y\ 
from the plane ax-)rhy^cz^d~Q\B given by 

1 

db (ax ’ -P h/ 4- + ^)(I - cos‘^A - cos^/x, - cos^r + 2 cos \ cos ijl cos vy 

{ _ 22k (cos A - cos /.t cos v)}^ 

*Ex. 8. The distance of (y, y\ z') from the line a;ja=ylb—zlo 
is given by 

'2(bz — cy'f sin^ A + 22 - az) {ay — hx) (cos yLCo^v- cos A) 

a'^+6’‘^ + c^+26ccos A + 2cacos/x4-2a6cos V 


^Ex. 9. Prove that the direction-cosines of the normal to tho 


plane OXY are 0, 0, — , 
^ sm v 


where A s 1 — cos^A - coa^fx - cosV -f- 2 cos A cos /x cos v. 

If the angles that OX, OY, OZ make with the planes YOZ, ZOX, 
XOY are a, /?, y, prove that 

sin a _ sin _ sin y 
cosec A cosec /x ” cosec v 


If the angles between the planes ZOX, XOY, etc., are A, B, C, 
prove that ^ ^ =sin /x sin u cos A, 

r.-v sin A sin B _ sin O 
' sin A ”sin /X sin v’ 


44. The plane and the straight line. Let the equations 
ax+by+cz+d — 0, ^ represent a given 

plane and straight line. Their point of intersection is 
(a+Zr, ^ + mr, y+w), 
where r is given by 

r(al+bm+cn) + aoL+b^+cy+d — 0, 

But r is proportional to the distance of the point from 
(oL, y). Therefore the line is parallel to the plane if 
al + bm + cn = 0 and aoL + h^+cy + d^^O. 

If the axes are rectangular, the direction-cosines of the 
normal to the plane and of the line are proportional to 
a, 6, c; Z, m, m; and therefore if the line is normal to 
the plane, 

d'^ e 

Cot, The conditions that the line should lie in the 
plane are al+bm+cn — 0 

and aa+6/3+cy+cZ = 0. 
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Ex. 1. Prove that the line is parallel to the 

plane 4 j? + 4^ -« 5s = 0. ^ 

Ex. 2. Prove that the planes 2ji7~3y -Vs—O, 14^- 13s=0, 
8 ;j7-31i/ - 33s~0 pass through one line. 

Ex. 3. Find the equation to the plane through (2, - 3, 1) normal 
to the line joining (3, 4, - 1), (2, - 1, 5), (axes rectangular). 

Ans, .:^+5?/-6s + 19==0. 

Ex. 4. Find the equation to the plane tli rough tlie points 
(2, ~~1, 0)j (3, -4, 5) parallel to the line 2.r=3^=4s. 

A71S, 29.r - 27?/ 22s == 85. 

Ex. 5. Prove that the join of (2, 3, 4), (3, 4, 5) is normal to the 
plane through (-2, -3, 6), (4, 0, -3), (0, -1, 2), the axes being 
rectangular. 

Ex. 6. Find the distance of the point (-1, -5, -lO) from the 

point of intersection of the line and the plane 

.r-?/+s = 5, (rectangular axes). A?is. 13. 

Ex. 7. Find the equations to the planes through the point 
(-1, 0, 1) and the lines 

4jr-3j/-|-l=0=y-4s + 13 ; 2r-?/"- 2==0==s*-5, 

and shew that the equations to the line through the given point 
which intersects the two given lines can be written 

Ex. 8. Find the equation to the plane through the line 
X — CL y - (3 __ z — y 
I m n 


parallel to the line 


y __ z 


A ns. S (a? ~ ol) (mn' - mfn) = 0. 


Ex. 9. The plane lx-{''iny=^0 is rotated about its line of inter- 
section with the plane s~6 through an angle a. Prove that the 
equation to the plane in its new position is 

IxA-my ±z‘JP + m^ tan a = 0. 

EXr 10. Find the equations to the line through (/, g, h) which is 
parallel to the plane Ix^myA'nz^O and intersects the lino 

axA-hy + cz-\^d===^ 0, a' x + h'y -j- c'z 4- oJ ' =» 0. 

^(■3? -/) + ??i(,y ~ p) + n (s - /i) = 0, 
a.v + by ■i'CzA'd ^a'x + b'y-\-dzi'd'^ 

[a/-l- hg+chA'd^ ay+ b>g -1- dh + d’' 
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Ex. 11. The axes being rectangular, find the equations^ to the 
perpendicular from the origin to the line 

jr + 2^-f*33 + 4 = 0, 2jr+3y + 45: + 5=!0. 


Find also the coordinates of the foot of the perpendicular. 

(The perpendicular is the line of intersection of the plane through 
the origin and the line and the plane through the origin perpendicular 
to the line.) 


Ans. 


X 

2^ 


y 

-1 


0 /2 -1 -4\ 

-4’ \3’ 3 ’ 3 / 


Ex. 12. The equations to AB referred to rectangular axes are 
Through a point P, (1, 2, 5) PN is drawn perpendicular 

2 — 3 o 

to AB, and PQ is drawn parallel to the plane to meet 

AB in Q. Find the equations to PN and PQ and the coordinates of 
N and Q. 


Ans. 


x—1 

"LT" 


‘ 176 89 ' 


4 -13" 


z— 5 , 


^52 -78 166\ q\ 

U9’ 49 ’ 49 y ’ \ ’ 2 ’ A 


Ex. 13. Through a point P, {x\ ?/, z*) a plane is drawn at right 
As to OP to meet the axes (rectangular) in A, B, C. Prove that 

the area of the triangle ABC is where r is the measure of OP. 

Ex. 14. The axes are rectangular and the plane xla+yjh + zjc—l 
meets them in A, B, C. Prove that the equations to BC are 

-=:*!= — ~ ; that the equation to the plane through OX at right 

angles to BC is hy — cz ; that the three planes through OX, OY, 02, 
at right angles to BC, CA, AB respectively, pass through the line 
ax=hy^cz ) and that the coordinates of the orthocentre of the 
triangle ABC are : 

c'l 


a"" -f 6"*^ + c 


Ex. 15. If the axes are rectangular, the distance of the point 
(a?o, yo) -^o) from the line 


is given by 


+ (b'% - + {cUq - ci^p)^ V 

{he' - h'cf + {ea' - + {ah' - a'bf J 


where 




Ex, 16. Find the equation to the plane through the line 
u~axA-hyA-czA^d=^0^ 'v^a'X’\-h'yA‘dz-\-d'^Q, 
parallel to the line xll—ylm=zl7i. 

A71S. u{a!l + h'm 4- c'n) —v{al-\- h^i -}- qti). 
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Ex. 17. Find the equation to the plane through the lines 

dx + h'y + our-l-/5?/-l-y0 = O = olx -h y*z, 

Xy yy 2 ; = 0 . 

hd -‘b'Cy cd --day ah' —dh 
Py-P'jy ycL-ycLy a/?'-a'/3 

Ex. 18. Prove that the plane through the point (a., /3, y) and the 
line A*=p^+g= 7 *^+ 6 ’ is given by 

py + S') + 5 = 0 . 

pl^-^qi ?7 + s 

1 , 1 

Ex. 19. The distance of the point (^, tj, f) from the line 
measured parallel to the plane ax+hy-i-c2^0y is 

given l)y 

^ 0 . My P - { - $)(hn ~ cm)Y 

{al-^-hm-i'CnY 

Deduce the perpendicular distance of the point from the line. 


*Ex, 20. If the axes are ohlique, the 
normal to the plane ax-^-hy ■\-cz-\-d=0y if 

?i 5 ^ 'dj> 

?)l 'bn 

a b ^ c ' 


line 


.?/-/; v-y 


(See §31.) 


*Ex. 21. Shew that the equation to the plane through OZ at 
right angles to the plane XOY is 

.r(cos ji cos V ~ cos X)=^(cos v cos A, — cos yx). 

*Ex. 22, Shew that the planes through OX, OY, OZ, at right 
angles to the planes YOZ, ZOX, XOY, pass through the line 

.r(cos p cos V - cos A) (cos v cos A — cos p) = ^(cos A cos ji — cos v). 

*Ex. 23. The planes through O normal to OX, OY, OZ cut the 
planes YOZ, ZOX, XOY in lines which lie in the plane 


+_£_+_.L.=o. 

cos A cos jtX cos V 


*Ex. 24. Shew that the line in Ex. 23 is at right angles to the 
plane in Ex. 23. 

*Ex. 25. If P is the point (x\ y', d) and the perpendiculars from 
P to the coordinate planes arepi, •p.^y ^ 3 , prove that 

Px sin A _ jPo sin \h 

d y' d * 

Deduce that the plar'^'Q f^Q inteiuor angles between the 

coordinate pianes pass . "r\/\\ .'■ ■■ 


X 


y 
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26. Shew that the squares of the distances of P, (x', 
from the coordinate axes are 

sin^ V 4- sin^jut + 2y-3:'(cos A - cos /x cos v\ etc. 

*Ex. 27. Prove that the equation to the plane through O normal to 

^ _ y _ g ^ 
sin A sin /x”* sin V 

. ~A+/x+v A — /x+v , A+/X — V 

IS ^cos — +ycos ^ — -1-3 cos ^ — =0. 

45. The intersection of three planes. Before proceeding 
to the general discussion of the intersection of three given 
planes we will consider three typical numerical cases. 
Solving the equations 

3aj — 4 i/ + 52; = 10, 

2aj-~ J/+ 0= 3, 
x — 2y + 2z^ 1, 

we obtain cc = l, y — 2, z = o, and hence the three planes 
represented by the given equations pass through the point 
(1, 2, 3). 

Let us now attempt to solve the equations 

(i) 2cr — 42/-f20==5, 

(ii) 5x— j/— 0 = 8, 

(hi) x+ y— 0 = 7. 

Eliminate 0 from (ii) and (iii), then from (i) and (ii), and 
we get 4rr — 2j/ = l, 4aj — 22 / = 7. 

Whence subtracting, 0 . ir + 0 , 2 / = 6. 

Similarly, eliminating y from (i) and (ii), then from (ii) 
and (iii), we get 

— 20 = 9, 6a: — 20 = 1 5, 

whence O.a;+O .0 = 6. 

There are, therefore, no finite values of x, y, 0 , which 
satisfy all the given equations. The equations 0 . cr + 0 . 2 / = 6, 

CtJ 7/ X z 

O.aj + O .0 = 6, are limiting forms of 

tends to infinity, and hence we may say that any point 
whose coordinates satisfy the three given equations is at an 
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infinite distance. We easily find that the lines of inter- 
section of any two of the planes are parallel to the line 

X ___y 

and it is evident that no two of the planes are parallel, sc 
that the three planes form a triangular prism. Thus if we 
are given the three equations to the faces of a triangular 
prism, and we attempt to solve them, we obtain a para- 
doxical equation of the form /c = 0, where /c is a number 
different from zei’O. 

Consider, in the third place, the equations 

(i) 12x- 2/ + 20 = 35, 

(ii) Sx-\r y+ 

(iii) x+2y+ 0 = 0. 

Eliminating z between (i) and (ii), and then between (ii) 
and (iii), we obtain 

6a? — 32/ = 21, — 2/=:7. 

Similarly, if we eliminate x in any Wciy between the 
equations, we get 5y + 2^ + 7 = 0. 

Thus all points whose coordinates satisfy the given equa- 
tions lie upon both of the planes 2x — y=^T, 57/ + 20 + 7=0, 
or the common points of the three planes lie upon a straight 
line, that is, the three planes intersect in a straight line. 

Ex. 1. Examine the nature of the intersection of the sets of planes : 

(i) S-r-S/zH- 2=3, .t’-f ?/ + 4s = 5, .r-f3?/-l-6s = l ; 

(ii) 3.27+4^+62=5, 6.r+5y+92=10, 3.t’ + 3y + 52=5 ; 

(iii) ^+ y+ 2=6, 2 ji 7 + 3?/ + 42=20, OS'- 2 = 2; 

(iv) .37+2?/ + 32=6, 3a; + 4y + 52=2, 6^ + 4^ + 32+18 = 0 ; 

(v) 2.27+3y+42=6, 3.2? + 4y + 52 = 20, ^+2y+32 = 2; 

(vi) '2.x- y+ 2 = 4 , 607 + 7^ + 22 = 0, 3.^’ + 4?/-•22+3 = 0 ; 

(vii) Zx- y->r 2=5, 207 + 43/^+ 2 + 10=0, 6o7-2?/ + 22 + 9 = 0. 

Ans. (i) Planes form prism ; (ii) planes pass through line 

3.27 — 5 ?/ z 

(iii) planes intersect at (1, 2, 3) ; (iv) planes pass through line 

.27+ 10 ?/-8_2. 

1 

(v) planes form prisin (vi) planes intersect at (1, -1, 1); (vii) two 
planes parallel, third intersects them. 
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Ex. 2. Prove that tlie three planes 2a;4-y+2f=3, — «/-j-22=4, 

form a triangular prism, and find the area of a normal section 


of the prism. Ans. \/3/18. 

We shall now consider the general case. 

Let the equations to the planes be 

+ ( 1 ) 

= + % + + = ( 2 ) 

u^ = a^xA-\y + G^z + d^=() ( 3 ) 


Solving the equa-tions ( 1 ), ( 2 ), ( 3 ), we obtain: 



X 


-y 


z 


-1 


b^f Cj, 


CC^y Cjy d^ 


Up &p dy 


1 Cj 


bt^j (^ 2 ) ^2 


ci>cf j Cg , cZg 


0^2 j > ^2 


Ug, & 2 ^ ^2 


b^, Cg, cZg 


Ug, Cg, cZg 


ttg, & 3 , d^ 


U'S J h^y Cg 

which, by contracting the denominators, we may write, 


X __ 


-y 


z _ 


•--1 

r&i, 

Cg, cZg 

j ^2 ’ ^3 

a^y 

io, (igl 

Up 

^ 2 > ^.3 


Let A — I Cg I , Aj — — (&2^3 ^3^2^; 


“ (^2^3 ■“ ^3^2)^ 

Then 


3 A 




; — <^3^2) i 


B2C3 B3C2 — UjL A, ^2^3 ^3^2 ““ A2B3 — A3B2 — Cj A ; etc. 

Therefore, if A = 0 , 



If A^O, the equations ( 4 ) give finite ^^alues of x, z, 
and therefore the three given planes have a point of 
intersection at a finite distance. 

But if A = 0 and | Cg, dgl^O, the given equations are 
not satisfied by any finite value of x. Since 

[ &1, ^?2> ^3 1 " C^^A-j^“l-C?2A2"i"^3A3j 

Aj, Ag, A3 cannot all be zero, and therefore the three planes 
are not all parallel. Again, the lines of intersection of the 
planes are parallel to 

^ —}L — ^ 

Ai Ag Bg Cg A3 Bg C3 


B.a. 


P 



50 


COORDINATE GEOMETRY 


[CH. III. 


and hence, by ( 5 ), are parallel. If A^, Ag, Ag are all different 
from zero, no two of the given planes are parallel, and the 
planes form a triangular prism. The edges are parallel to 
XOY if Ci=C2=C3=0, (and so | % | = 0), or to OX if 

Bi, Bg, Bg, Cl, Cg, Cg, are all zero (and so 1 Cg (^g | = 0 and 
1 % 62(^31 = 0). If Ai=:Bi=Ci=0, and Ag, Ag^^^O, the planes 
U2 and Wg are parallel and Ui meets them, and we have a 
limiting case of a triangular prism when one of the edges is at 
an infinite distance. Since dg and are not both zero, we 
have I biC^d^ | Hence for a triangular prism, A = 0 and 
one of the other three determinants is different from zero. 

It is to be noted that in this case 

AjUi-l- Ag'ltg'h^s'^s ^ 1 ^1’ ^2> ^3 

that is, when three planes are parallel to one line their 
equations can be combined so as to form a paradoxical 
equation /c=0, where k is a quantity different from zero 
Conversely, if three numbers I, m, n can be found so that 

s h, 

where h is independent of cr, 2/, nnd is not zero, then the 
three planes are parallel to one line, and if no two of them 
are parallel, form a triangular prism. For 

a-J. + a^m + a^n = 0 , h-J. + + \n — 0 , 

+ Cgm + c^n = 0 , d^+ d^m + d^n ^ 0 . 

Therefore | , ftg, Cg | = 0 and | Cg, d^ |:^0. 

Suppose now that A = 0 , 1 6 ^, Cg, dig | = 0 and (A^ is 

one of the common minors of A and | Cg, d^\). As in the 
last case, the three planes are parallel to one line. But 
since |6;^, Cg, dgl^O, the three lines in which the planes 
cut the plane YOZ, viz., 

x=:0, b^y+c^z+d^ = 0; 
a 3 = 0, b^y+c^z+d^^O; 
cc = 0, b^y + CgS? + dg = 0 

are concurrent. Their common point is given by ir = 0, 

y ^ g 

^ 2 ^ 3 ^ 3^2 ^ 2^3 ^ 3^2 

and since A^^O, it is at a finite distance. Hence, since the 
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three planes are parallel to one line and pass through a 
point in the plane YOZ, they pass through one line. 

It follows now that Cg, d^\ and [%, cZg], the 
remaining two determinants in (4), are zero. For since 
the planes pass through one line, their lines of intersection 
with the plane ZOX, viz., 

2/ = 0, = 

are concurrent. Therefore la^, Og, ^31 = 0, and similarly. 

j j d/g j ^ 0. 

A,gain, if I j ^2^ ^^3 1 — I ^1’ ^2’ ^3 1 ~ ^ and **" U'gd'g, 

(any one of the common minors), is not zero, the lines 
of intersection of the given planes with the planes ZOX 
and XOY are concurrent. The points of concurrence are 
given by 

^ ^2^3 ^3^2 *^2^3 ^3^2 ^2^3 ^3^2 

^^0 ^ 

and since d^a^ — d^a^^O, they are not coincident. The 
planes have therefore two common points and thus pass 
through one line. It follows then that 63 > ^3 1 
( Cg, dig I are both zero. 

If, therefore, any two of the determinants 

I ^2’ ^3 !» 1 ^2> ^3 \> I ^3 L I ^1’ I 

are zero, and one of their common minors is not zero, the 
remaining two determinants are zero * and the three planes 
have a line of intersection at a finite distance. 


* This is easily proved algebraically. If A =0, 1 5^ , Cg, dg | = 0, and Ai ^ 0, 
A S Ctj "t" ^^2^2 ”b ^3^3 “ 

^ 2 > cZg I s 4* dgAg -f CZ 3 A 3 = 0, 

Ai _ 


then, since 
and 

we have 


^ Aj + fcgAg 4" ^ftAu A^ 4* ^2^2 ^3^3 

-|ai, Ca, dgl 

Therefore, since SS^Aj = 0, SC|Aj = 0, and Aj =?^ 0, 

1%, 62, c23l=0 and | aj, Cg, dg 1=0. 
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The conditions for a line of intersection are often written 
in the form, 

^i> ^1? ^1? 

^2? ^2 
^ 3 ? ^ 3 > ^ 3 > ^3 

the notation signifying that any two of the four third-order 
determinants are zero. They may also be obtained as 
follows. Any plane through the line of intersection of 
^2 = 0 is given by — If the planes 

Uj=:0, ^3 = 0, %=0 pass through one line, 

and ^^3 = 0 

must, for some values of X^, Xg, represent the same plane, 
and therefore 

Xi*^! d” X2^g ~ Xg^W/^, 

or + X2'i^2 + X3U3 = 0. 

Conversely, if X^, Xg, X3 can be found so that 
4 “ X2'?^2 Xg'ii'g ^ 0, 
then Xj'Uj + Xg'i^o = 

and therefore the plane ^3^=0 passes through the line 
of intersection of % = 0 and ^2 = 0. Considering the co- 
efficients in XjLUj^-f-X2'W'2 4"^3'^3” we have 

d" ^2^2 "h ^3X3 ~ d“ ^2^2 d” ^3^3 “ 

<?iXi + C2X2 4- CgXg = 0, and cZ^X^ 4 “ 4- cZgXg = 0. 

Therefore, eliminating X^, X2, X3, we obtain 

ct j , ^1 > -“0. 

^2^ ^2 
^z> ^s> d^ 

Ex. 3. Prove that the planes 

^4-6y4"(c+a);s+c?=0, 

x+c^’{-(a-\-h)z+d^0 

pass through one line. 

Ex. 4. Prove that the plan es = c?y H- 62, z==bx+a^ pass 

through one line if 4- + 0^ + 2ahc = L 



5^45,46] LINE INTERSECTING TWO GIVEN LINES 53 

Ex. 5. The planes kx-\-hij^fz~Q^ 

pass through one line if A s ' a, A, ^ ' == 0, and the directionu’atios 

h k / 

of the line satisfy the equations 

'da dh dc 

Ex. 6. If the axes are rectangular, the equations to the planes 
through the line of intersection of two of the given planes 

arX^-hry^c^-^dr-Q, r=l, 2, 3, 
perpendicular to the third, are 

+ c^z + 4- ^263 + C2C3) - {a^v + 62^ + 

X {a^a^ + hj^i + C 3 C 2 ) = 0 , etc. 
Shew that the three planes pass through one line. 

Ex. 7. The plane --}-'y-}--=i meets the axes OX, OY, OZ, which 

are rectangular, in A, B, C. Prove that the planes through the axes 
and the internal bisectors of the angles of the triangle ABC pass 
through the line ^ ^ 

h\lc‘^-\'d^ csld^ + h'^ 


46. Line intersecting two given lines. The equations to 
any line intersecting two given lines, — 0 = u^ — 0 = V2, 
+ W2+Xo'z;2 = 0. 

For the third line lies in the plane Ui+X^'yj = 0, and 
therefore it is coplanar with ^^ = 0 = '?;^^, and similarly it 
is coplanar witli U2 = 0 = t^2* 

Ex. 1. Find the equations to the straight line drawn from the 
origin to intersect the lines 

3a7+2y + 42- 5 — 0 = 2j;-3y + 42: + l, 

2jt7 - 4y + 5 4 6 = 0 = 3.r - 4y 4- 2 : - 3. 

A ^ V ^ 

249-153 _52 

Ex. 2. Find the equations to the line that intersects the lines 
.r 4 y 42 = l, 2 j?“y~ 0=2 ; x —y 2.r4-4y — 2 = 4 , and passes 
through the point ( 1 , 1 , 1 ). ^ x-1 _ y-\ _ z-\ 

* 0 " 1 ■“ 3 * 

SO y z 

Ex. 3. Find the equations to the line drawn parallel to j— ’ y~j 
so as to meet the lines 2 = 5 . 2 ? - 6 = 4y 4 3, 2 = 2a; ~ 4 = 3y + 5. 

Ans. 442= 11a; 4- 1693, Il2=13y 4 345. 
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Ex. 4. Eind the surface generated by a line which intersects the 
lines y~z^a\ ^•+32 = 0 , 3 / 4 -^=a, and is parallel to the plane ^+^=0. 

A 718. {x + ^) = 2a {z + x). 

Ex. 5. Find the surface generated by a straight line which intersects 
the lines a?+ 3 /=£'= 0 ; x-y^z^ ^+?/— 2a, and the parabola y==0, 

A ns. x^ —y‘^=^^az. 

Ex. 6. A variable line intersects OX, and the curve .'r=?/, y^-~cz^ 
and is parallel to the plane YOZ. Prove that it generates the 
paraboloid xy = cz. 

Ex. 7. Prove that the locus of a variable line which intersects the 
three given lines y=m.a;, z=c\ y^ -mx, z= -e ; y=z^ mx= - r ; is the 
sii rf ace y'^ - m^x^ — c^. 

47. Lines intersecting three given lines. If the equa- 
tions to three given lines are 

= and the three planes 

(1) (2) = (3) 

have a line of intersection, that line is coplanar with each 
of the three given lines, and therefore intersects all three. 
There are two independent conditions for a line of inter- 
section, (§ 45), which may be written, 

A(Xi, X^, X3) = 0, (4) /^(X,, X 2 , X3)-0 (5) 

If \ be chosen to satisfy (4) and (5), any two of 

the equations (1), (2), (3) represent a line which intersects 
the three given lines. Suppose that (1) and (2) are taken, 
then eliminating X3 between (4) and (5), we obtain 

'pi\’ ( 6 ) 

An infinite number of values of X^ \ can be found to 
satisfy (6), and therefore an infinite number of lines can 
be found to intersect three given lines. If we eliminate 
X^, Xg between (1), (2), (6) we obtain 



This equation is satisfied by the coordinates of any point 
on any line which intersects the three given lines, and 
therefore represents a surface generated by such lines. 
Hence the lines which intersect three given lines lie on a 
surface. 
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Ifc is to be noted that if Aj, Ag satisfy (4) and (5), 
(3) is of the form Ui^ — XiV^+k{u 2 —\v^ = 0, and therefore 
that (1), (2), (3), (4), (5) are really equivalent to four 
independent equations. The equation to the surface is 
obtained by eliminating Ag between these four 

equations, and this can be done in only one way. Hence 

the surface is also given by /i(^> = or by 

ffs 

Ex. 1. Find the locus of lines which intersect the three lines 
y-h, -c ; z-c ; x— -a ; y=-h. 

If the three planes 

?/- 6 + Ai( 2 +c) = 0 , S-C + A 2 (^+c^)= 0 , .-3?“ a + A 3 (y + 6)=0 
have a line of intersection, it meets the three given lines. That 
"0, 1, Ai, -6+Aifl 11=0, 

A 2 , 0 , 1 , 

1^5 A3} 0, — tt+A36 

z,6. if ( 1 ) Aj A 2 A 3 “f* 1 ~ 0 and ( 2 ) AJA 2 A 3 Q!’ 2 c A j A 3 H" 26 A 3 <7=0. 

Therefore the coordinates of any point on a line which meets the 
three given lines satisfy 

2/-6 + Ai(-3: + 6 *) = 0 , ^-c+ A 2(^4'a)=0, a+ A 3 (^ + 6 )= 0 , 

where AiAaAs + l^O. Therefore eliminating Aj, A 2 , Ag, we obtain 
the locus of tjfie lines, viz. : 

y— 6 z — c 
z-f-c x+a y+6 ’ 

or ayz + bzx -{- cxy + a 6 c = 0 . 

(Shew that the same result is obtained from ( 2 ).) 

Ex. 2. If the planes through a point P and the three given lines 
y = lj s=:-l ; x~--l; 1, y=-l pass through one line, P 

lies on the surface y^ + + ^y + 1 — 0 . 

Ex. 3. Prove that all lines which intersect the lines y~mx^z~c ; 
y=: z — - and the .r-axis, lie on the surface mxz~cy. 

Ex. 4. Prove that the locus of lines which intersect the three lines 
x ~^ ; z—x=lj y ~0 ,* .27'-?/=], z=0 is 

x^ + ?/^ + 2 ^ - 2y2 *- ^zx - %xy = 1. 

Ex. 5. Find the locus of the straight lines which meet the lines 
.27=2, 4y=32; .27 + 2 = 0, 4y + 32=0 ; y = 3, 207+0=0. 

Ans. 36.r2 + 16y2 - 9^2 1 44. 
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Ex. 6. Shew that the equations to any line which intersects the 
three given lines y — h^ z=-Cf z — c, x~-a \ x~a, y—~b may he 
written 3/- 6+ A(2+c) = 0, (jr-a)-f'/x(?/ + 6)=0, where A and /x are 
connected by the equation kfxc -/x6 + a = 0. Hence shevv that the two 

lines which intersect the three given lines and also -===^i^=— 
are 

g-f g 

a c — b 6 — e’ c~a h a-'C 

Ex. 7. Shew that the two lines that can be drawn to intersect the 
four given lines 

^ = lj2==-l; 2=1, ^==“1; ^=l,y=“l; .^’=0,y+2=0 
are given by 2=1, ^+1=0; 2 + 2.^4' 1 =0, y -2-- 2=0. 


48. Ooplanar lines. To find the condition that two given 
lines should he coplanan 
Let their equations be 


x—OL — ^ 

I n 

V ~ m' n' 


..(1) 

..( 2 ) 


The equation to a plane through the first line is 

a(x-oi) + b(y--j3) + c( 0 -y) = O, (3) 

where al + hn-j-cn-^O (4) 

If it contains the line (2), 

a(a-a)+b(/3-j8') + c(y-y') = 0, (5) 

and aV + hm' + cn' = 0 (6) 

Therefore eliminating a, 6, c between (4), (5), (6), we 
obtain the required condition, 

a-a', /3-/3', y — y =0 (7) 

Z, m, n 

l\ vnl, n! 


The elimination of a, b, c between (3), (4), (G) gives the 
equation to the plane containing the lines, viz., 

OJ — oc, z — y =0. 

I, m, n 
l\ n' 


,( 8 ) 
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Generally, the equation (8) represents the plane through 
the line (1) parallel to the line (2), and (7) is the condition 
that this plane should contain the point (a', y) on (2). 


Ex. 1. Deduce the result (7) by equating the coordinates 0 L-hh\ etc., 
a' + ZV', etc., of variable points on the given lines. 

Ex. 2. Prove that the lines 

are coplanar. 2 3 4 3 4 5 

Ex. 3. Prove that the lines 


^-a-hd_ ^’--a _ z-a~d . 

CL — S OL ~~ a.+ 8 ^ 


^-h+c y-h z-h-c 

n-y - a -TW 

are coplanar, and find the equation to the plane in which they lie. 
A'ilS. = + 


Ex. 4. ^ Prove that the lines a;=ay + h^cz-\-d, .r=ay-f /?=y 2 q-Sare 
coplanar if (y - c) (a/3 - ba) -{cl - a) (c8 - dy) = 0. 

Ex. 5. Prove that the lines 


^ — cL _ y-/3 _z — y 
I m n ^ 


aX’^b^ + cz-\-d=^0 = a'x-\-b'yi-c'z-{-d' 


are coplanar if aoc+6^+cy+d^aV+6^+c-y H-rf' 

al'^bm-\'Cn aL-{-bm + c'n 

Ex. 6. Prove that the lines ax+hy-{-cz-^d = Q — a^x-\-b'7/-\-dZ'^d!\ 
oL^7-f^y+y^+5==0— are coplanar if 

a, a\ oc, (x! 1=0. 

&, V, H, p 

e. c'. r. y 

c?, d\ 5, 5' 

Ex. 7. A, A' ; B, B' ; C, C' are points on the axes ; shew that 
the lines of intersection of the planes A'BC, AB'C' ; B'CA, BC'A' ; 
C'AB, CA'B' are coplanar. 


49. The shortest distance between two lines. The axes 
being rectangulo.r, to find the shortest distance between the 


I 


m 


n 


V 


m 


n 


Let the points A, A', (fig. 24), be (a, y), (a', /3\ y). The 

shortest distance between the given lines is at right angles 
to both, and it is therefore equal to the projection of AA' on 
a line at right angles to both of the given lines. 
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Suppose that X, /x, v are the direction-cosines of such a 
line, then l\ + mfji + nv = 0 and L'X+m'/ui + n'v — Oi 
X — ^ ^ . 

mn' — m'n^ nl' — n'l 
Therefore the projection 
= X(a-~a')+M(/3-^')+Ky“-yX (§ 21 , Ex. 3), 



Fig. 24. 

Equation (7), §48, may now be interpreted as the con- 
dition that the shortest distance between the two given 
lines should vanish. Again, if PP' is the shortest distance, 
the equations to the planes APP', A'PP' are 

x — oLy y—[3y z — y =-.0, 03 — a', y — B\ z--y =0, 

ly niy n l\ m\ n' 

X, /X, V Xy jUL, V 

and these represent the line PP'. 

Ex. 1. Find the shortest distance using the theorems that the 
shortest distance is equal to (i), the perpendicular from any point 
(a, + ^7*, /3-\-mr, y-hnr), on the first line to the plane drawn through 
the second pai’allel to the first ; and (ii), the distance between two 
planes, each passing through one line and parallel to the other. 

Ex. 2. If P, (oc4*?r, /J-f mr, y-^nr) and 

P', (af-\-lVy j3' + mVy y^-i'n'r') 

are points on the given lines, and PP'==8, prove that -^,=0, ^,=0, 

necessary conditions for a minimum of PP'^, are verified when PP' is 
perpendicular to each of the lines. 
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Ex. 3. Shew that the shortest distance between the lines 


as-l _ y-2 _ ^-3 . -5 

3 4 ’ 3 4 “ 5 



and that its equations are 

lLr + 2^ - Y2+6 = 0, 


7a?+?/ -52!+ 7=0. 


59 


Ex. 4. Find the shortest distance between the lines 

^-3 _ ?y-8 _ g -3 ^ .y+3 _ y + 7 _ 2! -6 
'“1 -1 "" 1 ' -3 2 ”"T~' 

The following method of solution may be adopted : Let the s.d. 
meet the lines in P and P' respectively. Then the coordinates of P 
and P' may be written (3 + 3?’, 8-r, 3 + ?’), (-3-3?*', -7 + 2?*', 6 + 4+), 
where r is proportional to the distance of P from the point (3, 8, 3) 
and r' to the distance of P' from ( - 3, - 7, 6). Whence the direction- 
cosines of PP' are proportional to 6 + 3?*+ 3?*', 15 -r- 2?*', -3+r-4+. 

Since PP' is at right angles to both lines, we have 

3(6 + 3?’+3?*')-(15-r-2?*') + (-3+r-4r)=0, 

- 3(6 + 3?’+ 3+) + 2(15 - 7’ - 2+) + 4( - 3 + ?’ - 4+)=0. 

Whence, solving for r and +, we get ?•=?•'— 0. 

Therefore P and P' are the points (3, 8, 3), (-3, -7, 6), PP' = 3\/30, 
and the equations to PP' are 

.■g-3 _ ?/-8 _ g-3 
2 5 “ -1* 

Ex. 5. Find the same results for the lines 

.-r-3 _ ?/-5 _ g - 7 . 07 + 1 _ y + l z + l 
- I — 5 —--zq j — 

Ans.St>M, £--- 1 =.^^=!-^?, ( 3 , 5 , 7 ), (- 1 ,- 1 ,-!). 


Ex. 6. Find the length and equations of the s.D. between 
3jr — 9^/ + 52 = 0 =07 +y — 2!, 


Ans. 


11 


6o-' + 8y + 3 3 - 1 3 = 0 = .r + 2?/ + - 3. 

10.r - 29^ + 16,2 = 0 = 1 3 o7 + 82^ + 65;? - 109. 


Ex. 7. A line with direction-cosines proportional to 2, 7, *-5 is 
drawn to intersect the lines 

07- 5 __ y— 7 _ g+2 .y-t-3 _ .y-3 _ 2-6 

Eind the coordinates of the points of intersection and the leng^i 
intercepted on it. Ans. (2, 8, -3), (0, 1, 2), V78. 
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Ex. 8. Find the s.d. between the axis of z and the line 

(The plane passing through the line and parallel to 02 is 
d {ax +hy’Vcz^d) — c {a'x -f h'y + dz + d'), 
and the perpendicular from the origin to this plane is equal to the s.d.) 
cd' — dd 

Ex. 9. If the axes are rectangular, the s.d. between the lines 
y^az^-h, s — our+Z?; y — a'z^-h^ z — a!x-\-l^' is 

{cl — a!){h‘- h*) — {cl - aff ') {a — ci) 

{€^cL‘^{a - a')2 -H (oL - pl')^ + {acL - a' cl)^]^^ 

Ex. 10. Prove that the s.d. between the lines 

ax-^-hy-^cz + d—O — a* x + Vy + dz + d\ 

0L^+ + y.? + 6 = 0 = ctlx-\-l^*y + y'2+ S' 

is a, h, c, d H-{2(BC'-B'C)2}i 

a', h\ c', d 
a., fi, y, S 
«■'. i6', S' 

where k^hd - Idc^ etc., k! — /3y - fS'yy etc. 

Ex. 11. Shew that the s.d. between the lines 

x-x-^ __ y — y\ _ ^~^\ . X — X.2 _ y - y .2 __ 2 ^ — ^2 

cos 0-1 cos (3i cos ’ cos CX .2 cos 1^2 72 

meets the first line at a point whose distance from (^q, 2 :^) is 

^9 .. ^ .. ^ . ^ 2 ) where 6 is the angle between the lines. 

sm 2 0 

Ex. 12. Shew that the s.d. between any two opposite edges of 
the tetrahedron formed by the planes z+x~Oj .r+y = 0, 

x-^y-[‘Z~a is 2al\% and that the three lines of shortest distance 
intersect at the point x—y — z=:-a. 

Ex. 13. Shew that the s.d. between the line 

ax-\-by + cz + d==0=^a'x + b'y+dz + d' 

and the ^-axis meets the 2 -axis at a point whose distance from the 
origin is 

^b' — d'h) {hd ~ h'o) -\r{ca' — da) {ad' — dd) 

{{bd — h'c)^ -^{cd — da)^\ 

Ex. 14. Shew that the equation to the plane containing the line 
ylh-\-zlc = li x=0; and parallel to the line xia — zic—'}, y — 0 is 

Till 

xja-ylb - 2 ;/g+ 1 ==0, and if 2c? is the s.d. prove that ^==- 2 +-p +T* 
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Ex. 15* Two straiglit lines 

_ y-‘ 

I m n * V m' n' 

are cut by a third whose direction-cosines are X, /Jt, v. Shew that the 
length intercepted on the third line is given by 


0 .- 0 .’, f3-P', y-y' 


i, 

7n, 

71 

1, m, n 


i', 



l\ n' 


A, 

fX, V 


and deduce the length of the s.d. 


*Ex. 16. The axes are oblique and the plane ABC has equation 
a^la+^/b+zjc—l. Prove that if the tetrahedron OABC has two pairs 

of opposite edges at right angles, and that 

the equations to the four perpendiculars are 


'dd) _ 'dch 

- — Nacosy, ~ - 


:2a cos ju, etc., and = 


W/O K. 

’ oz 

Hence shew that the perpendiculars pass through the point given by 

7 3<i) 0 7 'dd) 

^=2bck, ^j=’icak, ^ 

S.D. of AB and OC are '^ = 2abk, = 
passes through the point of concurrence of the perpendiculars. 


Prove also that the equations to the 
and that the s.d- 


50. Problems relating to two non-intersecting lines. 

When two non-intersecting lines are given, the following 
systems of coordinate axes allow their equations to be 
written in simple forms, and are therefore of use in problems 
relating to the lines. 



I Rectangular axes. Let AB, A'B', (fig. 25), be the lines, 
and let CC', length 2c, be tlie shortest distance between 
them. Take the axis of z along CC', and O the mid-point 
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of CC' as origin. Draw OP, OQ parallel to AB, A'B', and 
take the plane POQ as the plane 5^ = 0. As cc- and ^/-axes 
take the bisectors of the angles between OP and OQ. Then 
if the angle between the given lines is 2oc, the equations 
to the planes POZ, QOZ are y — xi^ncL, 2 /= — 05 tan a. ; and 
hence the equations to AB and A'B' are 

2 /= 05 tana, = j/— — o^tana, 0=— c. 

These may be w^ritten in the symmetrical forms 
X __ y _Z'-c ^ ^ ^ y 

COSOL sin a 0 ’ cos a —sin a 0 


Ex. 1. P and P' are variable points on two given non-intersecting 
lines AB and A'B', and Q is a variable point so that QP, QP' are at 
right angles to one another and at right angles to AB and A'B' 
respectively. Find the locus of Q. 

Take as the equations to AB, A'B', y~mx^ z~g\ 

Then the coordinates of P, P' are a, c ; /3, —mp, — c, where ol and 
/5 are variables. Let Q be (f, t;, Oj since PQ is perpendicular 

mfx)=0 ; (1) 

since P'Q is perpendicular to A'B', 

(^-/3)-wi(7;+m/?)=0; (2) 


since PQ is perpendicular to P'Q, 

(I - “-)(^ - +(’} - ma.)(v + mfi)+(C- c)(f +«)=0 (3) 

To find the equation to the locus we have to eliminate a and B 
between (1), (2), (3). 

The result is easily found to be --A — X — | which represents 

a hyperboloid. 


II, Axes partly rectangular. If we take OP and OQ as 
axes of X and y, instead of the bisectors of the angles 
between them, we have a system of axes in which the 
angles ZOX, YOZ are right angles and the angle XOY is the 
angle between the lines. The equations to AB, A'B' referred 
to this system are 

2/ = 0, 0 = c; cc = 0, c. 


Ex. 2. P, P' are variable points on two given non-intersecting 
lines and PP' is of constant length ^k. Find the surface generated 
by PP'. 

"Take as the equations to the lines y—O, ; 0 ~c ; . 17 = 0 , 0 — -c ; then 
P and P' are (ol, 0, c), (0, /5, - 0), where ol and (B are variables. The 
equations to PP' are ^ ^ ^ ^ 
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If Q, Q' aro the projections of P, P' on the plane OXY, PQ=Q'P' = o, 
OQ = oc, OQ'"l3 and QQ'^ = a^ + jS2~ 2a/?cos Tvhere 6 is the angle 
between the lines. Therefore 


PP'2=a2 + /32-2a^cos 0-{-4c2=:4F (2) 

To obtain the equation to the locus of PP' we have to eliminate 
a and (3 between the equations (1) and (2). From (1), 


2cx 






and therefore the surface is given by 

2 : 87 ^ cos g F 
{z-hcf {z — cy^ z^-c^ 


Ex. 3. Find the surface generated by a straight line which inter- 
sects two given lines and is parallel to a given plane. 

If the axes be chosen as in Ex. 2, and the given plane be 

1/X VtVit 

lx-hvny-\-nz=^0^ the locus is + — ^ + ^ = 0. 

Z-TT C Z — G 


III. Axes oblique. If a point on each, of the given lines 
is specified and a rectangular system is not necessary , the line 
joining the given points may be taken as 2?-axis, its mid- 
point as origin, and the parallels through the origin to the 
given lines as x- and ^-axes. The equations to the lines 
arethen 0 = c; a; = 0 , 

where 2g is the distance between the given points. 

Ex. 4. AP, A'P' are two given lines, A and A' being fixed, and 
P and P' variable points such that AP. A'P' is constant. Find the 
locus of PP'. 

Take AA' as ^^-axis, etc. Then P, P' are (a, 0, c), (0, ft - c), where 
constant = 4^2^ say. The equations to PP' are 

CG + c 

ol” 2c ^ 

and eliminating a and /3 between these and cL^=ilc^^ we obtain the 
equation to the locus, c^xy - c^)=^0. 

Ex. 5. Find the locus of PP' when (i) AP-fA'P', (ii) AP/A'P', 
(hi) AP^ + A'P'*^ is constant. Find also the locus of the mid-point 

of PP'. 


Ex. 6. Find the locus of the mid-points of lines whose extremities 
are on two given lines and which are parallel to a given plane. 

Ex. 7. Find the locus of a straight line that intersects two given 
lines and makes a right angle with one of them. 

Ex. 8. Find the locus of a point which is equidistant from two 
given straight lines. 
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Ex. 9. Shew that the locus of the mid-points of lines of constant 
length which have their extremities on two given lines is an ellipse 
whose centre bisects the s.d., and whose axes are equally inclined to 
the lines. 

Ex. 10. A point moves so that the line joining the feet of the 
perpendiculars from it to two given lines subtends a right angle at 
the mid-point of their s.d. Shew that its locus is a hyperbolic 
cylinder. 

Ex, 11. Prove that the locus of a line which meets the lines 
±mxy z= ±c; and the circle 2;=0 is 

cW{cy - mxzf -h - cmxf — dh)i^{z- - c^)K 


THE VOLUME OE A TETRAHEDKON, 

51 . To find the volume in terms of the coordinates of the 
vertices, the axes being rectangular. 

If A, B, C are (x^, y^, {x^, zf), (x,^, y^.^ zf), the 

equation to the plane ABC is x, y, z, 1 — 0, or 

^ 1 , Vv 1 

^^"2^ y2> ^ 

1 

X y^, z^, 1 +2/ ^1, ^1, I +; y^, 1 y^, ..,(1) 

2/2, 2^2» ^ ^2^ ^2’ ^ ^2^ '1/2) ^ ^2’ 2/2> 

y$) I ^3> 1 iCg, 2/3J I 2/8> ^3 

The equation to the plane ABC can also be written 

p = XG0S0L+y cos / 3 + ^ cos y ( 2 ) 

Let A denote the area ABC ; then its projections on the 
planes YOZ, ZOX, XOY are cos a. A, cos/J.A, cosy. A 
respectively. But the projections of A, B, C on the plane 
YOZ are ( 0 , 7/1, ^1), ( 0 , y^, zf), ( 0 , y^, z,f}, and therefore the 

area of the projection of ABC is given in magnitude and 


sign by i 

1 . 

Therefore we have 

2 / 2 . 

^2. ^ 


2 / 3 . 

2^3. 1 


cos a. A =1 

; 2/i. 

1 in magnitude and sign. 


2/2. ^2. 

1 


1 2/3. 2 ^ 3 . 

1 
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Hence, using the similar expressions for cos/3.A and 
cos y . A, equation (1) may be written 


2A(a! cos a. + 2/ cos /3 + z cos y) = 


X-^J 


2/p 

2/2. 

2/3. 


= 2j 3A, by (2). 


Now the absolute measure of is the volume of the 
tetrahedron OABC, and we can introduce positive and 
negative volume by defining the volume OABC to be 
which is positive or negative according as the direction of 
rotation determined by ABC is positive or negative for the 
plane ABC, {p is positive as in § 37). We may then write 

Vol. OABC = Vol. OCAB = Vol. OBCA: % 

Vol. OBAC = J x^, 2 /o, ^2 = —Vol. OABC, etc. ^2 

3/1, ' 

2/3. ^3 


If D is the point 0^), changing the origin to D, 

we have 


Vol. DABC^I- 



x^- 


CCg- 



2/1-2/4. 

2 / 2 ““ 2 / 4 . ^ 2~^4 

2/3"^4. %-^4 


X2 X^y 
X^ *^4 > 


Vi-Vv 0 

Vi-Vi’ 0 

2 / 3 - 2 / 4 . ^ 8 - 2 ^ 4 . 0 

2/4. 2;.j, 1 


— i 


X-^y 

Vv 


1 

11 

I 

X^j 

2/4. 

^ 4 > 

1 

^2> 

2 / 2 > 


1 


X^y 

2/1. 


1 


2/3. 


1 


X^y 

2/2. 

22 > 

1 

^4,i 

2/4. 

^4. 

1 


^3. 

2 /s- 


1 


Since the sign of a determinant is changed when two 
adjacent rows or columns are interchanged, it follows that 


Vol. DABC= - Vol. ADBC = Vol. ABDC= -Vol. ABCD, eta 
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Again, since 


Vv Zv 1 


Vv h 

— 

Vz> ^2 

+ 

^3> 2/3 J ^3 

- 


^ 2 , 2/2. 2^2’ 1 


^2> 2^2’ ^2 


»S- 3/3- ^3 


^ 4 ? y ^) ^^4 


Vv ^1 

^ 3 > Vs’ ^ 3 ’ ^ 
2/4J ^ 4 > 1 


^3’ 2/3* ^3 ' 


*4. 3/4. ^4 




^2’ i?/2» ^2 


-Vol. ABCD==VoL OABC-VoL obcd 


+ VoI. OCDA-Vol. ODAB. 

Since the volume ABCD does not depend on the position 
Z)f the origin, this must be true for all positions of o. 

Cor. If a, /3, y, 6 are the perpendiculars from any 
point O to the faces ABC, BCD, CDA, DAB of a given tetra- 
iiedron aa-f &/S+cy + <^^ is constant, where a, b, c, d are 
certain constants. 

Ex. 1. A, B, C are (3, 2, 1), (^2, 0, -3), (0, 0, -2). Find the 
locus of P if the vol. PABC = rj. Ans. + 42 = 38. 

Ex. 2. The lengths of two opposite edges of a tetrahedron are 
JK, 6, their s.n. is equal to d, and the angle between them to 0 ; prove 

that the volume is — 

6 

Ex. 3. AA' is the s.n. between two given lines, and B, B' are 
variable points on them such that the volume AA'BB' is constant. 
Prove that the locus of the mid-point of BB' is a hyperbola whose 
asymptotes are parallel to the lines. 

Ex. 4. If O, A, B, C, D are any five points, and Pi, p^j Pst Pi are 
the projections of OA, OB, OC, OD on any given line, prove that 

. Vol. OBCD . Vol. OCDA-f-jt?3 . Vol. ODAB -^4 . VoL OABC=0. 

Sx. 6. Prove that the volume of a tetrahedron, two of whose sides 
are of constant length and lie upon given straight lines, is constant, 
and that the locus of its centre of gravity is a plane. 

Ex. 6. If A, B, C, D are coplanar and A', B', C', D' are their 
projections on any plane, prove that Vol. AB'C'D'= - Vol. A'BCD. 

Ex. 7. Lines are drawn in a given direction tbrougl;i the vertices 
A, B, C, D of a tetrahedron to meet the opposite faces in A', B', C', D', 
Prove that Vol. A'B'C'D'=: -3 .Vol. ABCD. 


*Ex. 8. Find the volume of the tetrahedron the equations to 
whose faces are + c,.? -f = 0, r = 1 , 2, 3, 4. 

Let the planes corresponding to 2, 3, 4 be BCD, CDA, DAB, 


BC respectively, and let A = 


aoy 


0l> 

^2) 


Then (.'Tj, 23), 


^ 3 ? ^3j ^3) ^3 

<^43 ^4? ^4> 
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the coordinates of A, are given by 

Aj Bj Cj 

and therefore the volume is given by 


g-, where A,=^^,etc. 


lAi/Di, 

Bi/Di, Cj/Dj, 1 

1 

Aj, B|5 Cj, Dj 

1 A2/D2) 

etc. 1 


Ag, etc, 




(C. Smith, Algeha^ p. 544.) 

*Bx. 9. The lengths of the edges OA, OB, OC of a tetrahedron 
OABC are a, 6, o, and the angles BOC, COA, AOB are A, /x, v \ find 
the volume. 

Suppose that the direction-cosines of OA, OB, OC, referred to 
rectangular axes through 0, are Zj, ; Zg, mg, ; ^3, m33 ; then 

the coordinates of A are m^a, etc. 


Therefore 


6.V0I. OABC= 


46, mgS, Khih 
W3C, n^c 





’^=±abc 


cosr. 

COSJX 





cos V, 

1, 

cos A 





1 cos fX^ 

cos K 

] 


(Cf. § 27. Ex. 3. 


ss±abc 
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CHAPTER IV. 

CHANGE OF AXES. 

52. ox, OY, OZ ; o£, Ot], Of are two sets of rectangular 
axes through a common origin O, and the direction-cosines 
of O^, Or], Of, referred to OX, OY, OZ, are n^; 

Zg, mg, TOg. P, any point, has coordinates x, y, z referred to 
OX, OY, OZ and f referred to Of, Oij, Of. We have to 



express 0,y,z m terms of f tj, f and the direction-cosines, 
and vice-versa. 

In the accompanying figure, ON, NWI, MP represent f rj, f, 
and OK, KL, LP represent x, y, z. Projecting OP and ON, 
NM, MP on OX, OY, OZ in turn, we obtain 

^' 1 ^+ ^ 2 '?+ 

y = mi^-l-m3»/-f-m3f,|- (1) 

. »= %«?+ ^sf-l 
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And projecting OP and OK, KL, LP on O^, Orjy Of in turn, 
wo obtain 

f] = l^x+m.2y + n^zX .,( 2 ) 

^=l^x+m.^y + n^z.j 



X 

y 

z 

i 

h 



n 

h 

'^h 

Tig 


k 

7713 

Tig 


The equations (1) and (2) can be derived from the 
above scheme, which may be constructed as follows : Affix 
to the columns and rows the numbers x, y^ z; rj, and 
in the square common to the column headed ca and the 
row headed place the cosine of the angle between OX 
and Of, i,e. 1^, and so on. To obtain the value of Xy multiply 
the numbers in the aj-column by the numbers at the left 
of their respective rows and add the products; to obtain 
the value of f, multiply the numbers in the f-row by the 
numbers at the heads of their respective columns, and add 
the products. Similarly, any other of the equations (1) 
and (2) may be derived. 

Got. Since Xy y, z are linear functions of f, ?/, f, the 
degree of an equation is unaltered by transformation from 
any one set of rectangular axes to any other. For it is 
evident that the degree cannot be raised. Neither can it 
be lowered, since in changing again to the original axes, 
it would require to be raised. 

53. Relations between the direction-cosines of three 
mutually perpendicular lines. We have 


4- = 1 ^ = ^>1 

l^+7n^+n^=ly\ (a) l^l^+m^m^+n^n^ = 0y\ (b) 

4* 4" = 1 J ^1^2 “b '^ 1 ^% "b ^ 
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From the second and third equations of (b), we derive 
7)1^^ — — n.^l2 

. ■ I 

(§ 23, Cor. L) 

Therefore, if D " ^ ± 1 , 

TYh^y “IZo 

l^ = D(m2n^-m^n^), 

Similarly, 

\=0{m^n^-'m{n^, ^ 

Multiplying the first column of equations (b) by l^, 
respectively, and adding, we obtain 

l-^+l^-\-l^ = D Zp mp = 

^2’ ^^23 

“^3 . 

and similarly, 

= 1 , . ..(c) 

Multiplying the second column by we obtain 

in the same way, 

and similarly, '?^' 2 ^ 2 + = 

Zj^m^q- Z^rngd- = Q (n) 

The equations (c) and (d) can be derived at once from tine 
consideration that Z^, Zg; nn^, mg, m^; are 

the direction- cosines of ox, OY, OZ referred to O^, O?/, 0^. 
The method adopted shews that the four sets (a), (b), (c), (d) 
are not independent, and it can be shewn as above, that if 
either of the two dissimilar sets (a), (r); (c), (d) be given, 
the other two can be deduced. 

^ plane LMN (fig. 2V) cuts off three positive 
segments of unit length from the axes O^, O?/, O^. Then if 
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the direction of rotation given by LMN is the positive 
direction of rotation for the plane LMN, the system of axes 
Orj, of can be brought by rotation about O into coin- 
cidence with the system OX, OY, OZ. If the direction of 
rotation is negative, and O^, 0»? are brought to coincide 
with OX, OY respectively, then Of coincides with OZ'. 



The volume, and therefore D, is positive or negative 
according as the direction of rotation determined by LMN 
is positive or negative for the plane LMN. Hence if LMN 
gives the positive direction of rotation, from equations (e). 
li= +(m27^3-m3?^2), etc., 

the positive sign being taken throughout. If LMN gives 
the negative direction of rotation, 

— etc., 

the negative sign being taken throughout. 

Conversely, if n^\ In, 'Wig, ^s> % a-re the 

direction-cosines of three mutually perpendicular directed 
lines O^, Ovj, Of, and 

then O^, Ori, of can be brought by rotation about O to 
coincide with OX, OY, OZ. 

Ex. Verify the above results by considering O^, O ?], 0( to coincide, 
say, with OX', OY', OZ, 

Here Zj=-1, t 3 =Wg= 0 , n^^\, 

and if O^ be rotated to coincide with OX, Ov 
sdnoideswitliOY. 
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54.1 Section of a surface by a given plane. The follow- 
ing method of transformation can be applied with advantage 
when the section of a given surface by a given plane 
passing through the origin is to be considered. 

Let the equation to the plane be + my + 712; = 0 , where 

+ = and n is positive. 

Take as Of, the new axis of 0, the normal to the plane 
which passes through O and makes an acute angle with 
OZ. Then the equations to Of referred to OX, OY, oz, are 
<c/l = ylm = ^ln. Take as O#/, the new y-axis, the line in 
the plane ZOf which is at right angles to Of and makes an 
acute angle with OZ. Then choose Of, the new £r-axis, at 
right angles to On and Of, and so that the system Of, 0 >/, 0^ 
can be brought to coincidence with px, OY, OZ. The given 



plane is fO>?, and since Of is at right angles to Of and 0 >;, 
it is at right angles to OZ which lies in the plane fO;;. 
Hence Of lies in the plane XOY, and therefore is the line 
of intersection of the given plane and the plane XOY. The 
equation to the plane fo^? is cc/Z = y/m; therefore if X, fx^v 
are the direction-cosines of On, 

l\+mjUL+nv=^0j 

m\ — Z// = 0, 


whence 


^ ^ ^ 

I ■“ on'~' P+m^ ““ 

^ See Appendix, p. ii. 
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But Orj makes an acute angle witli OZ, and therefore 1/ is 
positive, and therefore the negative sign must be taken in 
the ambiguity. 

A= ’ ' rrf = = r = o* v=z\/l^ + m\ 






And since is at right angles to Or} and O^, by § 53 (E), 
the direction-cosines of 0^ are 

nfi — mv, lv—n\ 

— m I 


t.e. 


Hence we have the scheme : 


0 . 



X 

y 



— m 

i 

0 



n 

--In 

— mn 




1 

1 

m 

n 


Ex. 1. Shew that the projection of a conic is a conic of the same 


species. 

The equation /(^, y) ~ ax‘^ + 2 to/ + h/"^ + 2 g.v + 2 fg + c == 0 represen ts a 
cylinder whose generators are parallel to OZ and pass through the 
conic 2=0, /(.r, ■ij) = 0 . The equations ?^q-m?y + ?i2=0, f{x, 7/)=0 
represent the curve in which the plane Ix+mg^^-nz—O cuts the 
cylinder, and the projection of this curve on the plane 2 = 0 is the conic. 
Change the axes as above, and the equations to the curve become 




a ( + _ 9 ;, ( — ^ — 


+ ... = 0 , 

and therefore the curve is the conic given by 

, , am^ — 2toi+ , , hnn(a - h) - hn iV" — m^) 

where a' = ^5- — 5 , h!^ ^ s 

} , __ -P ^.hlm + hmP) 

Whence h'^ - a'y— 7 i^{W - ah) 

and A'2 _ qIU S 0 as ]}? ~ a6 S 0. 
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Ex. 2. All plane sections of a surface represented by an equation 
of the second degree are conics. 

■ Take coordinate axes so that a plane section is z — 0 ; the equation to 
the surface is, after transformation, of the form 

+ 6?/® + cz^ + 9,fyz + 2gzx + 2hxg + ^ux + + ^loz + o? = 0. 

The section by the plane XOY is the conic whose equations are 
2 : = 0, ajr- + "^hx}} -b 6?/2 + + cf = 0. 

The surfaces represented by equations of the second degree are the 
conicoxds. 

Ex. 3. All parallel plane sections of a conicoid are similar and 
similarly situated conics. 

Take the coordinate plane 2 — 0 parallel to a system of parallel 
plane sections. The equations to the sections by the planes z==k 
are then, 

ax^ + ^hx)j + hy^ + ^x {gh -f it) -H 2 ?/ {fh + 1^) 4- clc^ + 2 ir/c + = 0, 

z — h\ ax‘^ 4- ^hxy 4- hy‘^ 4- 4- ^t) 4- %(/// 4- ‘v) 4- 4- 4- = 0, 

Hence the sections are sinjilai* and siiiiilarJy situated conics. 

Ex. 4o Find the conditions that the section of the surface 
ax-^-\-by^-i-C 2 ^ = l by the plane Ix'^my-Vnz^p should be (i) a parabola, 
(ii) an ellipse, (hi) a hyperbola. 

(It is sufficient to examine the section by the plane /.r4-m?/4'^^=0 
which, by Ex. 3, is a similar conic. The equation to the projection of 
this section on the plane z = 0 is obtained by eliminating z between 
the equations lxi-myf7iz=^0y ax^'i-by‘^-^cz^==l, and the projection is a 
conic of the same species.) 

A 71 S. For a parabola PJa-^-m^lb + ri^jc^^Oi etc, 

EXo 5o Find the condition that the section of ax^-l-by^~2z by 
lx+ 7 nyA'}^ 2 ==:p should be a rectangular hyperbola. 

(Since rectangular hyperbolas do not, in genei'al, project into 
rectangular hyperbolas, it will, in this case, be iieeessary to examine 
the actual section of the surface by the plane lx + 7ny-\-7iz=0 by the 
m ethod of § 64.) A Jia. (a-i-b) 7i^ + a77i^ 4- bl'^ = 0, 

Ex. 6. Find the conditions that the section of ax'^A-by^Acz^—l by 
IxA'my-^nz^^f should be a circle. 

J 71 S. Z=0, m^(c -a) = 7i^(a — b) ; or ??z = 0, n^{a-h)=iT^{h — c}} or 
71 = 0, l^(b — c )= (c - a). 

Ex. 7. If lv-h7ny=0 is a circular section of 
Ax^ 4- 4- Cz^ 4- 2 Dxy = 1 , 

prove that ( B - C) - 2 Dhn 4- ( A •- C) == 0. 

Ex. 8. Prove that the eccentricity of the section of xy^z by 
'tx-hmy'hnz=0, (Z2 4-m2 + ?^^ = l), Is given by 

2 hn 

^ (n ^ + ^^) ( 71 ^ 4- 971^) 

Explain the result when n — 0. 
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Ex. 9. Shew that if 

ax^ + hy’^ + cz^ + ^fyz + ^gzx 4- '^hxy + 22^^+ 2vy + 2wz + d 

be transformed by change of coordinates from one set of rectangular 
axes to another with the same origin, the expressions a + h^c^ 
remain unaltered in value. 


Ex. 10. Two sets of rectangular axes through a common origin O 
meet a sphere whose centre is O in P, Q, R ; P', Q', Prove that 
Vol. OPQR'=- ± Vol. OP'Q'R. 


Ex. 11, The equations, referred to rectangular axes, of three 
mutually perpendicular planes, are — 72,^2 =0, r = l, 2, 3. 

Prove that if (^, 77, C) is at a distance d from each of them, 

$-{hPi+hPi+hp^) ^ 'n-{‘»hP\+'»hP2-^'m.3P3) 

7?Z]i + WI 2 "h 

= ^-(”iyi+%^2+%P3) 

+ 722-1- 723 


Ex, 12. If the axes of z are rectangular, prove that the 
substitutions 


-l+x+L 

^/ 3 ^^/ 2 ^^/ 6 ’ Vs Ve’ 


i+X 

Vs V2 Ve 


give a transformation to another set of rectangular axes in which the 
plane .r + ?/ + 2:— 0 becomes the plane ^=0, and hence prove that 
the section of the surface yz-\-zx-[-xy-\'ar~0 by the plane .r+y +0=0 
is a circle of radius \/2 . a. 


^■ 65 o If OX, OY, OZ are rectangular axes, and Of, O7;, O^ 
are oblique axes whose direction- cosines, referred to 
OX, OY, OZ, are ; Zg, Z3, Ug, then pro- 

jecting on OX, OY, OZ ; Of, 0>7, Of, as in § 52 , we obtain 


X— Z;^f-h I2V+ 

^y = m^f-f-m2>7 + ^^^3f, ^ 

7^lf+ 

f -f 77 cos r + f cos /X — l-^x -h m^y + 

f cosr + ?7 + fcosX =Z2ir + ^22/+^2^>f (®) 

f cos /X + 77 cos X + f = ZgiT + m^y -f ] 


where the angles 770^, fof, fo?; are X, pt, v. The equations 
(b) can also be deduced from (a) b}" multiplying in turn by 
etc., and adding. Again, from (a), 


a?, 


z 

+* 

h. 

mi, 



m2, 

^■2 


^2> 

mg. 

^2 

^ 3 > 

mg, 

% 


h 

m3., 

% 


, etc., etc, ...(c) 
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By means of (a) and (c) we can transform from rect- 
angular to oblique axes and vice versa. 

Cot, Since x, y, z are linear functions of 77 , ^ and 
vice versa, the degree of any equation is unaltered by 
transformation from rectangular to oblique axes or from 
oblique to rectangular axes. The transformation from one 
set of oblique axes to another can be performed, by in- 
troducing a set of rectangular axes, in the above two steps, 
and hence in this most general case the degree of the 
equation is unaltered by the transformation. 

Ex, 1. The equation — % is transformed by change 

from rectangular axes, the new axes being oblique, and having 
direction -cosines proportional to 

2,1,1; 4, n/ 3-1, -\/3-l ; 4, -'V^-1, s/S-l. 

Shew that the new equation is 

iiX. 2, If P, Q, R are (f,., 7/r, O? ^ = b % 3, referred to a set of 
oblique axes through an origin O, prove that 


e.Yol. OPQR^I vu Cl ! 

, 1 

1, COSV, COB [X 

525 '^25 ^2 


cos V, 1, cos A 

^35 Vsi ^3 


cos /X, cos A, 1 


(Use § 55 (b) ; cf. § 61, Ex. 9.) 


* Examples L 


1. The gnomon of a sundial is in the meridian at an elevation A 
(equal to the latitude), and the sun is due east at an elevation a. 
Find the angle Q that the shadow makes with the N. and S. line of 
the dial. 


2. Eind the equations to the line through (1, 1, 1) which meets 
both the lines {c—%y — Zz, and shew that its inter- 


section with the second line is 


V26' 


15 

52’ 26/ 


3. If OA, OB, OC have direction-ratios w,., ti,., r=l, 2, 3; 
and OA', OB', OC' bisect the angles BOC, CO A, AOB, the planes 
AO A', BOB', COG' pass through the line 


Wj -f- ??i2 + -{- ^^2 “h ^^3 

4. P is a given point and PM, PN are the perpendiculars from P 
bo the planes ZOX, XOY. OP makes angles B, cl, /5, j with the 
planes OMN and the (rectangular) coordinate planes. Prove that 

cosec^ cosec^ cl + cosec^jQ 4- cosec^-y. 
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5. Shew that the locus of lines which meet the lines 

y _ z 


0 


sm a =F cos a. 


at the same angle is 

{xy cos cL-az sin cl){xz sin a. - ay cos a) =0. 

6. Find the locus of a straight line which meets OX and the 

circle — z=h, so that the distance between the points of 

section is 

7. If three rectangular axes be rotated about the line 

A IJL V 

into new positions, and the direction-cosines of the new axes referred 
to the old are Zj, mj, etc.; then if 

Zi = + “ ^3^2)> ^ (^^3 + ^ 2 ) = M (^1 + ^ 3 ) = ih + ; 

also if 0 is the angle through which the system is rotated, 

2 “” 2 ’ / x2 + ]/2 • 

8. If the shortest distances between lines 1, 2, 3 are parallel to 
lines 4, 5, 6, then the shortest distances between the lines 4, 5, 6 are 
parallel to the lines 1, 2, 3. 

9. Any three non-intersecting lines can be made the edges of a 

parallelepiped, and if the lines are — ^=ll 

the lengths of the edges are 


®*2"'^35 72 “73 

-r 

^11 'mu 

?2, ?W'2> ' 



^3j ^3> ^3 


1 ^35 m^i % 


n, 

, etc. 


^’=1, 2, 3, 


Consider the case where the denominator is zero. 


10. OA, OB, OC are edges of a parallelepiped and R is the corner 

opposite to O. OP and RQ are perpendiculars to the plane ABC, 
Compare the lengths of OP and RQ. If the figure is rectangular and 
O is taken as origin, and the plane ABC is given by L'V-\-my + 7iz=p, 
PQ has direction-cosines proportional to — 3Z, — 3wi, — 

and PQ2=OR2-9.0P2. 

11. OS is the diagonal of the cube of which OP, OQ, OR are edges. 
OU is the diagonal of the parallelepiped of which OQ, OR, OS are 
edges, and OV and OW are formed similarly. Find the coordinates 
of U, V, W, and if OT is the diagonal of the parallelepiped of which 
OU, OV, OW are edges, shew that OT coincides with OS and that 

or=5.os. 

12 . Find the equations to the straight line through the origin 
which meets at right angles the line whose equations are 

(5 -P c) ^ -f (c + a)y + (a + 6) 2 = ^ = (6 ~ c) .r + (c - a)y +(a-h) 
and find the coordinates of the point of section. 

13. Find the locus of a point which moves so that the ratio of its 
distances from two given lines is constant. 
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14. A line is parallel to the plane y-\-z—0 and intersects the circles 

= 2=0 ; find the surface it generates. 

15. Find the equation to the surface generated by a sti'aight line 
which is parallel to the line y = z~nx, and intersects the ellipse 

2 = 0 . 

16. A plane triangle, sides a, 5, c, is placed so that the mid-points 
of the sides are on the axes (rectangular). Shew that the lengths 
intercepted on the axes are given by 

and that the coordinates of the vertices are ( ~ Z, ?? 2 , n\ (/, - m, n\ 

17. Lines ai*e drawn to meet two given lines and touch the right 
circular cylinder whose axis is the s.d. (length Sc), and radius c. 
Find the surface generated. 

18. The section of ax^-^hy'^~\-cz^ — \ by the plane lx-\-m.y-^nz^p is 
a parabola of latus rectum 2L. Prove that 

-i- -{- n^)labc. 

19. A line moves so as to intersect the line s=Q^ ^=y \ and the 

circles ic=0, \ 2 / = 0, = prove that the equation to 

the locus is {x->!-yf\z^^{x-yf] = r‘^{x-y)K 


{Jh }) C 

20. Prove that 1 -H = 0 represents a pair of planes 

y — z z — OG oc — y 

whose line of intersection is equally inclined to the axes. 


21. Find the surface generated by a straight line which revolves 
about a given straight line at a constant distance from it and makes 
a given angle with it. 


22. Shew that ^ ^2 _ _ 32 -^^. _ 3 = 1 represents a surface of 
revolution about the line x=y=z^ and find the equations to the 
generating curve. 

23. Lj, Ljj, L 3 are three given straight lines and the directions of 
Lj and Lg are at right angles. Find the locus of the line joining the 
feet of the perpendiculars from any point on Lg to Lj and Lg. 

24. The ends of diameters of the ellipse z=c^ are 

joined to the corresponding ends of the conjugates of parallel 
diameters of the ellipse + z= ~c. i'ind the equation to 

the surface generated by the joining lines. 

25. A and B are two poinio on a given plane and AP, BQ are 
two lines in given directions at right angles to AB. Shew that for all 
lines PQ, parallel to the plane, AP : BQ is constant, and that all such 
lines lie on a conicoid. 


26. The vertex A of a triangle ABC lies on a given line ; AB and 
AC pass through given points ; B and C lie on given planes ; shew 
that the locus of BC is a conicoid, 
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27. Prove that the equation to the two planes inclined at an angle a 
to the .r 7 /-plane and containing the line ^==0, ^cos ^=^’sin (3, is 

4- 2 /‘^) tn>i\^/3 4 ^2 „ 2sx tan /5 = 2 /^ tan^a . 

28 A line moves so as to meet the lines — £— == — ^ in A 
' COSOL isinoL 0 

and B and pass through the curve = ^=0. Prove that the locus 

of the mid-point of AB is a curve of the third degree, two of whose 
asymptotes are parallel to the given lines. 

29. Given two non-intersecting lines w4ose directions are at right 
angles and whose s.n. is AB, and a circle whose centre C is on AB 
and plane parallel to the lines. Shew that the locus of a variable line 
which intersects the given lines and circle is a surface whose sections 
by planes parallel to the lines are ellipses whose centres lie on AB, 
and that the section by the^ plane through C', another point of AB, is 
a circle, if C, C are harmonic conjugates with respect to A and B. 

30. If the axes are rectangular the locus of the centre of a circle of 
radius a which always intersects them is 

XfJa^— 4 •J — y^— o?, 

31. A line is drawn to meet y = .a?tanoL, z — c ; y~ —a; tan ol, z~ — c, 
so that the length intercepted on it is constant. Shew tha t its equa- 
tions may be written in the form 

jr — ^sin ^cot a_?/ — /tcos ^tan ol_2 
kco^d k^inO c 

where k is a constant and 0 a parameter. Deduce the equation to the 
locus of the line. 

32. Find the equation to the surface generated by a straight line 
w'hich is parallel to the plane z = <d and intersects the line x—y—z^ and 
the curve x 4 2?/ = 42, x^ 4^^ = 

33. Through a fixed line L, which lies in the xy-'pl&ue but does not 
pass through the origin, is drawn a plane which intersects the planes 
^=0 and y~0 in lines M and N respectively. Through M and a fixed 
point A, and through N and another fixed point B, planes are drawn. 
Find the locus of their line of intersection. 

34. The axes are rectangular and a point P moves on the fixed 
plane xla+ylh + zlc = 'i. The plane through P perpendicular to OP 
meets the axes in A, B, C. The planes through A, B, C parallel to 
YOZ, ZOX, XOY intersect in Q. Shew that the locus of Q is 

JL4.I 

y 2 "V ^2 ax^ hy cz 

35. AB and CD are given non-intersecting lines. Any plane 
through AB cuts CD in P, and PQ is normal to it at P. Find the 
locus of PQ. 

36. Find the equation to a plane which touches each of the circles 

ii7~0, . ^ = 0 , 2^4^^ = ; 2^=0, x‘^-{'y'^ = c\ How many such 

planes are there ? 

37. Find the locus of the position of the eye at which two given 
non-intersecting lines appear to cut at right angles. 
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38. Four given points of a variable line lie on the faces of a 
quadrilateral prisnn Shew that any other point of the line describes 
a line which is parallel to the edges of the prism. 


39. The locus of the harmonic conjugates of P with respect to the 
two points in which any secant through P cuts a pair of planes is 
the polar of P with respect to the planes. Prove that the equation 


n . V 


to the polar of z^) with respect to w = 0, 0, is - + - - 0, where 

.^1 '^1 

iti is the result of substituting for Xy y, z in w, etc. Shew 

also that the polars of P with respect to the pairs of planes that form 
a trihedral angle cut those planes in three coplanar lines. 


40. Any line meets the faces BCD, CDA, DAB, ABC of a tetra- 
hedron ABCD in A', B', C', D'. Prove that the mid-points of 
A A', BB', CC', DD' are coplanar. 

41, If the axes are rectangular, and X, ft, v are the angles between 

the lines of intersection of the planes a,^+6,.y-l- 0 ^ 2 = 0 , 2 3 

prove that ’ ’ 

^1) * 

<^25 ^ 2 ) ' 

&3, , 

- - cosy - CQ8 V + 2 cos A COB jg cos v ) 

~ sin A, sin /i sin )/ 


42. The equations x=:Xz+ix, where A 

and n are parameters, determine a system of lines. Find the locus of 
those which intersect the s-axis. Prove that two lines of the system 
pass through any given point unless the given point lies on a certain 
curve, when an infinite number of lines pass through it, and find the 
equations to the curve. 
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56. Equation to a sphere. If the axes are rectangular 
the square of the distance between the points P, (x^, y,, z-j 
and Q, (xj.ya, is given by + + 

and therefore the equation to the sphere whose centre is 
p and whose radius is of length r, is 

{x — x-^f + (y - yiP +{z- = r\ 

Any equation of the form 

ax^ +ay^ + az^ + + '^wz + cZ = 0 


can be written 





and therefore represents a sphere whose centre is 


/ u V 

\ a* a' 


w\ . T — 

and radius ^ 

a/ a 


Ex. 1. Find the equation to the sphere whose centre is (2, ~ 3, 4) 
and radius 5. Ans. .372>j.y2^22-4j7+6y-~82+4==0. 

Ex. 2. Find the centre and radius of the sphere given by 

.r2+y24.22_2.r + 4y-62= 11. Ans, (1, ~2, 3), 5. 

Ex. 3. Shew that the equation 

{x - x^){x - x ^) + (y - yj)(y -^2) + (* - 2 i)(* - 22) = 0 
represents the sphere on the join of yi, Zi\ (^2» 2^2? h) diameter. 

Ex. 4. Find the equation to the sphere through the points 
(0, 0, 0), (0, 1, -1), (-1, 2, 0), (1, 2, 3). 

Ans. _15^^25y — ll 2 = 0. 

u.Q. 
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Ex, 5. Find the equation to the sphere which passes through the 
point (a, jS, 7) and the circle ^ = 0, 

Ans. + ?y2 ~ a^)=^z{(x^ + 7^ - oP)- 

Ex. 6. Find the equations to the spheres through the circle 
-^ry^ + 2!^ = 9j 2 i 37 -|" 3^ -j- 4s = 5 j 
and (i) the origin, (ii) the point (1, 2, 3). 

Ans. (i) 5(;r2+3^2^s2)_i8a7^27y-36s=0; 

(ii) 3 {x^ + 4- S-) -2x-' ^y - 4s — 22 = 0. 

Ex. 7. The plane ABC, whose equation is xja-\-ylh-\-zjc^\^^ meets 
the axes in A, B, C. Find equations to determine the circumcirde of 
the triangle ABC, and obtain the coordinates of its centre. 

Ans. xja i-y/b + ^/c = 1, +y‘^ -\-z^ ax - by - cz=^0 i 

a(h~^^G~^) hjc-'^ + g-^) c(a-2 + M) 

2{a~''^A-b~'^A-G~'^)'’ 2(a“^ + 6“^4-c“^)’ 2(c&“^4-5“^4'C“2)’ 

*Ex. 8. If the axes are oblique, find the equation to the sphere 
whose centre is (xi^ y^ and radius r. 

A71S. S(.'r - - y^{z - z-^ cos A = r-. 

*Ex. 9. Prove that the necessary and sufficient conditions that 
the equation 

ax^ -h ^ 4- ’^hxy 4- 9iUx 4- 2wy 4- 2it/jzr-f 

referred to oblique axes, should represent a sphere, are 



= -X-== 

h 


cos A 

cos /X 

cos V 


— 

Prove that the radius is 

, where 



S = a, a cos Vj a cos u 

and A s 

1, 

cos I/, eos /A 

a COS V, a, a cos A, v 


cos r, 

1, eos A 

a cos /A, a cos A, a, w 


cos /A, 

cos A, 1 


V, d 


57 . Tangents and tangent planes. If P, and 

Q. (^2^ 2/21 ^ 9 ) points on the sphere + then 

+ y? + = a2 == + 02^ 

and therefore 

(^1 ““ ^2 )(^h + ^2) + (2/ 1 '2/2) (^1 + ?/«) + (^1 “■ ^ 2 )(^i + ^2) 

Now the direction-cosines of PQ are proportional to 
2 /i^ 2 / 2 > ^i'^'^ 2 j the mid-point of PQ and 

O is the origin, the direction-cosines of OM are proportional 
to x^+oc2> J/i + y?.* ^1+%- Therefore PQ is at right angles 
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to OM. Suppose that OM meets the sphere in A and that 
PQ moves parallel to itself with its mid-point, M, on OA. 
Then when M is at A, PQ is a tangent to the sphere at A, 
and hence a tangent at A is at right angles to OA, and the 
locus of the tangents at A is the plane through A at right 
angles to OA. This plane is the tangent plane at A. The 
equation to the tangent plane at A, (a, /3, y), is 
(cc-a)a-f (?/-iS)/S+(^-y)y = 0, 
or xoi+y^+zy = a}+^^ + y^==a\ 

Ex. 1. Eind the equation to the tangent plane at 
(a cos 6 sin a sin 6 sin a cos <jS) 

to the sphere 

Ans. X cos 6 sin sin 0 sin (56 +2 cos = a. 

Ex. 2. Find the equation to the tangent plane at to the 

sphere -f- -f 2 H- 2 vy + 2 li's: -}- c? = 0. 

Ans. xx’ -1- yy' + zz‘ -{■u(x+ x') -i- -y (y H- y') + 4- — 0. 

Ex. 3. Find the condition that the plane lxi-my-^nz=p should 
touch the sphere x^ -fy^ + -I- ^ux 4- 2i>y -f- 2wz -hd — O. 

Am. {yd 4- vm -f- wn 4-^)^ = QA 4- 4- rd){%d + - d). 

Ex. 4. Find the equations to the spheres which pass through the 
circle ^4-2y4-32 = 3, and touch the plane 4.r-l-3y=15. 

Ans. ^i724-y^4-^^4-2.r4-4y4-62- 11 =0, 

5^^ + 5y2 4- 5^2 _ 4^ _ 8^ _ 122 - 13 = 0. 

Ex. 5. Prove that the tangent planes to the spheres 
4.y2 4. ^2 4_ 2uxy-2vy 4- 22^5 4- d = 0, 
x^ 4- y 2 -I- ^2 _{_ 4- ^v^y + 2ii}iZ 4- = 0 

at any common point are at right angles if 

2^cu^ 4- + 2wwi =dy-dy 

*58. Radical plane of two spheres. If any secant 
through a given point O meets a given sphere in P and Q, 
OP . OQ is constant 

The equations to the line through O, (a, B, y), whose 
direction-cosines are I, m, n, are 

(n— g y 

I m n 


(=r). 
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The point on this line, whose distance from O is r, has 
coordinates oc+ir, j8 + mr, y + nr, and lies on the sphere 

f{xyz) s a{x^ 2 ?^) + ^ux + 2vy + + c? = 0 

if arHr(z^+mg+^|^) + F(0L. A y)=0. 

This equation gives the lengths of OP and OQ, and hence 
OP.OQ is given by F(a, /3, y)/a, which is the same for all 
secants through O. 

Definition. The measure of OP . OQ is the power of o 
with respect to the sphere. 

If + + + + ‘^v^y + 2w^z + = 0, 

Sg = x^ + 2/^ + + ^Vb^x + 2v^y + 2W:,z + cZg — 0 

are the equations to two spheres, the locus of points whose 
powers with respect to the spheres are equal is the plane 
given by 

Sj = 83, or 2(^1 ~ 1^2)03 + “'^^2)3/ + ~ '^2)^ + — do = 0. 

This plane is called the radical plane of the two spheres. 
It is evidently at right angles to the line joining the 
centres. 

The radical planes of three spheres taken two hy two 
pass through one line. 

(The equations to the line are = 83 = 83.) 

The radical planes of four spheres taken tivo hy hm 
pass through one point. 

(The point is given by 85^ = 82 = 83 = 8^.) 

The equations to any two spheres can be put in the form 
x^ + y'^+z^-\-2\x + d=0, x^ + y'^+z^+2\^^ + d^0. 

(Take the line joining the centres as cc-axis and the 
radical plane as £r = 0.) 

The equation x^ + y'^+z^’\-2'\x+d — 0, where X is a para- 
meter, represents a system of spheres any two of which 
have the same radical plane. The spheres are said to be 
coaxal. 
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Ex. 1. Prove that the members of the coaxal system intersect one 
another, touch one another, or do not intersect one another, according 

&Bd = 0. 

Ex. 2. Shew that the centres of the two spheres of the system 
which have zero-radius are at the points (±s/dy 0, 0). (These are the 
limiting-points of the S3^stem.) 

Ex. 3. Shew that the equation .^•2-i-.yH22-h2/iy4‘2v2-^?=:0, where 
p and V are parameters, represents a system of spheres passing through 
the limiting points of the system and cutting 

every member of that system at right angles. 

Ex. 4. The locus of points whose powers with respect to two 
given spheres are in a constant ratio is a sphere coaxal with the 
two given spheres. 

Ex. 5. Shew that the spheres which cut two given spheres along 
great circles all pass through two fixed points. 


* Examples II. 

1. A sphere of constant radius r passes through the origin, O, and 
cuts the axes (rectangular) in A, B, C. Prove that the locus of the 
foot of the perpendicular from O to the plane ABC is given by 

(^2 ^^2 + ^ 2 ) 2(^-2 ^-2 ^ 4 , , 2 . 

2. P is a variable point on a given line and A, B, C are its 
projections on the axes. Shew that the sphere OABC passes through 
a fixed circle. 

3. A plane passes through a fixed point (a, h, c) and cuts the axes 
in A, B, C. Shew that the locus of the centre of the sphere OABC is 

SO y z 

4. If the three diagonals of an octahedron intersect at right 

angles, the feet of the perpendiculars from the point of intersection 
to the faces of the octahedron lie on a sphere. If a, ol ; 6, ; c, y 

are the measures of the segments of the diagonals, the centre (^, 77, 

of the sphere is given by 

1 

c“i-l-y”i («oc)~^ + (6/3)~^ +(cy)‘'^’ 

the diagonals being taken as coordinate axes. Prove that the points 
where the perpendiculars meet the opposite faces also lie on the sphere. 

5. Prove that the locus of the centres of spheres which pass 
through a given point and touch a given plane is a conicoid. 

6. Eind the locus of the centres of spheres that pass through a 
given point and intercept a fixed length on a given straight line. 

7. Find the locus of the centres of spheres of constant radius 
which pass through a given point and touch a given line. 
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8. Provo that the centres of spheres which touch the lines 

Z — 0-, y—- mx, z=i -c, lie upon the conicoid mxy + cz( 1 + m®) = 0. ’ 

9. If the opposite edges of a tetrahedron are at right angles the centre 
of gravity is the mid-point of the line joining the point of concurrence of 
the perpendiculars and the centre of the circumscribing sphere. 

10. If the opposite edges of a tetrahedron are at right angles the 
mid-points of the edges and the feet of the perpendiculars from the 
vertices to the edges he upon a sphere whose centre is the centre of 
gravity of the tetrahedron. 

11. The sum of the squares of the intercepts made by a given 
sphere on any three mutually perpendicular lines through a fixed 
point is constant. 

12. With any point P of a given jolane as centre a sphere is 
described whose radius is equal to the tangeiit from P to a given 
sphere. Prove that all such spheres pass through two fixed points. 

13. If A— ja=v = 7r/3j the plane and surface given by 

intersect in a circle of radius a. 

14. If r is the radius of the circle 

^.2 22 LV + 2vy + 2ivz + O 5 lx + my+nz—0^ 

prove that 

(r^ + d)(l^ + + n^) = ('imo - nv)^ 4- {mi - lidf -h {Iv - mu)^, 

15. Prove that the equations to the spheres that pass through the 
points (4, 1, 0), (2,-3, 4), (1, 0, 0), and touch the plane 2A’+2;y- 0 = 11, 

1 6.^2 4 . 1 -p 16^2 _ iQ2x 4- 50y - 49^ -f 86 = 0. 

16. Prove that the equation to a sphere, which lies in the octant 
OXYZ and touches the coordinate planes, is of the form 

^2 ^^2 ^ ^2 _ 2 A Co: + 2 / 4- 4- 2 A^ = 0. 

Prove that in general two spheres can be drawn through a given 
point to touch the coordinate planes, and find for what positions of 
the point the spheres are (i) real ; (ii) coincident. 

17. A is a point on OX and B on OY so that the angle OAB is 
constant (=ol). On AB as diameter a circle is described whose plane is 
parallel to OZ. Prove that as AB varies the circle generates the cone 

2xy — sin 2 ol— 0. 

18. POP' is a variable diameter of the ellipse 2 = 0 , 

and a circle is described in the plane PP'ZZ' on PP' as diameter 
Pi^ove that as PP' varies, the circle generates the surface 

4 -^^ 4- z^) {cG^ja^ ~ 
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19. Prove that the equation to the sphere circumscribing the 
tetrahedron whose sides are 


2!.£_0 £+f=o -4=0 -4+f-l 

4c ’ c^a ’ a^b a^b^c~^’ 


xP+f+z^ X y z_ 
a?+h'‘-\-<? a h c~ ' 


20. A variable plane is parallel to the given plane xla+yjh^zjc^Q, 
and meets the axes in A, B, C. Prove that the circle ABC lies on the 


cone 




ah 
h a. 


21. Mnd the locus of the centre of a variable sphere ^vhich passes 
through the origin O and meets the axes in A, B, C, so that the 
volume of the tetrahedron OABC is constant. 

22. A sphere of constant radius h passes through the origin and 
meets the axes in A, B, C. Prove that the centroid of the triangle 
ABC lies on the sphere 

23. The tangents drawn from a point P to a sphere are all equal to 
the distance of P from a fixed tangent plane to the sphere. Prove 
that the locus of P is a paraboloid of revolution. 

24. Prove that the circles 

^2^j,2^.^.2_3^_4^q.5^_6=:0, .2;+ 2^ "“72=0 ; 

lie on the same sphere, and find its equation. 

25. Find the conditions that the circles 

ufi ^ ^ ^2 ^ + 2r'?/ 4- 4- 6?' = 0, Vx 4- m'y -I - 'niz =|/ ; 

should lie on the same sphere. 

26. OA, OB, OC are mutually perpendicular lines through the 
origin, and their direction'Cosines are Zj, ; ^ 2 ) ^ 2 ) j 

If OA=a, OB = 6, OC=c, prove that the equation to the sphere 

OABC is 

^2 -1-3/® + + 6?2 + y (™i + ^5^2 + *“ ^ + ^^3) = 



CHAPTEE VI 

THE CONE. 

59. Equation to a cone. A oone is a surface generated 
by a straight line which passes through a fixed point and 
intersects a given curve. If the given point O, say, be 
chosen as origin, the equation to the cone is homogeneous. 
For if P, {x\ y', z') is any point on the cone, cc', y\ z satisfy 
the equation. And since any point on OP is on the 
cone, and has coordinates lcy\ kz\ the equation is also 
satisfied by hx\ ky', hz' for all values of h, and therefore 
must be homogeneous. 

Cor. If ^c/i = 2 //m = 0/7^ is a generator of the cone re- 
presented by the homogeneous equation f{x, y, z) = 0, then 
f{l, m, 7^) = 0. Conversely, if the direction -ratios of a 
straight line which always passes through a fixed point 
satisfy a homogeneous equation, the line is a generator of 
a cone whose vertex is at the point. 

Ex. 1. The line xll^ylm—zln^ where -- 57^2 = o, is a 

generator of the cone + — 5.22=0. 

Ex. 2. Lines drawn through the point (ol, y) whose direction- 
ratios satisfy aZ2 + 6m2-f-c?i2 = o generate the cone 

a (.37 - a)2 -f 5 (y - -f. c - y )2 = 0. 

Ex. 3. Shew that the equation to the right circular cone whose 
vertex is O, axis OZ, and semi-vertical angle a, is 

Ex. 4. The general equation to the cone of the second degree 
which passes through the axes fyz-\-gzX’^h.vy^O. 

The general equation to the cone of the second degree is 

ax^ + + cz^ -I- ^fyz + ^gzx + ^hxy — 0, 

and this is to be satisfied by the direction-ratios of the axes, ie, by 

1 , 0 , 0 ; 0 , 1 , 0 ; 0 , 0 , 1 . 
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Ex. 5. A cone of the second degree can be found to pass through 
my five concurrent lines. 

Ex. 6. A cone of the second degree can he found to pass through 
any two sets of rectangular axes through the same origin. 

Take one set as coordinate axes, and let the direction-cosines of the 
others be ^2 5 ^^ 3 ? ’^ 3 - The equation to a cone 

containing the coordinate axes + If this cone also 

contains the first two axes of the second set, 

-h gn^ 4- - 0, 

//TigTig + gn^l^ + hl^m^ - 0. 

Therefore, since ?«iWi + = 0, etc., 

so that the cone contains the remaining axis. 

Ex. 7. The equation to the cone whose vertex is the origin 
and which passes through the curve of intersection of the plane 
lx'\'my'\-nz-=p and the surface ax^-\-hy'^^-cz^^l is 

Ex. 8. Find the equations to the cones with vertex at the origin 
y^hich pass through the curves given by 

(i) la:-\-my-\-nz=p; 

{{{) ax^-\-hy'^~9iZ^ lx-\-my-\-nz—p \ 

(iii) = 1, x^joi? -{-y’^j /5- — 2^. 

Ans, (i) + z^)p^ + ’2,a'px{lx + my 4- nz) 4- 6 4- my 4- nzy = 0 ; 

(ii) (ax'^-^by^)p=^23(lx+my-hnz) ; 

(iii) A.z‘^{x‘^laP‘ -\-y^lh‘^ 4- z‘^Ic^)=(x^Icl^ 4-y^/j8^)^. 

Ex. 9. The plane xja-^yjb-\-zlc—l meets the coordinate axes in 
A, B, C. Prove that the equation to the cone generated by lines 
drawn from O to meet the circle ABC is 

y,(i+«)+^^(^+2)+^(|+l )=o. 

Ex. 10. Find the equation to the cone whose vertex is the origin 
and base the circle, x^a^ 4*^2 = 62^ and shew that the section of the 
cone by a plane parallel to the plane XOY is a hyperbola. 

Ans. 

Ex, 11. Shew that the equation to the cone whose vertex is the 
origin and base the curve ,y)=9 



CHAPTER VI 

THE CONE. 

59, Eq,liatioii to a cone. A cone is a surface generated 
by a straight line which passes through a fixed point and 
intersects a given curve. If the given point 0, say, be 
chosen as origin, the equation to the cone is homogeneous. 
For if P, (»', y', z') is any point on the cone, y', s' satisfy 
the equation. And since any point on OP is on the 
cone, and has coordinates (kx', ky', kz), the equation is also 
.satisfied by kx', ky', kz' for all values of k, and therefore 
must be homogeneous. 

Cor. If xjl=yj'ni=zln is a generator of the cone re- 
presented by the homogeneous equation f{x, y, z) = Q, then 
f{l, m, n)=0. Conversely, if the direction-ratios of a 
.straight line which always passes through a fixed point 
satisfy a homogeneous equation, the line is a generator of 
a cone whose vertex is at the point. 

Ex. 1 . The line x:jl=yliin=z!n, where is a 

generator of the cone 2^!--!- 83/^ - 52 ^= 0 . 

Ex. 2 . Lines drawn through the point (a., y) whose direction- 
ratios satisfy aP-f 6)7i^-{-c?i2=0 generate the cone 

a(a--a)H%-i8)Hc(2:-y)2=0. ■ 

Ex, 3. Shew that the equation to the right circular cone whose 
verte.x is 0 , axis OZ, and semi-vertical angle a, is 

Ex. 4. The general equation to the cone of the second degree 
which passes through the axes kfyz+gzx+}ixy=Q. 

The general equation to the cone of the second degree is 

-I- hy- -t- cz^ -f- %fyz ^zx -f Vzxy = 0, 

and this is to he satisfied hy the direction-ratios of the axes, i.e. hy 

1 , 0 , 0 ; 0 , 1 , 0 ; 0 , 0 , 1 . 
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Ex. 5. A cone of the second degree can be found to pass through 
any five concurrent lines. 

Ex. 6. A cone of the second degree can be found to pass through 
any two sets of rectangular axes through the same origin. 

Take one set as coordinate axes, and let the direction-cosines of the 
others be ; ^ 2 ? ^2 > The equation to a cone 

containing the coordinate axes h fyz-^gzx-\-hxy^O. If this cone also 
contains the first two axes of the second set, 

+ gn^li + = 0 , 

fm^n ^ + + hl^m^ - 0. 

Therefore, since ??ii72.i+m2%+%W3=0, etc., 

/7n3?i3+^W3^3 4-^^37713=0 ; 

so that the cone contains the remaining axis. 

r Ex. 7. The equation to the cone whose vertex is the origin 
and which passes through the curve of intersection of the plane 
lv-\- 7 ng-^nz=p and the surface + is 

Ex. 8. Find the equations to the cones with vertex at the origin 
which pass through the curves given by 

(i) lx-\-my-^nz=p \ 

Qx) lx-^my-Vnz=p \ 

(iii) +y^lh^ -h = 1 , x^/cf? +y^l/3^ — ^z. 

Am. (i) (x^+y^^z^)p^ + 2apx(lX’\-my-\-nz)->s-b(Lv’\-7ny-^nzy=0 i 

(ii) (a.r2 + by^)p — 2z(lx + my + nz ) ; 

(iii) +y^ll)^ + z^jc^) = +^7/^")“. 

Ex. 9. The plane xla-^ylb-^zlc = l meets the coordinate axes in 
A, B, C. Prove that the equation to the cone generated by lines 
drawn from O to meet the circle ABC is 



Ex. 10. Find the equation to the cone whose vertex is the origin 
and base the circle, x = a^ and shew that the section of the 

Done by a plane parallel to the plane XOY is a hyperbola. 

A71S. a^(y^+z^)=b^x^. 

Ex. 11. Shew that the equation to the cone whose vertex is the 
origin and base the curve z^k,f{x^ .y)=0 
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60. Angle between lines in which a plane cuts a cone. 

We find it convenient to introduce liere the following 
notation, to which we shall adhere throughout the book. 

D = | a, h, g . 
h, b, f 

0> f’ ^ 


0D # M 
A = — = 
ca 


do 9 


00 


The student can easily verify that 

BC-F2 = aD, CA-G2 = 6D, AB-H2 = cD: 


GH-AF=/D, HF-BG = (/D, fg-ch=Ad. 


in what follows we use to denote 

a, h, g, u , 

K b, f, V 

g, J, c, w 

u, V, w, 0 

or - + Bu® + Cw^ + 2FVW + 2Gtvu + 2Hv,v), 

mh-Q ciX6s being TectangvXctT to find the cmgle between xhe 
lines in which the plane ux -\-vy wz = 0 cuts the cone 

f{x, y, z) = ax ^ + hy^ + cz"^ + 2fyz + 2gzx + 2hxy = 0. 


If the line xll=ylm=zln lies in the plane, 

ul+vm-\-wn = 0‘, ...,.(1) 

if it lie*s on the cone, 

/(i, m, 7i) = 0. (2) 

Eliminate n between. (1) and (2), and we obtain 
l\cv? + — Igwu) + 2lm(hw^ + cuv --fuw — gvw) 

+ m\cv^ + hw^ — 2fvw) = 0 .(3) 


Now the direction-cosines of the two lines of section 
satisfy the equations (1) and (2), and therefore they satisfy 
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equation (3). Therefore if they are Ig, mg, 

hv?+cv‘‘—"ljvw cu^ + (iw^ — 2ywu 


- 2 + CUV — - ^^>^(;) 

l{m^ — 


4 


.(4) 


+ 2 + GUV . .)(w^. . .)} 

±2wP 

From the symmetry, each of the expressions in (4) is 
seen to be equal to 

7^l7^2 __ ' ^1^2 _ U-J^2 ““ '^2^1 

av^+bu^ — 2huv'^ ±2uP ±2vP 

But if 6 is the angle between the lines, 
cos 9 __ sin 0 

hh + <^ 2 + i^h { 2 1 ^ 

cos 0 sin 6 

Ex. 1. Find the equations to the lines in which the plane 
^x+^-z—O cuts the cone + 3^2 = 0. 

. X v z X y z 

i = ^=0' 

Ex. 2. Find the angles between the lines of section of the follow- 
ing planes and cones : 

(i) 6jc-10y-7;£=0, 108:^2 _ 20/ -722:^0 ; 

(ii) 3.27 + y + hz =- 0, ^yz — 2zx -f hxy = 0 ; 

(iii) 2.27-3?/ +2=0, 3.272 „ 5^2 _ 7^2 +36^/0- 200.27 -2.jey=Or 

Ans. (i) (ii) cos'‘^g) (iii) 

Ex. 3. Prove that the plane a.27+6y+c0=O cuts the cons 
yzi'ZX+xy^Q in perpendicular lines if 

' l+Ul=o. 

a b e 
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61. Condition of tangency of plane and cone. If p=o, 

or ( 1 ) 

then sin 0 = 0, and therefore the lines of section coincide, or 

the plane touches the cone. Equation (1) shews that the 

iine ^ = , i.e, the normal through O to the plane, is a 

V w 

generator of the cone 

Ao^+By^- + Oz^+2fyz + ^Gzx + 2Hxy = 0. (2) 

Similarly, since we have BC-F- = aD, and the corre^ 
spending equations at the head of paragraph 60, it follows 
that a normal through the origin to a tangent plane to the 
cone (2) is a generator of the cone 

ax^ + ly^ + cz^ + 2 / 2 / 2 : + + "ihxy = 0 , 

ic. of the given cone. The two cones are therefore such 
that each is the locus of the normals drawn through the 
origin to the tangent planes to the other, and they are on 
that account said to be recvprocaL 

Ex. 1 . Prove that the cones and — — =0 

are reciprocal. ^ ^ 

Ex. 2. Prove that tangent planes to the cone lyz-\-mzX’¥nxy=^ 
ave at right angles to generators of the cone 

l-jT + + 71 V - 2ninyz - 27ilzx — %lmxy = 0. 

Ex. 3. Prove that perpendiculars drawn from the origin to tangent 
planes to the cone 

4- *{. 5^2 _p 2 ^ 2 : + to + 6jrj/ = 0 
lie on the cone 1 + 1 1^2 ^ 3^2 _ ^Q^jcy = 0. 

Ex. 4. Shew that the general equation to a cone which touches 
the coordinate planes is + h^y^ 4 ch'^ - 2bcyz — 2cazx - 2abxy — 0, 

62. Condition that the cone has three mutually per- 
pendicular generators. The condition that the plane should 
cut the cone in perpendicular generators is 

{a~\-h+c){u^+v^+w^)=f(u, V, w) ( 1 ) 

If also the normal to the plane lies on the cone, we have 

f(u, V, = 

and therefore a + 6 + c = 0. 
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In this case the cone has three mutually perpendicular 
generators, viz., the normal to the plane and the two per- 
pendicular lines in which the plane cuts the cone. 

li a+h+c — 0> the cone has an infinite number of sets of 
mutually perpendicular generators, ii + 

be any plane whose normal lies on the cone, then 

/(u, V, = 

and therefore {a + h + c){w^+v^’^w^)^f{u, v, w), 
since a + b + c-0. 

Hence, by (1), the plane cuts the cone in perpendicular 
generators. Thus any plane through the origin which is 
normal to a generator of the cone cuts the cone in perpen- 
dicular lines, or there are two generators of the cone at 
right angles to one another, and at right angles to any 
given generator. 

Ex, 1. If a right circular cone has three mutually perpendicular 
generators, the semi- vertical angle is tan~^\/2. (Cf. Ex. 3, § 69.) 

Ex. 2. Shew that the cone whose vertex is at the origin and 
which passes through the curve of intersection of the sphere 
and any plane at a distance a from the origin, has 
three mutually perpendicular generators. 

Ex. 3. Prove that the cone aa;^-\rh^‘^ + cz^-\-2fyz-^2gza:+2hj.y — 0 
has three mutually perpendicular tangent planes if 

bc + ca-^ ah 4*^^ -I- /i^- 

Ex. 4. If represent one of a set of three mutually per- 

1 .a o 

pendicular generators of the cone 5?/0 — = find the equations 
to the other two. 

Ans. x=y~ —z, 4^— — 5?/ = 202. 

Ex. 5. Prove that the plane ? 2^=0 cuts the cone 

(6 “ c)x ^ + (c ~ a)y'^ 4- (a — + ^fyz 4* 2^2^ 2hxy — 0 

perpendicular lines if 

(6 - c) + (c - a) m2 -h (a ~ h)n^ 4- 2fmn 4 ^gnl + ’3,hlm — 0. 

63.^ Equation to cone with given conic for base. To 

find the equation to the cone whose vertex is the point 
(a, y) and base the conic 

f(Xi y)^ax^+2hxy + by^+2gx + 2fy+c = 0, z=Q, 

^ See Appendix, p. ii. 
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The equations to any line through (a., y) are 

x-cL _y~§__^_ 

I ~ m 

and the line meets the plane z=0 in the point 
{(x — ly, /S'—'m.y, 0). 

This point is on the given conic if /(a-Zy. |8-TO.y)=0, 

%.e.ii /(a, ^)-y(i2+''«^ + v¥(^- a) 

where <pix, y) = ax^+^hxy+by^. If we eliminate I and m 
between the equations to the line and (1), we obtain the 
equation to the locus of lines which pass through (a; /3, y) 
and intersect the conic, i.e. the equation to the cone. The 
result is 

fx-a.'df ,y~Bof\,,Jx^ y-^\ „ 

/(a,/3)-y(— 3^j + V9^L-y’ z-y) ^ 

i.e. {z-yW(a.,^)-y(^-y){^^+^%) 

+y^(p(x-a., y — 8)=0. 

This equation may be transformed as follows : 

The coefficient of y^ is 

/(OL. y-^) 

=/((x+cc-a, B+y~B)==f{«i,y)\ 
and the coefficient of —zy is 

(a:-tt).^+(2/-/3)|^+2/(a, ^). 

lif{x, y) be made homogeneous by means of an auxiliary 
variable t which is equated to unity after differentiation, 
we have, by Euler’s theorem, 


a 




Therefore the coefficient of —zy becomes 
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Hence the equation to the cone is 

zjia., /3)-«y(®^+2/^+^f) + Vy(«!. 

It is to be noted that by equating to zero the coeJQScient 
of 5y, we obtain the equation to the polar of (a, 0) with 

respect to the given conic. 

(The above method is given by de Longchamps, 
Problemes de Q^ometrie Analytique, vol iii.) 

Ex 1. Find the equation to the cone whose vertex is (oc, /i?, y) 
and base (i) 2 = 0 ; (ii) / = z=0. 

Ans. (i) 

(ii) z%l3 ^ - 4aa.) - 2sy { ^3/ - - 4aa?)=0. 

Ex. 2. Find the locus of points from which three mutually perpen- 
dicular lines can be drawn to intersect the conic 2—O, ax^-i-by^~h 

(If (oL, /3j y) is on the locus, the cone, Ex. 1 (i), has three mutually 
perpendicular generators.) 

Ans. 4- + z^(a -f i) = 1 . 

Ex. 3. Shew that the locus of points from which three mutually 
perpendicular lines can be drawn to intersect a given circle is a 
surface of revolution. 

Ex. 4. A cone has as base the circle ^=0, 
and passes through the fixed point (0, 0, c) on the 2-axis. If the 
section of the cone by the plane ZOX is a rectangular hyperbola, 
prove that the vertex lies on a fixed circle. 

Ex. 5. Prove that the locus of points from which three mutually 
perpendicular planes can be drawn to touch the ellipse = 

2=0, is the sphere A’b'^- 


*Examples III. 

1. Shew that the bisectors of the angles between the lines in which 
the plane uxA-ny-hn)z=0 cuts the cone ax^+by^-{-cz^=0 lie on the cone 

u{h-c) Q){o-a) w{a-b) _^ 

X y 2 " ‘ 

[Five concurrent lines are necessary to determine a cone of the second 
degree, and the form of the given result shews that the required cone 
is to pass through the coordinate axes and the two bisectors. Assume, 


therefore, that the required equation is 

fyz + gzx 4 * hxy = 0 (1 ) 

The given cone is ax"^ ‘\’hy‘^-\-cz^=0 (2) 


The necessary and sufficient conditions that the cone (1) should 
contain the bisectors may be stated, (i) the plane ux-{-vyA‘'wz=0 
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must cut the cone (1) in perpendicular lines ; (ii) the lines of section 
of the plane and the cones (I) and (2) must be harmonically conjugate 
Fi om (i), fvW'Ygwu-^ huv = 0 

Again, four lines are harmonically conjugate if their projections on 
any plane are harmonically conjugate, and the equations to the pro- 
jections on 2=0 are obtained by eliminating z between the equations 
to the plane and cones, and hence they are 


+ cu^) + 2 cuvxy hw^ 4- cr^) =0, 2=0; 

giur-^i]oy{fu-\'g'Q-~w}i)-\>fvy^=^0^ 2=0. 

Therefore the condition (ii) gives 

fo (a vT- + ci^) = cuv{fu -^-gv- wh ) ; 

(cf. Smith, Conic Sections^ p. 55.J 

i,e. afvw^hgw^i-\-ckuv^O. 

From (3) and (4), we obtain 

/ - 9 ... h. n 

u{h-c) v{c-a) w{a—h)'j 


2. Shew that the bisectors in Ex. 1 also lie on the cone 

{ - (6 - c) -f (c - a) 4- (iz ~ 5) j „ 

3. Two cones pass through the curves ?/=0, z^ = ^ax\ ^=0 
2^=46?/, and they have a common vertex ; the plane 2=0 meets them 
in two conics that intersect in four concyclic points. Shew that the 
vertex lies on the surface z-{xla-\-ylh)— 4 :{x^-\'y^). 

4. Planes through OX and OY include an angle a. Shew that 
their line of intersection lies on the cone z\x^-\-y‘^ + z^)—aP‘yHdj{^oL, 

5. Any plane whose normal lies on the cone 

(5 4* c) jr 2 4- (c 4 - a)y ^ + (a + 5 ) 2^ = 0 

cuts the surface a.r^4*Z)y^4“C2^ — 1 in a rectangular hyperbola. 

6. Find the angle between the lines given by 


^“l-y4-2=0, 


yz zx 
c — a 


a — 0 


7. Shew that the angle between tbe lines given by 

^4- 4.^=0, ayz-\-hzx-\‘Cxy =0 
IS 5r/2 if a + h-he^Q, but ^/3 if I/a+l/J + l/c=0. 

8. Shew that the plane ax-^hyJrcz^Q outs tbe cone 




in two lines inclined at an angle 

-1 j“ { 4" c^)(a^ 4- 5^ + c^ — 25c — 2 i !a - 


tan" 


6c4“ca4-a6 


2a6)}^ ^ 


considering the value of this expression when n4'&4-c=0, 
shew that the cone is of revolution, and that its axis is x^y=^z and 
vertical angle tan-i2\/2. 



EXAMPLES III. 


cs. 




9 . The axes being rectangular, prove that the cone 

contains an infinite number of sets of three generators mutually 
inclined at an angle 7r/3. 


10. Through a fixed point O a line is drawn to meet three fixed 
intersecting planes in P, Q, R. If PQ : PR is constant, prove that the 
locus of the line is a cone whose vertex is O. 


11 , The vertex of a cone is (a, h, c) and the y^i-plane cuts it in the 
curve F(y, ;s) = 0, ^=0. Shew that the -?.r-plane cuts it in the curve 
' b.v ex -- ctz^ 


. h.v ex--az\_^ 


12. OP and OQ are two straight lines that remain at right angles 
and move so that the plane OPQ always passes through the £-axis. 
If OP describes the cone z/x) — 0, prove that OQ describes the 


cone 




la? 

\ z zxj j 


13. Prove that + represents a 

cone if u-ja + v'^jb + w^Jc =? d. 

14. Prove that if 

F {xyz) = ax^ + + cz^ + 2fyz + 2gzx + 2hxy ‘{-2ux-\'2vy-{-2wz-\-d^\j 

represents a cone, the coordinates of the vertex satisfy the equations 
Fj=0, Fj,=0, F2=0, Fe=:0, where t is used to make F(^j y, z) homo- 
geneous and is equated to unity after differentiation. 

15. Prove that the equations 

— 8y-s — 42.3? - ^xy + 6jr - 4;^ - 22 + 5 = 0, 

2.r^ + 4- 72® - IQyz — 102.r + 2a; -}- 2y + 262 -17=0, 
represent cones whose vertices are (“7/6, 1/3, 5/6), (2, 2, 1). 

16. Find the conditions that the lines of section of the plane 
lx^'niy-\-7iz—0 and the cones fyz-^gzx-{-hxy=^0y ajr® + 5y®4-C2®=0, 
should be coincident. 

+ cm ® _ cZ® 4- ctn^ _ \ 

\ firm ”” gnl ~ him ') 

17. Find the equations to the planes through the 2-axis and the 
lines of section of the plane uX’\-vy-^wz=0 and cone /(a?, y, 2)=0, and 
prove that the plane touches the cone if P=0. (The axes may be 
oblique.) 

18. Prove that the equation to the cone through the coordinate 
axes and the lines of section of the cone llo?® — 5?/®-h2®=0 and the 
plane 7a? — 5y+2=0 is 14?/2— 302a?4-3a?;/— 0, and that the other 
oommon generators of the two cones lie in the plane lla? + 7y + 72=0. 

B.a. Q 
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19. Prove that the common generators of the cones 

bc — a^ , ca-h'z , ab — e-_^ 

■ T* 7 - "T ■ ““ 

ajT 0^ cz 

tie ii3 the planes 

(be ± a-}jc-\- (oa ± h^)y + (ah ±c^)z— 0. 

20. Prove that the equation to the cone through the coordinate 
axes and the lines in which the plane lx-\'my-\'nz=0 cuts the cone 

+ 5y- 4* cz- + ^fyz + ^gzx + ^hxy = 0 is 

lQ}n-’\'Crti- - ^fmn)yz -f- m (cl- + an^ - ^gnV)zx + n (mi^ -f- hl^ — ^hlm)xy = 0. 

21. Prove that the equation v55+n^+>/^= 0 represents a cone 
that touches the coordinate planes, and that the equation to the 
reciprocal cone is fyz'Vgzx-\-kxy-=z{y^ 

22. Prove that the equation to the planes through the origin 
perpendicular to the lines of section of the plane lx^my^nz=<^ ^nd 
the cone ax-'\’hy--\-c^ — ^ is 

+ Qr(^)'^y-(cP‘ + an^) -f ^-(aw ? + - %aMnyz - 2hnlzx - ’^clmxy = Q 

23. If a line OP, drawn through the vertex O of the cone 

ax- + by^ + cz^ = 0, 

is such that the two planes through OP, each of which cuts the cone in 
a pair of perpendicular lines, are at right angles, prove that the locus 
of OP is the cone 

(2a'f64-c)^+(26 + c4‘a)^^ + (2c + a+5) 



CHAPTER VII. 

THE CENTRAL CONICOIDS. 


64, The iocus of the equation 


<1) 

( 2 ) 




= 1 , 

= 1 , 


( 3 ) 


63 +^ 2 --^' 



We have shewn in §9 that the equation (1) represents 
the surface generated by the variable ellipse 

. ifl „ 
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whose centre moves along Z'OZ, and passes in turn through 
every point between (0, 0, — c) and (0, 0, +c). The surface 
is the ellipsoid, and is represented in fig. 29. The section 
by any plane parallel to a coordinate plane is an ellipse. 

Similarly, we might shew that the surface represented 
by equation (2) is generated by a variable ellipse 




whose centre moves on Z'OZ, passing in turn through 
every point on it. The surface is the hyperboloid of one 
sheet, and is represented in fig. 30. The section by any 
plane parallel to one of the coordinate planes Y02 or ZOX 
IS a hyperbola. 



The surface given by equation (3) is also generated by a 
variable ellipse whose centre moves on Z'OZ. The ellipe 
is given by 3.2 y 2 7^2 
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and is imaginary if — c < />; < c ; hence no part of the 
surface lies between the planes z=±o. 

The surface is the hyperboloid of two sheets, and is 
represented in fig. 31. The section by any plane parallel 
to one of the coordinate planes YOZ, ZOX is a hyperbola. 

If (x', y', z) is any point on one of these surfaces, 
—y', —zi') is also on it; hence the origin bisects all 
chords of the surface which pass through it. The origin is 
the only point which possesses this property, and is called 
the centre. The surfaces are called the central conicoids. 

65. Diametral planes and conjugate diameters. An 
equation of the form 

ax^-\-hy- + cz^ = l 

represents a central conicoid. The equations to any line 
parallel to OX are y = \, z= ix, and it meets the surface in 
the points ^ n 

and hence the plane YOZ bisects all chords parallel to OX. 
Any chord of the conicoid which passes through the centre 
is a diameter, and the plane which bisects a system of 
parallel chords is a diametral plane. Thus YOZ is the 
diametral plane which bisects chords parallel to OX, or 
shortly, is the diametral plane of OX, Similarly^ the 
diametral planes ZOX, XOY bisect chords parallel to OY 
and OZ respectively. The three diametral planes YOZ, 
ZOX, XOY are such that each bisects chords parallel to the 
line of intersection of the other two. They are called 
conjugate diametral planes. The diameters X'OX, Y'OY, Z'OZ 
are such that the plane through any two bisects chords 
parallel to the third. They are called conjugate diameters. 

If the axes are rectangular, the diametral planes YOZ, 
ZOX, XOY are at right angles to the chords which they 
bisect. Diametral planes which are at right angles to the 
chords which they bisect are principal planes. The lines of 
intersection of principal planes are principal axes. Hence 
if the axes are rectangular the equation 
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represents a central conicoid referred to its principal axes 
as coordinate axes. 


66. A line through a given ‘point A, (a, /S, y) meets a 
central conicoid ax-+by^ + cz-=l in P and Q; to find the 
lengths of AP and AQ. 

If I, n are the direction-ratios of a line through A, the 
coordinates of the point on it whose distance from A is r 
are a+Jr, y4-'?w\ If this point is on the conicoid, 

r^(ai- + hn- + cn-) + 2r(aai + b^ni + cyn) 

+ aa ^ + 6 / 3^ + - 1 = 0 ( 1 ) 

This equation gives two values of r which are the 
measures of AP and AQ. 

Ex, 1. If OD is the diameter parallel to APQ, AP.AQiOD^ia 
constant. 

Ex. 2. If DOD' is any diameter of the conicoid and OR and OR' 

AD^ AD'2 

are the diameters parallel to AD and AD', is constant. 

OR^ OR ^ 

Ex. 3. If AD, AD' meet the conicoid again in E and E', — 
ts constant. AE' 


37. Tangents and tangent planes. If + b^^ + cy^ = i, 
the point A, (<x, |8, y) is on the conicoid ; one of the values 
of ?' given by the equation (1) of §66 is zero, and A coin* 
cides with one of the points P or Q, say P. 

If, also, aod + h^m + cyn = 0 , 

the two values of r given by the equation are zero, i,e, P 
and Q coincide at the point (a, /3, y) on the surface, and 
the line APQ is a tangent to the conicoid at A. Hence, if 
A, (oL, jS, y) is a point on the surface, the condition that the 
line x-CL_ y-^ _ z~y 

I m, n ' 

should be a tangent at A, is 

aal + b^m + cyn = 0 ( 3 ) 

If we eliminate I, m, n between (2) and (3), we obtain 
the equation to the locus of all the tangent lines through 
/S. y), viz., 

(X - a.)aa.+(y y)cy = 0, 

or affjx+bl3yi-oyz = i. 
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Hence the tangent lines at (a. j8, y) lie in the plane 
aajx + h^y + cyz = 1 , 
which is the tangent plane at (a, jS, y). 

68. To find the condition that the plane l<c+my+nz=p 

should touch the conicoid ax^+by^+cz^ = l. 

I£ the point of contact is (oc, y), the given plane ia 

represented by the two equations 

aoix + b/3y+cy3=l, 

Ix-^-my + nz—p, 

. I a n 

Therefore a=-, /3=^, y=-; 

and, since (a, B, y) is on the conicoid, 

l^ , „ 

— H-t-H — =p^. 

a 0 c ^ 

Oor. The two tangent planes which are parallel to 
he-{-my-{-nz=0 are given by 

lx+my+nz= 

Ex. 1. ^’ind the iocus of the point of intersection of three mutually 
perpendicular tangent planes to a central conicoid. 

If the axes are rectangular and 

+ + r=l, 2 , 3 , 

represent three mutually perpendicular tangent planes, squaring and 
adding, we obtain , .. 

Hence the common point of the planes lies on a sphere concentric 
with the conicoid. (It is called the director s'phere,) 

Ex. 2. Prove that the equation to the two tangent planes to the 
conicoid 0^2 + 67/2+ 0-32 = 1 which pass through the line 

v! ^Va)-^m'y-^n'z-p'=0y is 
, w'2 7?,'2 \ m* A 

“U+x+T-pV-2““(¥+-r+T-p^7 

, , m2 , A2 A „ 

(Use the condition that A? 4'=0 should he a tangent plane.) 
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Ex. 3 . Find the equations to the tangent planes to 
2 a;- - 6 ?/^ + 32 ^ = 5 
which pass through the line x-\-^y — 

An^s. 2 a:- 12 y + 9 j 5 =o, 4 a; + 6^ + 82: =5. 

Ex. 4 . If the line of intersection of two perpendicular tangent planes 
to the ellipsoid w^hose equation, referred to rectangular axes, is 

x'^jar + + z'^ld^ = 1 , 

passes through the fixed point ( 0 , 0 , h), shew that it lies on the cone 
x-{¥ + c3 - h^) 4 - y\cr + ~ Ic^) + ( 2 : - hY(a^ + h^) = 0 . 

Ex. 5 . Tangent planes are drawn to the conicoid a.v^-{-hy'^’\-cz^^i 
through the point (a., y). Prove that the perpendiculars to them 

from the origin generate the cone (oLr + /3^+y,j)-= — 

<z 0 c 

Prove that the reciprocal of this cone is the cone 

{ax- P hy- 4 * cz^) (ao.^ 4- 6^- 4 - c - 1 ) - ( acus 4- 6^^/ 4. cy2)2 — 0, 
and hence shew that the tangent planes envelope the cone 

{ax- 4 - hf 4 - ez^ - l)(aoL 2 + Ifp 4- cy2 - 1 ) - (aou? 4- 6^^ + cy^ ~ 1)2 _ 

69, The polar plane. We now proceed to define the 
polar of a point with respect to a conicoid, and to find its 
equation. 

Definition. If any secant, APQ, through a given point A 
meets a conicoid in P and Q, then the locus of R, the har- 
monic conjugate of A with respect to P and Q, is the polar 
of A with respect to the conicoid. 



Let A, R (fig. 32) be the points (a, ft y), (^, ,, f), and let 

APQ have direction-ratios I, m, n. Then the equations to 

APQ are ^ 

x~a.jy-^ ^ z-y 

I m n, ' 
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and, as in § 66, rg, the measures of AP and AQ, are the 
roots of 

+ 2r (uolZ + b^m + eyn) 

+(a(x2 + ?>i8Hcy2.-l)=0. 

Let p be the measure of AR. Then, since AP, AR, AQ are 
in harmonic progression, 

_ 2r;^rg aa^+t/3^+oy^ — 1 

+ acd+blim + cyn * 

And from the equations to the line 

^—CL^lp, i] — ^ = mp, ^^y=:npy 

therefore 

(|;--a)aa+(?7-'j8)&/8 + (f--y)oy== 

Plence the locus of (^, rj, is the plane given by 
aoccr + b^y + cyz = 1, 

which is called the polar plane of (a, /3, y). 

Cor, If A is on tne surface, the polar plane of A is the 
tangent plane at A 

The student cannot have failed to notice the similarity between the 
equations to corresponding loci in the plane and in space. There is a 
close analogy between the equations to the line and the plane, the 
circle and the sphere, the ellipse and the ellipsoid, the tangent or 
polar and the tangent plane or polar plane. Examples of this 
analogy will constantly recur, and it is well to note these and make 
use of the analogy as an aid to remember useful results. 


70. Polar lines, .it is evident that if the polar plane of 
(a, /S, y) passes through (f, rj, ^), then the polar plane 
0 Passes through (a, /?, y). Hence if the polar 
plane of any point on a line AB passes through a line PQ, 
then the polar plane of any point on PQ passes througli 
that point on AB, and therefore passes through AB. The 
lines AB and PQ are then said to be polar lines with respect 
fco the conicoid. 


The polar plane of (a+ Jr, /S+mr, y-^-nr), any point on 


is aax + h^y + cy 2 ; — 1 +T{alx + hmy + cus?) = 0, 
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and, evidently, for all values of r, passes through the line 
acLx + ?/ + ~ 1 = 0 = aloo + hm y + cnz. 

This is therefore the polar of the line (1). 


Ex. 1. If P, (.rj, yi, ^i), Q, are any points, the polar of 

PQ with respect to + = l is given by 

CLVX\ + hjy^ + czz^ - 1, axx^ + hyy.^ 4- - 1 • 

(Hence if P and Q are on the conicoid the polar of PQ is the line of 
intersection of the tangent planes at P and Q.) 

Ex. 2. Prove that the polar of a given line is the chord of contact 
of the two tangent planes through the line. 


Ex. 3. Find the equations to the polar of the line 

with respect to the conicoid Prove that it meets 

the conicoid in two real points P and Q, and verify that the tangent 
planes at P and Q pass through the given line. 


A 


.y _ y+l _g-4-l 

T“'~o r 


Ex. 4. Find the locus of straight lines drawn through a fixed 
point (a, j3j y) at right angles to their polars with respect to 
c.r-+6y--i-c2- = l ; (rectangular axes). 

J... Sr^g-i)-o. 

Ex. 5. Prove that lines through (oc, y) at right angles to their 
polars with respect to = l generate the cone 

(y-l3)((X2-yx) + ( 2 - y) (cLy - jSx) ~ 0 . 

What is the peculiarity of the case when a = 6 ? 

Ex. 6. Find the conditions that the lines 


x-oL _y- 13 _ 2-y x-oA _ y- ^ 7 ^ 

^ 7n ?i ’ i' m' ^ ’ 

should be polar with respect to the conicoid — 

Am, 2<7aa.'=l, ^aod’ ^alV~0, 


Ex. 7, Find the condition that the line should 

I m n 

intersect the polar of the line with respect to the 

conicoid I m n ^ 

Ans. {aol 4 h(3m * 4 cyn'){aa!l 4 Z>/SVi 4 Gy^ii) 

~ {all' 4 hmm' 4 (aaa' 4 4 cyy' - 1 ). 

Ex. 8. Prove that if AB intersects the polar of PQ, then PQ inter- 
sects the polar of AB. (AB and PQ are then said to be conjugate with 
respect to the conicoid.) 
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71. Section with a given centre. If (a, / 3 , y) is the 
mid-point of the chord whose equations are 



the equation (1) of § 66 is of the form — and therefore 

aod + 6/3m + cyn = 0 (2) 

Hence all chords which are bisected at (oc, /S, y) lie in 
the plane + — y)cy = 0. 

This plane meets the surface in a conic of which (a, |8, y) 
is the centre. 



Compare the equation to the chord of the conic + whose 

mid-point is (a, /3)» 

Ex. 1. Find the equation to the plane which cuts 52^=1 

in a conic whose centre is at the point (2, 3, 4). 

Am. 6?/ - 10 - 2 -1-20=0. 

Ex. 2, The locus of the centres of parallel plane sections of a 
conicoid is a diameter. 

Ex. 3. The line joining a point P to the centre of a conicoid passes 
through the centre of the section of the conicoid by the polar plane 

of P. 

Ex. 4. The centres of sections of a central conicoid that are 
parallel to a given line lie on a fixed plane. 

Ex. 5. The centres of sections that pass through a given line lie 
on a conic. 

Ex. 6. The centres of sections that pass through a given point lie 
on a conicoid. 
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Ex. 7. Emd the locus of centres of sections of 
which touch ccr- + = i . 


Ans, 


a 2^2 12^2 ^ 2^2 

^ -+T'^T 


72. Locus of mid-points of a system of parallel chords. 
It follows from equations (1) and (2) of §71 that the mid- 
points of chords which are parallel to a fixed line 

y 


1 ie in the plane alx + bmy + cnz = 0. 

This is therefore the diametral plane which bisects the 
parallel chords (fig. 34). 



Compare the equation to the locus of the mid-points of parallel 
chords of the ellipse 

Ex, 1. Find the locus of the mid-points of chords of the eonicoid 
ax--\'by--rcz‘ — l which pass through the point (/, g, h). 

J 7 is. ax (.r -/) -P 6^ (y - g ) + cs (2 - A) = 0. 

Ex. 2. Prove that the mid-points of chords of ax'^ + hg^ + cz^^\ 
which are parallel to a?=0 and touch lie on the surface 

6y-(6.r- -P -f cz- - h'^) + Qz\qx- + ^ - c?-^) = 0. 

73. The locus of the tangents drawn from a given 
point. When the secant APQ, (fig. 32), becomes a tangent, 
P, Q, R coincide at the point of contact, and hence the points 
of contact of all the tangents from A lie on the polar plane 
of A, and therefore on the conic in which that plane cuts the 
surface. The locus of the tangents from A is therefore the 
cone generated by lines which pass through A and intersect 
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the conic in which the polar plane of A cuts the conicoid. 
This cone is the enveloping cone whose vertex is A. We 
may find its equation as follows : If A is (ot, y), and the 
line APQ, whose equations are 

a?— g y—/S z — y 
I ~ m ~ n ’ 

meets the surface in coincident points, the equation (1) of 
§ 36 has equal roots, and therefore 

{al^ + 6m® + on^) (acx? + 6/3® + cy® - 1 ) 

= {acd+hj3m+cyny. (1) 

The locus of APQ is therefore the cone whose equation is 
[a(x -a.f+b(y- +c(z~yf] [an} + 6/3® + cy® - 1] 

= [aaix - a) + 6/3 (2/ - (8) + cy (s - y)]®, 
If Ssaa;2+6/+c;s®-l, Si = aa®+6/8®+cy®-l, 
and P = acta: + 6/31/ +cy3-l, 

this equation may be written 

(S-2P4-Si)Sj=(P-Si)®, i.e. SS^^P®, or 

+ cy®— 1 )=(aaa; + 6/3// + cyz— 1)®, 

Compare the equation to the pair of tangents from the point («-, 
to the ellipse 


Ex. 1. Find the locus of points from which three mutually per- 
pendicular tangent lines can be drawn to the surface ax^ + hy'^-\'Cz^=\. 

Ans. a{hA-c)x^A-h{G-]ro)y'^-\-c{a-\-h)z^^a-^h-\-c. 

Ex. 2. Lines drawn from the centre of a central conicoid parallel 
to the generators of the enveloping cone whose vertex is A generate a 
cone which intersects the conicoid in two conics whose planes ai’e 
parallel to the polar plane of A. 

Ex. 3. Through a fixed point (^, 0, 0) pairs of perpendicular 
migent lines are drawn to the surface ax^’^-hy^-hcz^—l. Shew that 
the plane through any pair touches the cone 

(x-hY , y® . g® _ 0 
{ak‘^-‘\){hA'Cy c(ak^ -’I)- a^h{ak‘^--\)- a 

Ex. 4. The plane z^a meets any enveloping cone of the sphere 
in a conic which has a focus at the point (0, 0, d). 


Ex. 5. Find the locus of a luminous point if the ellipsoid 
casts a circular shadow on the plane z=0. 

Ans. 
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Ex. 6. If S=0, «=0, i> = 0 are the equations to a conicoid and two 
planes, prove that S'{-X.uv^O represents a conicoid which passes 
through the conics in which the given planes cut the given conicoid 
and interpret the equation S + Aw“ = 0. * 

Ex. 7. Prove that if a straight line has three points on a conicoid 
it lies wholly on the conicoid. ’ 

(The equation (1), g 66, is an identity.) 

Ex. 8. A conicoid passes through a given point A and touches a 
given conicoid S at all points of the conic in which it is met by the 
polar plane of A. Prove that all the tangents from A to S lie on it, 
Hence find the equation to the enveloping cone of S whose vertex is a! 

Ex. 9. The section of the enveloping cone of the ellipsoid 
whose vertex is P by the plane 2=0 is (i) a 
parabola, (ii) a rectangular hyperbola. Find the locus of P. 

(i) 5 ;— ± c, (u) ^2^. 52 "h — !• 

74. The locus of the tangents which are parallel to 
a given line. Suppose that PQ is any chord and that M ia 
its mid-point. Then if the line PQ moves parallel to itself 
till it meets the surface in coincident points, it becomes a 
tangent and M coincides with the point of contact. There- 
fore the point of contact of a tangent which is parallel 


jc y_ z 
I ’’JJI'lt 



to a given line lies on the diametral plane which bisects all 
chords parallel to the line. This plane cuts the surface in 
a conic, and the locus of the tangents parallel to the given 
line is therefore the cylinder generated by the parallels to 
the given line which pass through the conic. 
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Let (a., /?, y) (fig- 35) be any point on a tangent parallel 
to a given line xjl=ylm=zln. 

Then since, by § 73 (1), the line 

x—a ._ y—^ _z—y 
I ~ m ~ n 

touches the surface if 

(ai^ + hm? + cn^){ac>? + 6/3^ -f cy^ — 1 ) = {acd + b^m + cyn'f, 
the locus of (ex, /S, y) is given by 

{aL^+bm?+ c'nP‘){ax^ +by^-\-cz’^-~l) = {alx-{- bmy 4 - rnizy. 

This equation therefore represents the enveloping cylinder, 
ivhich is the locus of the tangents. 

The enveloping cylinder may be considered to be a limiting case of 
the enveloping cone whose vertex is the point P, {h\ mr^ nr) on the 
line as r tends to infinity. By §73, the equation to 

the cone is 

{ax^ + hy^ -{‘CZ^-l) (aP + hm^ (alx + hmy q- enz - , 
whence tne equation to the cylinder can be at once deduced. 

Bx. 1. Prove that the enveloping cylinders of the ellipsoid 
whose generators are parallel to the lines 

y z 
0 ± c 

meet the plane z—0 in circles. 

Ex. 2. Prove that the polar of a line AB is the line of iiiter- 
flection of the planes of contact of the enveloping cone whose vertex is 
A and the enveloping cylinder whose generators are parallel to AB. 

75. Normals. In discussing the properties of the normals 
vve shall confine our attention to the normals to the ellipsoid, 
the most familiar of the central conicoids. 

Consider the ellipsoid whose equation, referred to rect- 
angular axes, is x^ja^ + y'^jh^+ 2 ;^lc^=^l. If the plane 

j9 = i33cosa+2/cos jS+;2;cosy, (p>0), 

is a tangent plane whose point of contact is (x\ y\ z'\ we 
have, as in § 68, 
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that is, the direction-cosines of the outward-drawn normal 

at (ic', y\ z') are where p is the perpendicular 

from the centre to the tangent plane at the point. The 
equations to the normal at (a:', y', z ) are therefore 
x-x' y-y' _ z:-z' , . 

pod 2^ 


Sx. 1. If the normal at P meets the principal planes in Gj, G^, G„ 
shew that pQ^. pQ,.. 6=: c®. 

Puttim^ 0 for x in the equations to the noi-nial, we obtain 

?^=PGi = > etc. 

* p 

Ex. 2. If PGi^+ PGo^q- PG/=^2^ find the locus of P. 

dn& The curve of intersection of the given ellipsoid and the 

-j X^ . !/- . 2' ^ 

8 lhps 0 .d + - + 

Ex. 3. Find the length of the normal chord through P, and prove 
that if it is equal to 4 PG 3 , P lies on the cone 




h(2o’-a2)-l-|^(2c2-6^)+^=0. 


Ex. 4. The normal at a variable point P meets the plane XOY in 
A, and AQ is drawn parallel to OZ and equal to AP. Prove that the 
locus of Q is given by 

Find the locus of R if OR is drawn from the centre equal and 
parallel to AP. Jns. + 

Ex. 5. If the normals at P and Q, points on the ellipsoid, intersect. 
PQ is at right angles to its polar with respect to the ellipsoid. 

76. The normals from a given point. If the normal 
at (x', y', z') passes through a given point (oc, j6, y), then 
a.-x' jg-t/ y-z' 

F ^ 

(? 

and a each of these fractions is equal to X, 




^‘■‘-i-x' ^ c2+X’ 
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Therefore, since (x\ y\ z') is on the ellipsoid, 

6^/3^ cV 



This equation gives six values of X, to each of which 
corresponds a point (x', y\ z'), and therefore there are 
six points on the ellipsoid the normals at which pass 
through (a, /3, y). 

Bx. 1. Pi’ove that equation (3) gives at least two real values of A. 

(If F(A)-(A4-a2)HA + 62)2(A + c2)2--2a2a2(A + Z/^)2(A + c2)^^ F(A) is 
negative when -h\ -c^, and is positive when A= ± oo .) 

Bx. 2. Prove that four normals to the ellipsoid pass through any 
point of the curve of intersection of the ellipsoid and the conicoid 

c ^) + (c^ + a^) + (a2 + Ij^) = + aW. 


It follows from equations (1) that the feet of the normals 
from (oc, jS, y) to the ellipsoid lie on the three cylinders 
6%(/3 — 3 /) = G^y{y — c^x{y — 0 ) = a%(a — x), 

a^y{cL — £r) = — y\ 

Compare the equation to the rectangular hyperbola through tht 
feet of the normals from the point (oc, to the ellipse + p — 1. 


These cylinders have a common curve of intersection, 
and equations (2) express the coordinates of any point on 
it in terms of a parameter X. The points where the curve 
meets a given plane 


xix+vy + ivz + d — Q 


are given by 


ua^CL 

“h X + X 0 


WC^y 


' + X 


-pcZ = 0, 


and as this determines three values of X, the plane meets 
the curve in three points, and the curve is therefore a 
cubic curve. The feet of the normals 1' t?om (3, y) to the 
ellipsoid are therefore the six points of intersection of 
the ellipsoid and a certain cubic curve. 

If the normal at {x\ y\ z') passes through (a, j8, y) and 
has direction-cosines Z, m, n, 


px _ poL 


a? a^+X 


m= 


JP3-, n--^ 
V + \' ’^~cHX’ 


B.G. 


H 
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and therefore 

This shews that the normal whose equations are 
I m n 


is a generator of the cone 


y(a^^b^)^ 

~ ^ y — ^ Z-^y 


jr — a 


Hence the six normals from (a, /3, y) lie on a cone of the 


second degree. 


Ex. 3. Tf P is the point (a, /5, 7 ), prove that tlie line PO, the 
parallels through P to the axes, and the perpendicular from P to its 
polar plane, lie on the cone. 

Ex. 4. Shew that the cubic curve lies on the cone. 

Ex. 5. Prove that the feet of the six normals from (ol, B, y) lie oq 
the curve of intersection of the ellipsoid and the cone 

(i 2 ( 62 _c 2 )o, ^ bHc^-a^)/3 , c^(a^-b'^)y ^ 

Tj ^ ^ 

Ex. 6 . The generators of the cone which contains the normals 
from a given point to an ellipsoid are at right angles to their poiars 
with respect to the ellipsoid. 

Ex. 7. A is a fixed point and P a variable point such that its 
polar plans is at right angles to AP. Shew that the locus of P is the 
cubic curve through the feet of the normals from A. 


Ex. 8 . If P, Q, R ; P', Q', R' are the feet of the six normals from 
a point to the ellipsoid, and the plane PQR is given hj Lv+my + nz^^p, 
then the plane P'Q'R' is given by 


^ 4 - JL4-_1 

a% hhii c^ji 



(If P'Q'R' is given by l'x + m'y^-n'z^p\ equation (3) of §76 is the 
same as 


' a^cd c-yii \ f a-cd' , b'^/3m f c^yn' 

b"+X C^-j-X \d'-h X i^^-hX~^o'’^-h X 



Es. 9. If A, A' are the poles of the planes PQR, P'Q'R', 
A A'2 - O A2 - O A'2 = 2(a2 + 6 H c^). 


77. Conjugate diameters and conjugate diametral 
planes of the ellipsoid. If the equation to the ellipsoid 
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is conjugate diameters 

and the coordinate planes are conjugate diametral planes, 
(§65). If P» yi> %) is til® ellipsoid, the 

diametral plane of OP has for its equation, (§ 72), 


0^- 

d‘ 


f+f>+f-o. 


Let Q, (* 2 , 1/2 > ^ 2 ) point on this plane and on the 

ellipsoid, then 

.2 + 52 +— -ll- 


Hence, if Q is on the diametral plane of OP, P is on the 
diametral plane of OQ. 

If the diametral planes of OP and OQ 
intersect in the diameter OR, (fig. 36), 

R is on the diametral planes of OP and 
OQ, and therefore P and Q are on the 
diametral plane of OR ; that is, the dia- 
metral plane of OR is the plane OPQ. 

Thus the planes QOR, ROP, POQ are the 
diametral planes of OP^ OQ, OR respec- 
tively, and they are therefore conjugate 
diametral planes, and OP, OQ, OR are conjugate diameters. 

If R is (ajg, 2 / 3 , %), we have 



. Vx . 


— i I '^2 

'2^ 52 ^ ^2 ^2 "i" 52 ^ ^2 “■ 


% 


^xVl 
-.2 


+ 1 = 1, (A') 

^ c-^ a2 + 6= 

(BO 

These correspond exactly to equations (a) and (b) of § 53, 
and shew that 

% Vi, ?i; % h, S 

a b G a b 0 a b 0 

are the direction-cosines of three mutually perpendicular 
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lines referred to rectangular axes. Therefore, as in §53, 
we deduce, 


+ ais" + = a?, \ +y2h+ Vsh = 0. 1 

yi+y2^+ys^ = i‘\ r («') +2:3333 = 0, I (o') 

s./+23“=c2;j ai2/i+a^22/2+‘^3y3=0;j 


a “ be ’ b ~ ca ’ c ~ oh 



(2/3^1 -g.32/i) 
ho 


, etc., etc.; 


.(E') 


yi> % “ 

iCs, y2> % 

. ^3^ 2^3 > ^3 

If the axes to which the ellipsoid is referred are 
rectangular, equations (o') give, on adding, 

0 P2 + OQH 0R2 = + 6H cl 

Hence the sum of the squares on any three conjugate 
semi-diameters is constant. From the last equation we 
deduce that the volume of the parallelepiped which has 
OP, OQ, OR for coterminous edges is constant and equal 
to abc. Again, if Ag, Ag are the areas QOR, ROP, POQ 
and Ir, lUrj 'Tir, 2, 3), are the direction-cosines of the 
normals to the planes QOR, ROP, POQ, projecting A^ on the 
plane 03 = 0, we obtain 




^Ui 


2 ” ^ 2a ^ 


by (E'); 


similarly, = ±^’ 


”*2^2=+^, n^A^=± 


2b ’ 


ahz^ 

2c 


; A = +— » 

^ 3 ^ 3 “ ± 2a ’ 


mo. 


* f . . ahzo 

3A3=±-2f» AA3=±-^*. 

Therefore, squaring and adding, we have, by (C'")^ 

Aj®+ AjH Ag2 = + c’^a? + a262). 
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Ex, 1. equation to the plane PQR. 

If the equation is Ix-^^m^j^nz^p, then lxi-\-myi-^nz^^p, 

Ih + + ^^^2/3 + ^^^3 =* P* 

Multiply by ^ 1 , ^ 2 ) ^z respectively, and add ; then by (o') and (d^j 
la^—p{x^-{'X^-\-x^\ etc. 

The required equation is therefore 

xix.^x^^x^) . y(^i+2/2+2/3) , <%+%+%)_-, 

62 -t- ^2 

Ex. 2. Shew that the plane PQR touches the ellipsoid 4 . 1 ^ 4 .!!= 1 
at the centroid of the triangle PQR. ^ ^ 

Ex. 3. Prove that the pole of the plane PQR lies on the ellipsoid 
x^ja^ H- z^Jc^ = 3. 

Ex. 4. The locus of the foot of the perpendicular from the centre 
to the plane through the extremities of three conjugate semi-diameters 
is + bY + == 3 {x^^f + z^f. 

Ex. 5. Prove that the sum of the squares of the projections of OP, 
OQ, OR, (i) on a given line, (ii) on a given plane, is constant. 

Ex. 6 . Shew that any two sets of conjugate diameters lie on a 
cone of the second degree. (Cf. § 59, Ex. 6 .) 


Ex. 7. Shew that any two sets of conjugate diameti*al planes 
touch a cone of the second degree. (Apply § 61, Ex. 4.) 

Ex. 8 . If the axes are rectangular, find the locus of the equal 
conjugate diameters of the ellipsoid 

If r is the length of one of the equal conjugate diameters, 

Sr^ — a^ + ^^ + c^, 

, ?24_^^2 4.^2 12 ^2 

and n "“2 "tiv "i — 9’ 


where m, n are the direction -cosines. Therefore the diameter is a 
generator of the cone 

^ + p + -2- * 

or + p(25^ a?) + ^ 2 ( 20 =- a^- h^)=0. 


Ex. 9. Shew that the plane through a pair of equal conjugate 


diameters touches the cone 2 


a2(2a2-62-c‘^) 


2-=0. 


Ex. 10. 

diameters, 


If A., ft, V are the angles between a set of equal conjugate 


cos^ A -h cosV + cos^j/ = 


32(52 -c2)2 

2(a2+62 + c2)2- 


Ex. 11. If OP, OQ, OR are e . "’ y meters, and S is 

the pole of the plane PQR, the , , .■ ‘ Si-'Qi? has any pair of 

opposite edges at right angles. 
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Ex. 12 . If OP, OQ, OR are conjugate diameters and 2^1, 
fTi, 772, 773 are their projections on any Uvo given lines, jt;^7ri4-/?27r2-f ^3773 
is constant. 


Ex. 13 . If, through a given point, chords are drawn parallel to 
OP, OQ, OR, the sum of the squares of the ratios of the respective 
chords to OP, OQ, OR is constant. 


Ex. 14. The locus of the point of intersection of three tancrent 

,0 9 0 ® 

planes to + which are parallel to conjugate diametral 

planes of is does this 

theorem become when a=^ = y ? 

Ex. 15. Shew that conjugate diameters satisfy the condition of 
Ex. 8, § 70 , for conjugate lines. 


Since the plane POQ, (fig. 36), bisects all chords of the 
conicoid which are parallel to OR, the line OQ bisects all 
chords of the conic ROQ which are parallel to OR. Similarly 
OR bisects all chords of the conic which are parallel to OQ; 
and therefore OR and OQ are conjugate diameters of the 
ellipse ROQ. But Q is any point on the ellipse ; therefore 
OP and any pair of conjugate diameters of the ellipse in 
which the diametral plane of OP cuts the ellipsoid are 
conjugate diameters of the ellipsoid. 

Ex. 16 . P is any point on the ellipsoid 1 - 2a and 2jQ 

are the principal axes of the section of the ellipsoid by the diametral 
plane of O P. Prove that = and that a/ 3 jo = ahc, 

whore p is the perpendicular from O to the tangent plane at P. 

Ex. 17 . If 2a and 2/? are the principal axes of the section of the 
ellipsoid by the plane prove that 

0 Q2 _ d- + 71 ^) 

Ex. 18 . If P, (a’l, sj) is a point on the ellipsoid and (fi, 
ifp V21 Q 3<r6 extremities of the principal axes of the section of the 
ellipsoid by the diametral plane of OP, prove that 

- V1V2 C1C3 

- e2) 52(ca _ a2) - f^)’ 

<65- c2)a ^ 0 . 
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Conjugate diameters of the hyperboloids. The equation of a 
hyperboloid of one ^sbeet referred to three conjugate diameters as 

coordinate axes is = Hence it appears that the and 

?/-axes meet the surface in real points ( ± a, 0, 0), (0, i J 3 , 0), and that 
the 2-axis does not intersect the surface. The s-axis, however’, inter- 
sects the hyperboloid of two sheets whose equation is 

at the points (0, 0, i y), and these points are taken as the extremities 
of the third of the three conjugate diameters. 

Hence, if P , (*^1? .^ij Q, (.^2? .^2? ^2)3 ^3 (•^’3} ,^3^ %) ^re the extx’emities 

of a set of conjugate semi-diametei's of the hyperboloid of one sheet, 

it follows, as for the ellipsoid, that 

= = -c2, etc. ; 

and therefore, that if the axes are rectangular, 

OP^ + OQ2 - OR2 = aH ~ c2 
and Ai2 + A/ - A32 = ^ (62^2 + ^2^2 ^2^2). 

Similarly, if one of a set of three conjugate diameters of tire hyper^ 

^i2 2/2 ^2 

Doioid of two sheets, intersects the surface, the othef 

two do not, but they intersect the hyperboloid of one sheet, 

^2-f'52-<-c2-b 

and the points of intersection are taken as their extremities. Hence 
if P, Q, R are the extremities, and the axes are rectangular, we have 
OP2-OQ2-OR2=a2-&2-o2 
and Aj 2 - A/ - A,^ = i (bV - - a^b^). 


THE CONE. 

78. A homogeneous equation of the form 

aX^+b^^'i-C2!^=:0 

represents a cone. If (x\ y\ z') is any point on the cone, 
(—a)', — 2 :') lies also on the cone, and therefore we 

may consider the cone as a central surface, the vertex being 
the centre. The coordinate planes are conjugate diametral 
planes and the coordinate axes are conjugate diameters. 

We easily find, as in the case of the other centra] 
conicoids, the following results : 
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The tangent plane at {x\ y% z') has for its equation 
hyy'+czz = 0. 

The plane Zx+7?i2/+^^^^ = 0 touches the cone if 
l^ja + c = 0. 

The polar plane of P, {cl, /3, y) is given by 
acLX + b^y + cy^ = 0. 

The section whose centre is at (a, (3, y) has the equation 
(x — a)aoc + ( 7 / — /S) + ( 2 ^ — y )cy = 0, 

The diametral plane’ of the line xjl — ylm — zin is 
alx + hmy + cnz = 0. 

Tlie locus of the tangents drawn from P, (a, j8, y) is the 
pair of tangent planes whose line of intersection is op. 
They are given by 

+ cz^) {cia} + 6/32 + cy2) = {acLx + b( 3 y cyz f. 

The diametral plane of OP is also the polar plane of R, 


R 



Conjugate diameters. Let OP, OQ, OR,*(fig. 37), any three 
coryugate diameters of the cone, meet any plane in P, Q, R. 
The plane meets the cone in a conic, and QR is the locus 
of the harmonic conjugates of P with respect to the points 
in which any secant through P cuts the conic ; i.e. QR is the 
polar of P with respect to the conic. Similarly, RP and PQ 
are the polars of Q and R, and therefore the triangle PQR 
is self-polar with respect to the conic. Conversely, ii PQR 
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is any triangle self -polar with respect to the conic in which 
the plane PQR cuts the cone, OP, OQ, OR are conjugate 
diameters of the cone. For the polar plane of P passes 
through the line QR and through the vertex, and therefore 
OQR is the polar plane of P, or the diametral plane of OP ; 
and similarly, ORP, OPQ are the diametral planes of OQ 
and OR. 


Ex. 1. The locus of the asymptotic lines drawn from O to the 
conicoid ayp- 4* hy^ + cz^ = l is the asymptotic cone = 0. 

Ex. 2. The hyperboloids 

— 2 ^ lo ^ = 1 > “ = 1 

have the same asymptotic cone. Draw a figure shewing the cone and 
the fcvvo hyperboloids. 

Ex. 3. The section of a hyperboloid by a plane which is parallel 
to a tangent plane of the asymptotic cone is a parabola. 

Ex. 4. n a plane through the origin cuts the cones 
axr^ + by‘^ + cz^ = 0, cuc^ + + = 0 

in lines which form a harmonic pencil, it touches the cone 

+ 

by + cf3 coL + ay al3 + ba. 

For the following examples the axes are rectangular. 

Ex. 5, Planes which cut ajc^ + by^ + cz'^ = Q in perpendicular 
generators touch ^3 ^^2 ^2 

b'hc'^ c + 

Ex. 6. The lines of intersection of pairs of tangent planes to 
ax^’^by‘^-^cz‘^ — 0 which touch along perpendicular generators lie on 

the cone a\b+cy“+b‘^ic+a)f+c^(a+by=0. 

Ex. 7. Perpendicular tangent planes to intersect 

in generators of the cone 

a(b-\- c)x^ + i (0 + + c{a + 5)^^ = 0. 

Ex. 8. If the cone Ax^-^^y^’\‘Qz^-\rWyz-{^^Qzx-{^213.xy==0 passes 
through a set of conjugate diameters of the ellipsoid 

. 272 /^ 2 = Aa2+B62 + Cc^ = 0. 

Ex. 9. If three conjugate diameters of an ellipsoid meet the 
director sphere in P, Q, R, the plane PQR touches the ellipsoid. 

Ex. 10. Find the equation to the normal plane (?.e. at right angles 
to the tangent plane) of the cone + which passes through 

the generator . 2 ?/^ =y/m= 2 /?^. ^ — c).r ^ 
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Ex. 11. Lines drawn tlirough the origin at right angles to normal 
planes of the cone axfi-‘rhy'^+cz^=0 generate the cone 

a{h-cf b(e-af c(a-bf 
-•^ 2 — + -^+-12 

Ex. 12. If the two cones ax" + by^+ci^=0, aj:^ + fy^+yz^=0 havr 
each sets of three mutually perpendicular generators, any two planes 
which pass through their four common generators are at right angles. 


THE PARABOLOIDS. 


79. The locus of the equation 

'¥~ 


iD S+!-2 =t’ 





The equation (1) represents the surface generated by the 


7 /^ ZiiC 

variable ellipse = /^, — + ^3 == ~* This ellipse is imaginary 
unless k and c have the same sign, hence the centre of the 



ellipse lies on OZ if c>0 and on OZ' if c<0. The sections 
of the surface by planes parallel to the coordinate planes 
VOZ,^ ZOX are parabolas. Fig. 38 shews the form and 
position of the surface for a positive value of c. The 
surface is the elliptic paraboloid. 
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The equation (2) represents the surface generated by the 
^2 2/{; 

variable hyperbola ^ = The hyperbola is 

real for all real values of and its centre passes in turn 
throno-h every point on Z'Z. When /c = 0 the hyperbola 

/^2 qj2i 

degenerates into the two lines ^ = 0, z = 0. The sections 
of the surface by the planes z = k, z=—k project on the 



plane XOY into conjugate hyperbolas whose asymptotes are 

2;=:0, The sections by planes parallel to YOZ, 

ZOX are parabolas. The surface is the hyperbolic paraboloid, 
and fig. 39 shews the form and position of the surface for 
a negative value of c, 

80. Conjugate diametral planes. An equation of the 
form ax^ + hy- = ^z 

represents a paraboloid. Any line in the plane XOY which 
passes through the origin meets the surface in two co- 
incident points, and hence the plane XOY is the tangent 
plane at the origin. The planes YOZ, ZOX bisect chords 
parallel to OX and OY respectively. Each is therefore 
parallel to the chords bisected by the other. Such pairs of 
planes are called conjugate diametral planes of the paraboloid 
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81. Diameters. If A is the point (a, j8, y), and the 
equations to a line through A are 

I ~ m 71 ' ’ 

the distances from A to the points of intersection of the 
line and the paraboloid are given by 
rHal- + bm^) + 2r{aa.l + b^m -n)+aa}+b^-2y = 0. ...{1) 

If l = tn = 0, one value of t is infinite, and therefore a 
line parallel to the z-axis meets the paraboloid in one 
point at an infinite distance, and in a point P whose 
distance from A is given by 

aa?+b&^-2y acx? + b^--2y 
—2{aod+b[:Sm — 'nj 2n 

Such a line is called a diameter, and P is the extremity of 
the diameter. 

Hence ax-+hy^ — 2z represents a paraboloid, referred to 
a tangent plane, and two conjugate diametral planes 
through the point of contact, as coordinate planes. One 
of the coordinate axes is the diameter through the point 
of contact. If the axes are rectangular, so that the tangent 
plane at O is at right angles to the diameter through 0, 
O is the vertex of the paraboloid, and the diameter through 0 
is the axis. The coordinate planes YOZ, 20X are then 
principal planes. 

Es. What surface is represented by the equation xy^^cz ? 

82. Tangent planes. We find, as in § 67, the equation 
to the tangent plane at the point (oc, /3, y) on the paraboloid, 

If lX‘Y'iny-{‘nz='p is a tangent plane and (a, jS, y) is the 
point of contact, 

^ -m — 

a = > P = -T » y=:— 

an ‘ bn ' n 


and therefore 
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Hence 2n(lx+my+nz)+—+-i^==0 is the equation to 

the tangent plane to the paraboloid which is parallel to the 
plane lx + my -f- = 0. 

If the axes are rectangular and 

7 9 O 

2nr(l^+mry+nrZ) +-^+^ = 0. (r=l, 2, 3), 

represent three mutually perpendicular tangent planes, 
we have, by addition, 

22H-^+|=0, 

and therefore the locus of the point of intersection of three 
mutually perpendicular tangent planes is a plane at right 
angles to the axis of the paraboloid. 

Ex. 1. Shew that the plane 8.3? — 6^ - 2 : =5 touches the paraboloid 

/p2 

and find the coordinates of the point of contact. 

Ans. (8, 9, 5). 

Ex. 2. Two perpendicular tangent planes to the paraboloid 
— intersect in a straight line lying m the plane 07=0. Shew 

that the line touches the parabola 

y^ = (« + ^)(23 + a). 

Ex. 3. Shew that the locus of the tangents from a point (a, y) 
to the paraboloid = 2^ is given by 

(ax^ + __ 2z) (aa.^ -I- 6/3^ - 2y ) = {acLX + 5 — 2 — y)^. 

Ex. 4. Find the locus of points from which three mutually per- 
pendicular tangents can be drawn to the paraboloid. 

Ans. ab{x'^-^^^) — ^(a+b)z-l=0. 

83. Diametral planes. If a line OP has equations 
xjl==^yjm^zln, the diametral plane of OP, i.e. the locus 
of the mid-points of chords parallel to OP, is given by 
alxA-hmy — n — O. Hence all diametral planes are parallel 
to the axis of the paraboloid, and conversely any plane 
parallel to the axis is a diametral plane. If OQ, whose 
equations are xjV = ylrri' —zjn^ is parallel to the diametral 
plane of OP, aK'+&mm'=0 (1) 



COOEDINATE GEOMETEY 


126 


[CH. VII, 


Hence OP is parallel to the diametral plane of OQ, and the 
diametral planes of OP and OQ are conjugate. 

Equation (1) is the condition that the lines + = 

aVx+hm'y^Q, in the plane z — h, should be conjugate 
diameters of the conic Hence any plane 

meets a pair of conjugate diametral planes of a paraboloid 
in lines which are parallel to conjugate diameters of the 
conic in which the plane meets the surface. 

Ex. 1. The locus ^ of the centres of a system of parallel plane 
sections of a paraboloid is a diameter. 

Ex. 2. The plane 3j?-}-4y=l is a diaraeti'al plane of the paraboloid 
5 .r“ 4 * 6 y-= 22 . Find the equations to the chord through (3, 4 , 5 ) which 
it bisects. , 37-3 ?/ - 4 z~h 

9 ■“Hd” 

Ex. 3. Any diametral plane cuts the paraboloid in a parabola, and 
parallel diametral planes cut it in equal parabolas. 


81 The normals. If^ + |2 = 20 represents an elliptic 

paraboloid, referred to rectangular axes, the normal at 
(o)', y\ z') has for equations 

oc — x' _ y~-’y' z — z* 

VL 

If this normal passes through a given point (a, y), 


a 


-^x_ ^^y _y-z 

^ ~ vl ~ ' 


say. 


-' = y+X, 


Therefore t'- i/'— 

inereiore ® y 

This equation gives five values of X, and hence there are 
five points on the paraboloid the normals at which pass 
through a given point. 


Ex. 1. Prove that the feet of the normals from any point to the 
paraboloid lie on a cubic curve. 
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Ex. 2. Prove that the normals from (a, /5, 7) to the paraboloid lie 
on the cone ^ ^ ^ ^ 

______ _ , - _|_ _____ j_ Q 

3-y 

Ex. 3. Prove that the cubic curve lies on this cone. 

Ex. 4. Prove that the perpendicular from (ol, /5, 7) to its polar 
plane lies on the cone. 

Ex. 5. In general three normals can be drawn from a given point 
to the paraboloid of revolution but if the point lies on 

the surface 27a(.r2-f-3/2)-h8(a — 2:)^ = 0, two of the three normals 
coincide. 

Ex. 6. Shew that the feet of the normals from the point (a, 7) 

to the paraboloid .r2+/^ = 2a2 lie on the sphere 

+ ?/^ + ^- -- 2(a + 7) ~ ^(a2 + = 0. 

Ex. 7. Shew that the centre of the circle through the feet of the 
three normals from the point (<x, 7) to the paraboloid is 

/ «- ^ 7 + a\ 

U’ 4’ ‘ 2 / 


* Examples IV. 


1. Two asymptotic lines can be drawn from a point P to a conicoid 
= and they are at right angles if P lies on the cone 

a^{h + c).a?2+ + a)y'^ + c^{a + h)z^ — 0. 


2. The lines in which the plane lv-j-77}y + 7i2~0 cuts the cone 
oa?^+/3y^ + 72^=0 are conjugate diameters of the ellipse in which it 

^+^+^ = 1. Prove that the line y = ^=- lies on 

b‘‘ t 7)1 71 

the cone a‘^(^jiy‘-\-yo^)afi+h\ye^ + a.ai)y^-^o\a.a^+liV^)z^^O. 


cuts the ellipsoid ^+^+^ = 1. 


3. P and Q are points on an ellipsoid. The normal at P meets the 
tangent plane at Q in R ; the normal at Q meets the tangent plane at 
P in S. If the perpendiculars from the centre to the tangen t planes 
at P and Q arepi, p2i prove that PR ; QS=p 2 


4. The line of intersection of the tangent planes at P and Q, points 

on passes throngli a fixed point A, (a, /3, 7), and is 

parallel to the plane XOY. Shew that the locus of the mid-point 
of PQ is the conic in which the polar plane of A cuts the surface 

+ h/ -\-cz'^=zly. 

5. Shew that the greatest value of the shortest distance between 

the axis of .t? and a normal to the ellipsoid is 

h-e. 


6. Plane sections of an ellipsoid which have their centres on a 
given straight line are parallel to a fixed straight line and touch 
a parabolic cylinder. 
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7. 


OP, OQ, OR are conjugate diameters of an ellipsoid 


£2 / 


+ 


^2 

c- 


1 . 


At Q and R tangent lines are drawn parallel to OP, and jOj, p, are 
their distances from O. The perpendicular from O to the tangent 
plane at right angles to OP is p. Prove that 

jo- -f Pi" + p2 = -f cl 


8. Conjugate diameters of 

(tiX- + ^ 1^2 + 1 meet ^ _ 1 

in P, Q, R. Shew that the plane PQR touches the conicoid 


where 


O3 63 C3 Cto ^ 63 ^ C2 

Oj hi Cl aj bi 6*j 


9. The ellipsoid which has as conjugate diameters the three straight 
lines that bisect pairs of opposite edges of a tetrahedron touches the 
edges. 


10. Shew that the projections of the normals to an ellipsoid at 
P, Q, R, the extremities of conjugate diameters on the plane PQR, 
are concurrent. 


11 . If through any given point (a, p, y) perpendiculars are drawn 
to any three conjugate diameters of the ellipsoid 

the plane through the feet of the perpendiculars passes through the 
fixed point / c^y \ 

,a2+62 + c2’ 

12. If perpendiculars be drawn from any point P on the ellipsoid 
2 ‘-/a“ + 1 / 2 / 6 - +£ 2 /c 2 _.]^ ^ any three conjugate diametral planes, the 
plane through the feet of the perpendiculars meets the norma] at P at 
a fixed point w'hose distance from P is 

j9(6V- + + aW) ^ 

where p is the perpendicular from the centre to the tangent plane 
at P. 

13. Find the locus of centres of sections of a conicoid that are at a 
constant distance from the centre. 

14. Shew that the equations to the right circular cones that pass 
through the axes (which are rectangular) are yz±zx±xy~0. 

Deduce that the lines through a given point P, which are per- 
pendiculp to their polars with respect to + 

upon a right circular cone if P lies on one of the lines 
(52 - c2)2 (c2 - a2)2y2 = (^2 _ ^2)2^2 

15. Chords of a conicoid which are parallel to a given diameter and 
are such that the normals at their extremities intersect, lie in a fiye^ 
plane through the given diameter. 
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16. The perpendiculars from the origin to the faces of the tetra- 

hedron whose vertices are the feet of the four normals from a point to 
the cone + lie on the cone 

a(6 - c9x- + £ (c - c(a - hfz^ = 0. 

17. P Q? R j ^ i ^ normals from a point 

to the ilipsoid + = 

planes PQR, P'Q'R' lie on tte surface (a;2_a2)|=o. 

18. The normals at P and P', points of the ellipsoid 

meet the plane XOY in A and A' and make angles 6, O' with PP'. 
Prove that PA cos P' A' cos 0'=O. 

19. The normals to + — l at all points of its inter- 

section with lyz-\-'inzx + nxy = 0 intersect the line 

d^x ^y _ ch 

l{d-h^j{c^-d^) ~~ m (6^ - c^)(d‘ - h^) “ n {c^ - - c^)’ 

20. Shew that the points on an ellipsoid the normals at whicli 
intersect a given straight line lie on the curve of intersection of the 
ellipsoid and a conicoid. 

21. The normals to x^/d^+y'^lh^ -h at points of its intersection 

with .5r/a-l-^/&-F2/c=l lie on the surface 

ah xy'[^hcyz + cazx \ ^ 

^ V b(d^ ~ c^)y + c(a2 - 62) J - 1 • 

22. Prove that two normals to ax^ -\-by‘^ = \ lie in the plane 
lx-\-my'{-nz~j)^ and that they are at right angles if 

ahcp^^ {a{h + 6)1^ ^'^{d{h — c)hnhi^} , 

23. The locus of a point, the sum of the squares of whose normal 
distances from the ellipsoid x^la^-{‘y^lh‘^ + z^lc^ = l is constant, (=F), is 

6^=+6/+e.= - 22 + 2a=+2i2+2c^=i2. 

24. If the feet of the six normals from (a, jS, y) are 

(^r,!/r v), >=1, 2, ...6), 

prove that a2<x2^1)+J2^2^i)+c2y2(^i)=0. 

25. If the feet of three of the normals from P to the ellipsoid 
2 2 2 ^ 

^^+f9+^=l lie in the plane the feet of the other three 

^ a o c 

lie in the plane - + 7-t-- + l = 0, and P lies on the line 
^ a h c 

a (52 - = 5(c2 -‘Op)y= ci^aP- - h'^)z. 


B.O. 
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26 . If A, B are («.„ y,). (0-2. ft. 72). paif of tangent planes 

at the points where AB cuts the conicoid S^ax- + by^’^cz“—\=zQ is 

given by SjPi--2PiP2Pi2+SiP/=0, 

and the pair of tangent planes that intersect in AB, by 
S(SiS, ~ P\o) ~ - S1P/-O, 

where Si= acLi^ 4 * h/Si^ + cy^- - 1 , etc. ; 

Py^aa.yV+bj 3 i^ + cyiZ-l^ etc.; 

Pj2= acL^0i2 4- ^/3i/ 32 + cy^yo - 1 . 


27 . If P, (.rj, yi, z^), Q, (.r2, z^), R, (ag, yg, ^3) are the extremities 

ot three conjugate semi-diameters of the ellipsoid ^ + — o = l> and 

OP = ri, OQ^ro, OR=r3, prove that the equation to the sphere 
OPQR can be written 


.r-4y^4'^^ 


I Jjy\ , ££i \ 


and prove that the locus of the centres of spheres through the origin 
and the extremities of three equal conjugate semi-diameters is 

1 2 (a2a'2 + hY 4 c V) = (a2 + 524 . ^ 2 ) 2 . 
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CHAPTER VIIL 

the axes of a plane section of a conicoid. 

85. We have proved, (§ 54, Exs. 2, 3), that every plane 
section of a conicoid is a conic, and that parallel plane 
sections are similar and similarly situated conics. We now 
proceed to find equations to determine the magnitudes and 
directions of the axes of a given plane section of a given 
conicoid. 

General method for determining the axes. If the lengths of 
the axes of a conic are 2oc. and 2/3, and a> r > /3, the conic 
has two diameters of length 2r, and they are equally 
inclined to the axes. If r = ol or ^8, the two diameters of 
length 2r coincide with an axis. Hence to find the axes 
of the conic in wliich a given plane cuts a conicoid, we first 
form the equation to a cone whose vertex is the centre, C, 
of the conic and which has as generators the lines of 
length r which can be drawn in the plane from C 
to the conicoid. The lines of section of this cone and the 
given plane are the semi -diameters of length r of the conic. 
If 2r is the length of an axis, these are coincident, or the 
plane touches the cone, the generator of contact being the 
axis. The condition of tangency gives an equation which 
determines r ; the comparison of the equations of the given 
plane and a tangent plane to the cone leads to the direction- 
cosines of the generator of contact. 

86. Axes of the section of a central conicoid by a 
plane through the centre. Let the equations, referred to 
rectangular axes, of the conicoid and plane be 

ax^ + hy^+cz^ = 1, lx+ my+nz = 0. 
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The centre of the conicoid is also the centre of the 
section. If X, p., v are the direction-cosines of a semi- 
diameter of the conicoid of length r, the point (Xr, fir, w) 
is on the conicoid. Therefore 

aX^ + 6 a- -f = — o • 


Hence the semi-diameters of the conicoid of length r are 
generators of the cone 

x\a - 1/ /•“) + y\ h - 1/?’2) + z\c - l/r^) = 0 (1) 

The lines of section of the cone and plane are the semi- 
diameters of the conic of length r. Hence, if r is the 
length of either semi-axis of the conic in which the plane 
Ix+my-^nz^^ cuts the conicoid, the plane touches the 
cone, and therefore 


r- 


ar- - 










= 0 , 


( 2 ) 


-1 ' br^-l ^ c 7’2-1 
or r%bcl - -f cam- + abn-) - r-{{b + c)P+(c + a)m^ +(a+ b)n- } 


The roots of this quadratic in give the squares of the 
semi-axes of the section. 

If '2r is the length of an axis and X, p, v are the direction- 
cosines, the given plane touches the cone (1) along the 
line xjX-yjp^r^zjv, and therefore is represented by the 
equation 

\x{a - 1 /r^) + ixy{h-l It-) -f vz{c - 1 jr"^) = 0. 

Therefore = ... 

These determine the direction-cosines of the axis of 
length 2/’. 


Since the extremities of the semi- diameters of length r of the 
conicoid lie upon the sphere the equation of the cone 

through them may be obtained by making the equation to the conicoid 
homogeneous by means of the equation to the sphere. Thus the cone is 




which is another form of equation (1). 
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Ex Prove that the axes of the section of the conicoid 
bj the plane ljG-\-my-\rnz=^0 lie on the cone 


(6_c)i+(o-a)^+(a-6)’i=0. 


(From equations (3) we deduce that 

(6-c)^+(o-a)^+(a-6)”=0.) 


Ex. 2. Prove that the cone of Ex. 1 passes through the normal to 
the plane of section and the diameter to which the plane of section is 
diametral plane. Prove also that the cone passes through two sets of 
conjugate diameters of the conicoid. (Cf. Ex. 6, § 77.) 

Ex. 3. Firid the lengths of the semi-axes of the conics given by 
v(i) + .a7+y-l-^:=0 ; 

(ii) 3.r-h4y + 50=O. 

ins. (i) -64, *45 ; (ii) 3*08, '76. 

Ex. 4. Prove that the equation of the conic 

222=1, 2>x-2}/ -z-0^ 

referred to its principal axes, is approximately 
l*70a;2- 1*772/2=1. 

Exi^ Prove that the lengths of the semi-axes of the section of the 
ellipsoid of revolution plane lx-\’my-\-nz—{)^ are 

a, ac(p + m 2 -h 11^)^ -f 

and that the equations to the axes are 

y ^ -JL— ^ 

m —iQ^nl mn -(Z^+m^)* 


Ex. 6. Prove that the area of the section of the ellipsoid 
x^/a^ -h 22 /c2 = 1 

by the plane Ixi^my+nz—O is where p is the perpendicular from 
the centre to the tangent plane which is parallel to the given plane. 
Ex. 7. The section of the conicoid -hi// + 02^=1 by a tangent 


plane to the cone 


h-^o c + a a + h 


IS a rectangular hyperbola. 

Ex. 8. The section of a hyperboloid of one sheet by a tangent 
plane to the asymptotic cone is two parallel straight lines. What is 
the corresponding section of the hyperboloid of two sheets which has 
the same asymptotic cone ? 

Ex.(^ Central sections of an ellipsoid whose area is constant 
envelope a cone of the second degree. 
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Ex. 10. If Aj, Aoj A 3 are the areas of three mutually perpendicular 
central sections of an ellipsoid, Ai~- + Ar- 4 - A 3 "“ is constant. 

Ex. 11. One of the axes of each section of the ellipsoid ~ -f = 1 
by a tangent plane to the cone lies on the cone 

What is the nature of the section of this cone by a plane parallel to 
the plane XOY i Sketch the form of the cone. 

Ex.^‘ Prove that the axes of sections of the conicoid 

which pass throimh the line - — - lie on the cone 

- 7iy) 4- ~~~ ~ 'nix) = 0. 

87. Axes of any section of a central conicoid. Let the 
equations, referred to rectangular axes, of the conicoid and 
plane be ax-^hy--\-cz^ = l, Ix + my + vz—yx 

Then if C, (a, /3, y) is the centre of the section, the 
plane is also represented by the equation 


Therefore 


{x-OL)aCL‘i-{y — ^)h/3-^(z — y)cy = 0, 
I in ^ n'^ p 


Hence + say. 

The equation to the conicoid referred to parallel axes 
through C is 

ax- + by- +CZ-+2 (aojx + b^y + cy;^) + aoL^ + 6/3^ + cy^ 1 0, 
or ax- + by'^ +cz- + 2 {aoLx + b^y + cyz) — = 0, 


where — 

fo 

The equation to the plane is now lx + my + nz — 0. 

If X, fx, V are the direction -cosines .of a line of length r 
drawn from C to the conicoid, 

r\a\- -f ^ 2r (aocX + 6/3/x + cyv) ~ B = 0. 

If the line lies in the given plane 
Ik+m/i + nv^Q, 

and therefore, by ^1). aaX+6jS/t + cyi/ = 0. 
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Hence r^icO>} + + cv^) — +/i^+ = 0, 

and therefore the semi-diameters of the section of length r 
lie on the cone 

If r is the length of either semi-axis of the section, the 
plane touches the cone. Therefore 


ar^ - br^ 

'W~^ 'W~ 


Hi:_i 


An d, as in §86, the direction-cosines of the axis of 
length 2r are given by 

'‘(S-') 


Comparing these equations with equations (2) and (3) o£ 
§86, we see that if a. and j3 are the lengths of the semi- 
axes of the section by the plane Ix-^^my+nz — O^ the 
semi-axes of the section by the plane lx-\-my-\’nz=p are 
and 7r/3, or „ . L n.A 


‘ w 

and that the corresponding axes are parallel. We thus 
have another proof for central surfaces of the proposi- 
tion that parallel plane sections are similar and similarly 
situated conics. 

From equations (4) it follows that if A, Aq are the areas 
of the sections of a conicoid by a given plane and the 


parallel plane through the centre, A = Ao(^l— where 

p, Pq are the perpendiculars from the centre to the given 
plane and the parallel tangent plane. Thus the area of the 

^2 /ji2 ^2 

section of the ellipsoid plane 

(X'“ 0 c 

lx+my+nz=p 

'7rabGQ?+w? + f . 
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The student should note that the equation to the cone through all 
the lines of length r drawn from C to the conicoid would be obtained 
by making the equation 

ax- + hy- + cz- -f 2 {aojc 4- 6^?/ + cyz) -k'—Q 

homogeneous by means of the equation It would he 

of the fourth degree, while for our pur-pose we require a cone of the 
second^degree. The cone chosen passes through the lines of length ?• 
which lie in the given plane, and these lines alone need be considered. 


Ex. 1. OP is a given semi-diameter of a conicoid and OA(—c/.\ 
'OB (—/?), are the principal semi-axes of the section of the diametral 
plane of OP. A plane parallel to AOB meets OP in C. Prove that 
the principal a xes of the sectio n of the conicoid by this plane are 
oiVl /5 n/ 1 -OC^/OP*-^, and deduce equations (4), § 87. 

(Take OP, OA, OB, as coordinate axes.) 


^ Ex. 2. Find the coordinates of the centre and the lengths of the 
semi-axes of the section of the ellipsoid + 3y^ + dz^ = 10 by the plane 

x + yi'Z = L 



44 \/44 
15 ’ 


Ex. 3. If OP OQ, OR are conjugate semi-diameters of an ellipsoid 
prove that the area of the section of the ellipsoid by the plane PQR is 
two-thirds the area of the parallel central section. 

' Ex. 4. Find the area of the section of the ellipsoid 
by the plane a'/a-hy/d-hs/c = l. a o 

3v3 


Ex. 5. Find the locus of the centres of sections of the ellipsoid 
4- ^ — 1 whose area is constant, ( = rf). 

-"»■ -l-S - 44} 


Ex.^'J^) Prove that tangent planes to =0 which 


^ ellipses of constant area have their points 


a" ' b- 2 " 2 2 7.i 

of contact on th surface !L-_ 


Ex.l2j>^ Prove that the axes of the section whose centre is P are 
the straight lines in which the plane of section cuts the cone con- 
taining the normals from P. 


Ex. 8. Find the lengths of the semi-axes of the sections of the 
surface iyz + ozx - 5xy = 8 by the planes (i) x-hy -z=0, (ii) 2x-hy-z=Q, 

Ans. (i) 2, ^/3: (ii) 2, 2. 

Ez.(^ Prove that the axes of the section of 

/(a, y, z) = ax^ + by^ 4- + 2fyz 4^ 2gzx 4- 2hxy = ] 
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by the plane lx->rmy->rnz=Q are given by 

. + 2Fj?i»...) + ’’®1/(^! m)-(a + 6 + cXZ2 + »!.2+»^} 

^ +(;2+ra=i+M2)=0, 


■where A— ""/"j 

Prove also that the axes are the lines in which the plane cuts the cone 


Ex. fio) Prove tliat the axes of the section of the cone 
by the plane lx-Vmy^rm=p are given by 

I I :.0 

+ ?>'■* hp^r'^ +p^ cy>j V + > 

^herej9o2=-+-^+-* 

88. Axes of a given section of a paraboloid. If the 

equations to the plane and the paraboloid are 
lx + my + nz =p, ax^ + = 2^, 

the centre of the section, (a, jS, y), is given by 
aoL bfi _ — 1 _ aa^+^/3^— y 
~ir^ m'^ n p 


Whence 


aoL^+h^‘^ — 2y = 


P‘1 a -b orPjh + 2np _ p^ 


-m 


-m 


say. 


Changing the origin to (a, /3, y) and proceeding as in 
§ 87, we find that X, ju, p, the direction-cosines of a semi- 
diameter of length r of the section, satisfy the equation 
(a\^ + ( X^ + + 1 /^) = 0 . 

The semi-diameters are therefore the lines in which the 
plane cuts the cone 

x^ {arPr^ + 2/^ (bypr^ ~ 

Hence the lengths of the axes are given by 
P — 0 

anV —'Pq hrpr^ — p^ ’ 

or 


ahrPr^ — nfpT^p^[{a + h)yp+ am^ +bP}+ p^iP +'nn?+ rP) — 0 
and the direction- cosines by 

Xfaw.V^ — pp) __ _ vp^ 

Z m — 
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Ex. 1. Find the lengths of the semi-axes of the section of the para- 
boloid 2x*“ 'f 2/“ == 2 by the plane x^2y Ans, 5-28, 1 -68. 

Ex. 2,? A plane section through the vertex of the paraboloid of 
revolution x^-^y^^2az makes an angle 6 with the axis of the surface. 
Prove that its principal semi-axes are a cot 9 cosec Of a cot 0. 

Ex. 3. Prove that the semi-axes of the section of the paraboloid 
xy~az by the plane Jx-riny are given by 

72 6^.4 _ -f ii^) =0. 

Ex. '^ Find the locus of the centres of sections of the paraboloid 
— 4 -^= 2 s which are of constant area 7r&^. 

.4m + + =/A 

Ex. 5. Given that the radius of curvature at a point P of a conic 
whose centre is C is equal to CD^/a/8, where a. and ji are the semi-axes 
and CD is the semi-diameter conjugate to CP, find the radius of curva- 
ture at the origin of the conic ax‘^-^hy’^=2z, lx-\'my-\-7iz=0, 

^2 + 

Ex. ^ 4 ) Planes are drawn through a fixed point (a., /5, y) so that 
their sections of the paraboloid ax“ -Vhij - are rectangular hyper- 
bolas. Prove that they touch the cone 
{x-cLf 0/-fSf ^ 

b a a-\-b 


CIRCULAR SECTIONS. 

89. If F = 0, the equation to a conicoid, can be thrown 
into the form S+Xuu = 0, where S = 0 is the equation to a 
sphere and it==0, a; = 0 represent planes, the common points 
of the conicoid and planes lie on the sphere, and therefore 
the sections of the conicoid by the planes are circles. 

90. The circular sections of an ellipsoid. The equa'- 
tion, referred to rectangular axes, of the ellipsoid, 

can be written in the forms 
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Hence the planes 

(i) 2/' (52-^ 

cut the ellipsoid in circles of radii a, h, c respectively. If 
only the second of these equations gives real 
planes, and therefore the only real central circular sections 
of the ellipsoid pass through the mean axis, and are given 
by the equations 

a 

Since parallel plane sections are similar and similarly 
situated conics, the equations 

ft C ft C ^ 

give circular sections for all values of X and fx, 

91. Any two ciTcular sections of an ellipsoid which are 
not parallel lie on a sphere, . 

The equation 




represents a conicoid which passes through the sections, 
and if k = 6^, the equation becomes 




{k + y)Ja?- 




zA'h/j, * 


which represents a sphere. 


92. Circular sections of the hyperboloids. By the 

method of §90, we deduce that the real central circular 
sections of the hyperboloids 
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are given by 

(i) «i) V 5 ^=o. 

t) C Oj c 

The radius of the central circular sections of the hyper- 
boloid of one sheet is a. The planes given by 

a ^ c 

do not meet the hyperboloid of two sheets in any real 
points. They are the planes through the centre parallel 
to systems of planes which cut the surface in real circles. 

Prove that the section of the hyperboloid —-*—-^=1 ]jj 
the plane a’- + b ^ -f ^ \/62 - = A is real if 


Ex. 2. Find the real central circular sections of the ellipsoid 
^ + 6c- = 8. Alls, .^2- 422=0. 

Ex. 3. Prove that the planes 2 j?+ 32-5 = 0, 82 + 7 = 0 meet 

the hyperboloid -a’2+3y2+ 1222= 75 in circles which lie on the sphere 

3ji'2+32('2^3^2^4^_f.30^_ 110—0. 

Ex. 4. Prove that the radius of the circle in which the plane 

^N/a2 - ^2 + ~ \/i!)2 1. c2= X 

cuts the ellipsoid 1 is b'sjl- 

a“ o- c- T — 

Ex.^^ Find the locus of the centres of spheres of constant radius 
k which cut the ellipsoid ^+^2+^ = ^ ^ circles. (Use § 91.) 


A?2s. y = 0, 


d^-lP 




Ex.\.j^i Chords of the ellipse a?2/a2+2/2y'52_i^ 2=0, are drawn so as 
to make equal angles with its axes, and on them as diameters circles 
are described w^hose planes are parallel to OZ. Prove that these 
circles generate the ellipsoid 262.^2 + 2a2y2 + (^2 + 52^ ^2 ~ 2a262. 


93 . Circular sections of any central conicoid. An 
equation of the form 

/ Vy + Gz^ + "ifyz + 2 gzx + ^hxy = 1 
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represents a central conicoid. It may be written 

f{x, y, z)-Mx^+y^-+z^)+x(x^+y^+z^^-'Q=0. 

Hence if y> = 0 

represents a pair of planes, these planes cut the conicoid in 
circles. For a pair of planes 

a — X, K 9 \ — 

h, 6 — X, / 

9> f, ^~X 

This equation gives three values of X. It can be shown 
that these are always real, and that only the mean value 
gives real planes.^ 

Ex. 1. Find the real central circular sections of the conicoid 
Zx^ -h 5y2 + 3^2 ^ 2xz — 4. 

Hie equation may be written 

Zx ‘^ + + 3^2 4- 9,xz — X {x‘^ 4- y ^ q. ^2) ^ X {x’^ 4- 4- — 4 = 0. 

If 4. 5?y2_{. 3224, 2.272 - X(.^?^4-y^ 4- ^^)==0 represents a pair of planes, 
X^-llA^+38X-40=0, or X = 2, 4, or 5. For these values of X the 
equation to the planes becomes 

(jr4-2)2 4-3y2=r0, (.27-2)2-?/=0, x^ — xz+z^—O. 

The real circular sections correspond therefore to X = 4 ana nave 
equations :c-z+y=0, x-z-,j=0. 

Ex. 2. Find the equations to the real central circular sections 
of the conicoids, 

(i) 5?/2 _ 82^ 4- 1 Zyz - 1 ^zx - \Qxy 4-27=0, 

(ii) 2.3724-5^24,222— to 4 4 = 0, 

(iii) 6.372 4, 1 3?/2 4 6^2 - lOy^; 4- ^ 2 X - 1 Q.vy = 1. 

Ans, (i) {x-’2.y-bz){3x-Ay+z)-0^ 

(ii) (.r4-y4-2)(2.37-y+22) = 0, 

(iii) 2(,3? 4- ^)^ - 1 Oy {x 4- .2) 4- 9y2 = 0. 

Ex. (ip Find the equations to the circular sections of the conicoid 

Alts. X, ax-^hyA‘CZ=ii, 

^See the author’s Coordinate Geometry of Three Dimensions, §§ 144, 145. 
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Ex.(£) Find the conditions that the equations 
y, 2) = lj la;+m^-jrnz—0 
should determine a circle. 

The equation /V, y, 2)- is to represent two planes 
one of which is the given plane. Therefore ’ 

y, ‘) - A(i'“ +/ + S-) = (i.v+ my + »is) |(a - A) | + (6 - A)^^ + (c - A)0. 

Whence, comparing coefficients of yz^ zv^ xy^ we obtain 

(We assume here that m, n are all different from zero. If ^=o, 
the conditions become {\ = a\ g—h = 0^ — ci!) 7 j 2 _Qj 

94. Circular sections of the paraboloids. The equation 
aa?+hy'^ = 2s may be written in the forms, 

a {a^+y^+z^--) - y\a -b)- az^ = 0 , 

blx^+y'+z^-j^-x^b- a)-hz^=0, 

ax^ + hy^ — {O'X- + 0 - 2 /^ + 0 * 5 ;^ + 2z) — 0 . 

Hence if a'^b'^ 0, x^a — 6) = bz^ represents real planes 
which meet the paraboloid in circles, and the systems of 
circular sections are given by 

xja — b+z\,lh = \ xja—h—zjb^fx. 

If, however, a or 6 is negative, the only real planes are 
those given by ax^+by-^^. The equation 
O‘a;2+O*2/HO-02q-2;^ = O 
is the limiting form of 

/ 1 
lcx^-\-hy'^-^Tc\z-\- 

as fc tends to zero, and therefore the sphere containing 
the circular sections is in this case of infinite radius, and the 
circular sections are circles of infinite radius, i.e. straight 
lines. They are the straight lines in which the plane z = 0 
cuts the surface, (§ 79). 

Bx. 1, Find the circular sections of the paraboloid 102 ^= 2y. 

A?is. y±32—X. 

Ex. 2. Find the radius of the circle in which the plane 7x-h2z=5 
cuts the paraboloid 53 x^i’ 4 y^^ 82 . Jyis, 
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94, 95l 

95 Umbilics, The centres of a series of parallel plane 
sections of a conieoid lie upon a diameter of the conicoid 
and the tangent plane at an extremity of the diameter is 
mrallel to the plane sections. If, therefore, P and P' (fig. 40) 
are the extremities of the diameter which passes through 
the centres of a system of circular sections of an elhpsoid, 
the tangent planes at P and P' are the limiting positions 
of the cutting planes, and P and P' may be regarded as 
circular sections of zero radius. A circular section of zero 



radius is called an umhilic. It is evident from the form 
of the hyperboloid of one sheet that the smallest closed 
section is the principal elliptic section and that the surface 
has therefore no real umbilics. 

To find the umbilics of the ellipsoid + 

Cij 0 c 

If P 7 Hy 0 umbilic, the diametral plane of OP 

is a central circular section. Therefore the equations 




a ~c 


represent the same plane. Hence 

^/a ^/c 

0 ±^b^-c‘‘ 




Since 






= 1 , 


and therefore 

. +aja? — b^ - - +cjh^—c^ 

These give the coordinates of the four umbilics. 



j 44 coordinate geometry Lch.tiii, 

The unibilics of the hyperboloid of two sheetB 

a 


are real and given by 


6- c'2 




Ja^ + c^ 


Bx 1. Prove that the urabilics of the ellipsoid lie on the sphere 

Vi 9 Prove that the perpendicular distance from the centre to 
the tangent plane at an umbilic of the ellipsoid is aelh. 

i* i-l,- 


lie l.aug'-'aau 

Ex Si Prove that the central circular sections of the conicoid 
(a-4)a^+«yH(a+6)fblj£e ^t right angl es and yh at the umbilica 

are given hy x= ± * '^2a{a+b) 

Ex.® Prove that the unibilics of the comooid + ^■*'^^75=1 
are the' extremities of the equal conjugate diameters of the ellipse 

y=o, 

Ex. '(!;• Prove that the umbilics of the paraboloid f5+'p=22, 

a>h, are ^0, ±hJd‘-l>^, g )■ 

Ex. 6. Deduce the coordinates of the umbilics of the ellipsoid 
from the result of Ex. 4, § 92. 


* Examples V. 


1 . 

axes 


Prove that if K I'l ; fi,, arejhe direjtion-cosines of the 
of any plane section of the ellipsoid ^4 - |2 + p=l, 

AiAe fiife _ ViVe . 

a2(6a_'o2) J2(p_a3) c^(a--P) 


2. If Ai, A,, As ; 81 , 82 , 83 are the areas of the sections of the 

ellipsoids p+|!+p=b §+^ 2 + 51 = 1 ’ 
planes of the former, 

8,^ +8,/ +832 a?iry 


„2+ P+CV 


If A,, Aj, As are the areas of the sections of the ellipsoid 


.4..r+r=i 
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by 


the diametral planes of three mutually perpendicular semi- 


diameters of lengths 


^ 4 . 


9. ' 


V y 


4. Through a given point (a, /6, y) planes are drawn parallel to 
three conjugate diametral planes of the ellipsoid Shew 

that the sum of the ratios of the areas of the sections by these planes 
to the areas of the parallel diametral planes 

5 Prove that the areas of the sections of greatest and least area 

a >2 ^^2 ^ 

of the ellipsoid + which pass through the fixed line 

= - are where are the axes of the section by 

I m n rj 
. , lx , my , nz _ 

the plane — — =: 0. 


6. Prove that the systems of circular sections of the cone 

+ + c^^=0j a>h>Ci 

are given by x\/a-b±z\/h~c^\, and that these also give circular 
sections of the cone (a-\-fx)x'^ + {b + [j,)^^-i-{c+fi)z^=:^0. 


7. Any tangent plane to a cone cuts the cyclic planes in lines 
equally inclined to the generator of contact. 

8. Any pair o f tang ent plan es to the cone ax^-{-hy^-\~cz^~0 cuts the 
cyclic planes x\fa^ b ± z4h - c ~ 0 in lines which lie upon a right 
circular cone whose axis is at right angles to the plane of contact. 


9. The plane - 4 -f^ 4 -- = l cuts a series of central conicoids whose 
^ a b c 

principal planes are the coordinate planes in rectangular hyperbolas. 
Shew that the pole of the plane with respect to the conicoids lies on a 
cone whose section by the given plane is a circle. 

10. OP, OQ, OR are conjugate diameters of an ellipsoid, axes 
a, 5, c, and S is the foot of the perpendicular from O to the plane PQR, 
Shew that the cone whose vertex is S and base is the section of the 
ellipsoid by the diametral plane parallel to the plane PQR ha.s 
constant volume 7ra6c/3\/3. 

11. If two cones with the same vertex have the same systems of 
circular sections, their common tangent planes touch them along per- 
pendicular generators. 

The normals to the ellipsoid — at all points of a 

a® 0 ^ 

central circular section are parallel to a plane that makes an angle 
cos i--p=====x with ihe section. 

6 s/a'*~ 62 _j.g 2 

B.O. 


E 
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13, If 7*2 of a central section of an ellipsoid, and 

^2 the angles between the section and the circular sections, ^ 


sin 6 1 . sin do 


a'c^ /JL 

a- — 6'- \ r{-^ 



where a and c are the greatest and least axes of the ellipsoid. 


14. Through a fixed point which is the pole of a circular section of 

•^'2 q/i <5 2 

the hyperboloid drawn planes cutting the surface 

in rectangular hyperbolas. Shew that the centres of these hyperbolas 
lie on a fixed circle -whose plane is parallel to one system of circular 
sections. 


15. The locus of the centres of sections of the cone ax- cz^ z=,q^ 
such that the sum of the squares of their axes is constant, is 

the conicoid 


^.2 ^2 

16. The area of a central section of the ellipsoid —, 4 -’™. 

^ ¥ 

constant. Shew that the axes of the section lie on the cone 



= 1 


is 


\ y 62 

where p is the distance from the centre of a tangent plane parallel to 
any of the planes of section. 

17. Prove that the tangents at the vertices to the parabolic sections 
of the conicoid ax--{-by--]rcz^^l are parallel to generators of the cone 

a(b--cy ^ h(c-af ^ 


18. Prove that the noniials to central sections of the ellipsoid 




which are of given eccentricity e, lie on the cone 

^ 2)2(.r2 +/ 4-^2)(^2^.2 4, 5-2^2 4. ^2^2) 

- (1 - e2){a2(62 + c^)xHb^{c^ + a2)j/2+ c2(a2+ 62).2}2 
Find the locus of the centres of sections of eccentricity e. 

19. Prove that the normal at any point P of an ellipsoid is an axis 
of some plane section of the ellipsoid. If the ellipsoid is ^4- p+- 2 =l 


and P is the point (x\ y\ z'), shew that the length of the axis is 

cV » 




where p is the perpendicular from the centre to the tangent plane 
at P. 
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20. The normal section of an enveloping cylinder of the ellipsoid 
tas a given area Prove that the plane of 

contact of the cylinder and ellipsoid touches the cone 

^ Prove that the locus of the foci of parabolic sections of the 
pwoloid aa ’®+&/=22 is 

ab{2s- ax^-~hf){ax^-\- i!)/)=aV+ 

22. Prove that the equation to a conicoid referred to the tangent 
plane and normal at an umbilic as .j:y-plane and 2-axis is 

a {a ? + /) -f cz^ + IJyz -t- %gzx -1- 2® = 0. 

If a variable sphere be described to touch a given conicoid at an 
umbilic, it meets the conicoid in a circle whose plane moves parallel 
to itself as the radius of the sphere varies. 

^2 2 2 

23. If through the centre of the ellipsoid ^ per- 

pendicular is drawn to any central section and lengths equal to the 
axes of the section are marked off along the perpendicular, the locus 
of their extremities is given by 

^2^2 J2^y2 ^2^2 ^ 

where (The locus is the Wave Surface,) 

24. Prove that the asymptotes of sections of the conicoid 

which pass through the line y=0 lie on the surface 
{ ax{x - h) -f bf}^ + cz^{a (x - + by"^] = 0. 

25. If the section of the cone whose vertex is P, (a, ^8, y) and base 
0=0, cr.rH6y^=l, by the plane x=0 is a circle, then P lies on the 
conic ?y=0, ax^-bz^=l^ and the section of the cone by the plane 

{a-b)yx-2aa,z=0 

is also a circle. 



CHAPTER IX. 

GENERATING LINES. 


96.^ Ruled surfaces. In cones and cylinders we have 
examples of surfaces which are generated by a moving 
straicfht line. Such surfaces are called ruled surfaces. We 
shall now prove that the hyperboloid of one sheet and the 
hyperbolic paraboloid are ruled surfaces. 

The equation '"’hich represents a hyper- 

boloid of one sheet, may be written, 




a c) 


1 +- 


-f> 


Whence it appears that the hyperboloid is the locus of the 
straight lines whose equations are 


a c 


X 

a 




X Z _1 


a c~X 

\ h) 

0-f) 

X , z 1 ^ 

I, 

a G fx 

K hj 


( 1 ) 

.( 2 ) 


where X and ^ are variable parameters. It is obviously 
impossible to assign values to X and /x so that the equations 
(1) become identical with the equations (2). Hence the 
equations give two distinct systems of lineS; no member of 
one coiiTciding with any member of the other. As X 
assumes in turn all real values the line given by the 
equation.^ (1) moves so as to completely generate the hyper- 
boloid. Similarly, the line given by the equations (2) 
moves, as fx varies, so as to generate the hyperboloid. The 
hyperboloid of one sheet is therefore a ruled surface and 
^ See Appendix, p. iv. 
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can be generated in two ways by the motion of a straight 
line. (See fig. 41.) 

Ill like manner the equation 


which represents a hyperbolic paraboloid, may be written 




Fio. 41, 


Whence it is evident that the paraboloid is the locus of 
either of the variable lines given by 




X 

a 



2 + 2 = 2 „. 

Cl b fjL (JL 0 

The hyperbolic paraboloid is therefore a ruled surface 
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raid can be generated in two ways by the motion of a 
straight line. (See fig. 42.) The generating lines are 

0^ 'll 

parallel to one of the fixed planes -±^==0. 



Ex. 1- CP, CQ are any conjugate diameters of the ellipse 
x^la^ + — 1 , s = r. 

C'P', C'Q’ are the conjugate diameters of the ellipse 
a = ~c, drawn in the same directions as CP and CQ. Prove that the 
2 ^'2 ^ ip‘ 

hyperboloid = 1 is generated by either PQ' or P'Q. 

Ex. 2. A point, ‘‘w,” on the parabola y = 0, is (2am, 0, 2cm-), 

and a point, on the parabola A’=0, ~2hh, is (0, 2hn, ’-2cn^). 

Find the locus of the lines joining the points for which, (i) 

(ii) m = - «. 

, y- %z 

Ans. . 

a- 6- c 

97. Section of a ruled surface by tbe tangent plane at 
a point. Since a hyperboloid of one sheet or a hyperbolic 
paraboloid is generated completely by each of two systems 
of straight lines, there pass through any point P, (fig. 43). 
of the surface, two generating lines, one from each system. 
Each of these meets the surface at P in, at least, two 
coincident points, and therefore the lines lie in the tangent 
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plane at P. The tangent plane at p is therefore the plane 
through the generators which pass through P. But any 
plane section of the surface is a conic, and therefore the 
section of the surface by the tangent plane at P is the 
conic composed of the two generating lines through P. 

It follows that if a straight line AB lies wholly on tlie 
conicoid it must belong to one of the systems of generating 
lines. For AB meets any generating line PQ in some point 
p, and AB and PQ both lie in the tangent plane at P. But 



the section of the surface by the tangent plane at P con- 
sists of the two generators through P, and therefore AB 
must be one of the generators. 

Again any plane through a generating line is the tangent 
plane at some point of the generating line. For the locus 
of points common to the surface and plane is a conic, and 
the generating line is obviously part of the locus. The 
locus must therefore consist of two straight lines, or the 
plane must pass through the given generating line and a 
second generating line which meets it. It is therefore the 
tangent plane at the point of intersection. 

The intersection of a cone or cylinder with a tangent 
plane consists of two coincident generators. The ruled 
conicoids can therefore be divided into two classes according 
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as the generators in which any tangent plane meets them 
are distinct or coincident. If the generators are distinct 
the tangent planes at different points of a given generator 
are different, (see fig. 43). If the generators are coincident 
the same plane touches the surface at all points of a given 
generator. 

98. If three points of a straight line lie on a conicoid 
the straight line lies ivkolly on the conicoid. 

The coordinates of any point on the line through (a, y)^ 

whose direction-ratios are m, n, are a+Zr, Q+mr, 

The condition that this point should lie on the conicoid 
Fisc, y, may be written, since F{x, y, z) is of the 

second degree, in the form 

ArH 2Br-f C = 0. 

If three points of the line lie on the conicoid, this 
equation is satisfied by three values of r, and therefore 
A = B=C = 0. The equation is therefore satisfied by all 
values of r, and every point of the line lies on the 
conicoid. 

99. To find the conditions that a given straight line 
should be a generator of a given conicoid. 

Let the equations to the conicoid and line be 
ar?-\-hy^+cz^~l, 
x — CL _y’--(S_z — y 
L m n ' 

The point on the line, {cL-^lr, ^-\-nir, y-jrnrf lies on 
the conicoid if 

•i'^(aP -f bni^ + cn^) + 2r(acd + b^m + cyn) 

-f aa^ + &/3H cy2 - 1 =: 0. 

If this equation is an identity, tlie line lies wholly on 
the conicoid, and is a generator of the conicoid. The 


required conditions are therefore 

aa"- + bj8^ +cy- =1, (1) 

aal+d8m+cyn = 0, (2) 

al- +6m2 +cn‘^ =0 (3) 
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Equation (1) is the condition that (a, (3, y) should lie 
on the surface; equation (2) shews that a generating line 
must lie in the tangent plane at any point (a, y) on 
it ; and from (3) it follows that the parallels through the 
centre to the generating lines generate the asymptotic cone 

ax^+by'^+cz^=iO. 

The three equations (1), (2), (3) shew that through any 
point (cl, (8, y) of a central conicoid two straight lines can 
be drawn to lie wholly on the conicoid, the direction-ratios 
of these lines being given by equations (2) and (3). By 
Lagrange’s identity, we have 

(al^ -1- hm?‘)((m? -f h^’^) - (acd -f- h^nif = ah(cLm - ; 

whence, by (1), (2), (3), 

— = ab(oim (4) 

The values oil:m:n are therefore real only if ab and o 
have opposite signs, which can only be the case if tw'o of 
the quantities a, b, c are positive and one is negative. The 
only ruled central conicoid is therefore the hyperboloid of 
one sheet. From equations (2) and (4) wm deduce the 
direction-ratios of the generators through (a, /3, y), 

I m n 

, o “ - (aaH&/3") 

Similarly, the conditions that the line 

g; — — /3 _ g — y 
I m n 

should be a generator of the paraboloid ax^+hy^ = 2z are. 


aa2+&/3'^ = 2y, (1) 

acd + h^m — n — 0 (2) 

aV^+hm^~0 ( 3 ) 


Equation (3) is satisfied by real values of I : m only if 
a and h have opposite signs. The only ruled paraboloid 
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is therefore the hyperbolic paraboloid. The direction-ratios 
of the generating lines through (a, /3, y) are given by 

I _ m n 

4 , I a\/a±/3\/^ 


The following examples should be solved in two wa^^s, (i) by 
factorising the equation to the surface as in § 96, (ii) by means of the 
conditions in § 99. 

Ex. 1. Find the equations to the generating lines of the hyperboloid 
which pass through the points (2, 3, -4), (2, -1, |). 

1 0 ~2 ’ 0 3 --4 ’ 

~b~“ 3 -4 " 3 “ 6 10 ’ 


Ex. 2. Find the equations to the generating lines of the hyperboloid 
yz-^-2zx-\-Zxy + Q — Q which pass through the point ( -1, 0, 3). 

[yr 4* ^zx + Zxy -4 6 = (3/4 2) (2; + 3) 4- (2s + ^y){x — 1).] 


— 1 , 2=3 ; 


.r4“l 



Ex. 3. Find the equations to the generators of the Hyperboloid 
^ \vhich pass through the point (a cos oc, h sin a, 0). 

jr — acosoL__?/- 6sin 0 L_ z 
a sin a. — 5 cos cl ±c 


Ex. 4. Find the equations to the generating lines of the paraboloid 
(x-^y-^z){2x+y-z)~Qz which pass through the point (1, 1, 1). 




- 1 __?/ —1 _ 2~1 . 


x-l 

4 “ -5 1 


THE SYSTEMS OF GENERATING LINES. 


100. We shall call the systems of generating lines of the 
hyperboloid of one sheet "which are given by the equations 


5+?=xfl+| 

\ ?-!= 

K' 

‘-D 

a c \ 0 

/ a 

c 

x\ 

X z f-, , V 

\ 5+J- 

H 

A) 

a c ^ \ 0 

/ a 

c 

A 


the X-system and /.i-system, respectively. 


.( 1 ) 

.( 2 ) 
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101. No two generators of the same system intersect 
For the equations (1) and 


?+5=v( 

a c ^ 


X z _ 1 / 
a 


?=0, 

c a 

■r»- 

1 + 1 = 0, 

11 

1 


which are obviously inconsistent. 


Otherwise, if P and Q are any points on any generator of the 
u-system and the generators of the A»system through P and Q 
intersect at R, then the plane PQR meets the hyperboloid in the sides 
of a triangle. This is impossible, since no plane section of a conicoid 
is of higher degree than the second. 


102. Any generator of the \-system intersects any gene- 
rate' of the jUL-system. 

From the equations (1) and (2), 

a~^c_a _c_ h ^6 
\ /x "" X/z ~ 1 

Whence, adding and subtracting numerators and de- 
nominators, 

x_\ + jUi — Xy 

a 1+X/z’ 6 1-j-X/z’ G l+X/z* 

These determine the point of intersection. 

The equations 


X 

a 

X 

a 



both reduce to 




.(3) 

(4) 


^(A+A')+f(l-A//)-3(X-/u)=l+Xy«, (5) 

if /c = l//c'=X//z. But equation (5) represents the tangent 
plane at the point of intersection of the generators. Hence 
the plane through two intersecting generators is the tangent 
plane at their common point. (Cf. § 97.) 

If, in equation (3), h is given, the equation represents 
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. riven plane thi-ough the genetatov. But the equation 
reduces to equation (5) it Hence any plan, 

through a generating line is a tangent plane. 

T-r Discuss the intersection of the A-generator through P with 
tlitge^eX through P'.when P and P' are the extremities of a 
diameter of the principal elliptic section. 

103. Perpendicular generators. To find the locus of 
ihe mints of intersection of ferfendxcular generators. 

' The direction-cosines of the A- and /x-generators are 
given by, (§ 42), 

lla mlh_nl^ , 

X-— 1 2X A"-hl’ /x^— 1 2/x (/x--hl) 

The condition that the generators should be at right 
angles is 

- 1) + 46-X/i — c^i}? + 1) 1) = 0, 

which may be written 

a2(\ + gf + h%l - X/x)^ + cHX - fif = («^ + 

and shews that their point of intersection 

fa(X-+-yu) hjl-Xg) c(X-/x) \ 
t i + X/x ’ l-tX/x ’ 1-1-X/xJ 

lies on the director sphere 

sc- -h 2/^ -t- S' = 

The locus is therefore the curve of intersection of the 

hyperboloid and the director sphere. 

Or if PO PB are perpendicular generators and PN is normal at P, 
bv Go- 2 the planes^PQR, PNQ, PNR are mutually perpendicular 
tGgeiit planes! and therefore P lies on the director sphere. 

104. The projections of the generators of a hyperboloid 
on a principal plane are tangents to tJui section of the 
hyperboloid by the principal plane. 

The projections of the X- and /x-generators on the plane 

XOY are given hy 


^ = 0 , 


a 

2.r. 

a 


(x+i: 

n 

1 

r— f 



'}-t) 
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which may he written 

Whence the envelope of the projections is the ellipse 


Similarly, the projections on the planes Y02, 20X touch 
the corresponding principal sections. 

The above equations to the projections are identical if 
X=:^. Hence equal values of the parameters give two 
generators which project into the same tangent to the 
ellipse 5; = 0, + = point of intersection, P, 

of the generators given by X = /x = Hs, by § 102, 

/ n .\ 

+ Oj. 

TT Of. 

Le. is (a cos a, b sin ol, 0), where ^ - tan ~ p is there- 
fore the point on the principal elliptic section whose 
eccentric angle is oc, and the generators project into the 

tangent ^ y 

z = 0, - cos oc,+| sin a = 1, (fig. 44). 

From § 103, the direction-cosines of the X-generator are 
proportional to 2X 

“^TT’ 

or, since X = tan a sin a, —b cos a, — o. 

Therefore the equations ^ to the X-generator through P are 
X — a cos a. _y-‘b sin oi__ z 
a since —b cosoi ^ —c' 

Similarly, the equations to the //-generator are 
(T — a cos a._ 2 / — 6 sin a 
C6sina —6cosa 

Ex. Prove that the generators given by X—i, jui= — 1/^ are parallel, 
and that they meet the principal elliptic section in the extremities of 
a diameter, 

^ See Appendix, p. iv. 
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105. Let P and Q, (fig. 44), be the points on the principal 
elliptic section whose eccentric angles are a and /3. Then 
the X'generator through P intersects the /x-generator 
through Q at the point, R, 

Y4ja t 1— A/x A — /X \ 

^l-f-A/x’ l+A/u’ 1+A/x/ 



Fig. 44. 


Now the coordinates of any point on the hyperboloid 
can be expressed in the form 

a cos d sec <}>, h sin Q sec c tan ^ ; 
therefore if R is the point “ 0, 

e-te .=d 

or d+^ = l3, 0 — ^ = a. 

Similarly, it may be shewn that the ^-generator through 
P intersects the A-generator through Q at the point “0,-9^.” 

Suppose now that P remains fixed while Q varies, so that 
ix is constant and J3 variable. R then moves along a fixed 
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generator of the X-system, and in any position d-^=oc.. 
Hence for points on a generator of the X-system 0—^ is 
constant. Similarly, by supposing Q to remain fixed and 
p to vary, we can prove that for points on a given generator 
of the fjL-sjstem 6 + <pis constant. 


Ex. 1. If R is “ 0, cl>y^ (fig. 44), shew that the equations to PQ are 
^=0, -cos 0+1 sin cos (/>, and deduce that 0-<^=a, 0 + ^ = 


Ex. 2. The equations to the generating lines through “ 0, ” are 

a; -a cos 0 sec </> — h sin 0 sec cj^ - c tan cjy 
asm(0±</)) - 6cos(0±<^) +6* 


Ex. 3. If (a cos 0 sec (f>, h sin 0 sec <^, c tan <j>) is a point on the 
generating line «\ ar * 1 / «\ 

prove that tan and hence shew that for points of a given 

venerator of the A-system 0~<p is constant. 


Ex. 4. Prove that the equations 

,a;_cos( 0 — c^ ) ?y_cos0sin<^ ,g_ sin Oco&cj> 
a~cos(0 +</)')’ b cos(0+^)’ c cos(0+<^) 

determine a hyperboloid of one sheet, that 0 is constant for points on 
a given generator of one system, and that is constant for points 
on a given generator of the other system. 

( ^3 4:?/3 '' 

The equation to the surface is ^--^ = 1.^ 


Ex. 5. Find the locus of R if P and Q are the extremities of 
conjugate diameters of the principal elliptic section. 

We have 0-</) = a., 0+<^ = (x.±^, whence <5l!>= ±~, and R lies in one 
of the planes z= ±c. ^ ^ 


Ex. 6. Prove also that R P^ + RQ‘-^ = q. ^2 ^ 2c^. 

Ex. 7. If A and A' are the extremities of the major axis of the 
principal elliptic section, and any generator meets two generators of 
the same system through A and A' respectively in P and P', prove 
that AP. AV' = b^ + c^, 


Ex. 8. Prove also that the planes APP', A'PP' cut either of the 
real central circular sections in perpendicular lines. 

Ex. 9. If four generators of the hyperboloid form a skew quadri- 
lateral whose vertices are “ 0^, r=l, 2, 3, 4, prove that 

01+ 0R= 09+ 04? 
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Ex. 10. Interpret the equation 

^,2 ^2 ^2 ^ z£y 

a2 + &2 ^2 cV’ 

where P, (.i'', y', s') is a point on the hyperboloid, 

[The equation represents the pair of planes through the origin and 
the generators that intersect at s').] 

Ex. 11. Prove that the generators through any point P on a 
hyperboloid are parallel to the asymptotes of the section of the byper- 
lioloid by any plane which is parallel to the tangent plane at P. 

Ex. 12. Prove that the angle between the generators through P 
is given by p(r‘^ 

— ^ 0 — ’ 

where p is the perpendicular from the centre to the tangent plane 
at P and r is the distance of P from the centre. 


Ex. 13. AH parallelepipeds w’hich have six of their edges along 
generators of a given hyperboloid have the same volume. 

If PQRS is one face of the parallelepiped and P, P' ; Q, Q' ; R, R'; 
S, S' are opposite corners, we may have the edges PS, RP', S'R' along 
generators of one system and the edges SR, P'S', R'P along generators 
of the other system. The tangent planes at S and S' are therefore 
PSR, P'S'R', and are parallel, and therefore SS' is a diameter. 
Similarly, PP' and RR' ai^e diameters. Let P, S, R he 
{■^ 2 ^ %)■ volume of the parallelepiped is 

twelve times the volume of the tetrahedron OPSR, (O is the centre). 
Denoting it by V, we have 


V=2 


X 


yu 

^25 

yai 


^1 

H 




■ ^2 V'i ^2 
<2 ’ 6 ’ 


3 Uz. ^3 
a’ 6’ 


^2abo>J - 1 


2£l, 






y. .2^2 



a*" 



" a2 ’ 

S' 

^ rt” 3 



But 


,.Vl_ 




rp 2 


1 ; 


and, since R' and S are on the tangent plane at P, and S on the tangent 
plane at R, 

J V *^2*^3 2 V j 

V = %ahc\l - 4)^ = 4a&c. 


Therefore 
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Ex. lA Fiiitl locus of the corners Q and Q' which are not on 
the given hyperboloid. 

Since QS and PR bisect one another, Q is the point 
and hence lies on the hyperboloid 


106. The systems of generators of the hyperbolic 

paraboloid. We shall now state the results for the 

hyperbolic paraboloid corresponding to those 


which we have proved for the hyperboloid. Their proof 
is left as an exercise for the student. 

The point of intersection of the generators 


IS given by 


ah a b \ 




a b jUL 


| = y« + ^. l = 2 = 2X/x. 


.{ 1 ) 

.( 2 ) 


The direction-cosines of the generators are given by 

I _m_n ^ I _ m __ n 
a~b~^2X' a’^ 

and hence the locus of the points of intersection of perpen- 
dicular generators is the curve of intersection of the surface 
and the plane 2z + a^—b‘^=^ 0. 

The plane 

passes through the generator (1) and is tangent plane at 
the point of intersection of that generator and the generator 
of the /i-system given by jut — X/k 
The projections of the generators on the planes YOZ, ZOX 
envelope the principal sections whose equations are 

x=0, 2 /^=— 26 %; y — Oj x^ = 2a'^z. 
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Any point on the second parabola is 0, 2^^), and if 

X = ^ = m, the generators of the X- and //-systems corre- 
sponding to these values project into the tangent to the 
parabola at ‘‘ 

Any point on the surface is given by 

ir = (xrcos0, y — brsinO, 2z = T^Qos29y 


and the equations to the generators through ‘'r, 0*' are 

A - A z--^co^26 

Q^--~arcos9 y-^ors mO 2 

“~r(cos 0+sin 0) 


Ex. 1. Shew that the angle between the generating lines through 
(^% y, z) is given by 

tan 9—ah^l 




?AV ,a 2 _ 62 \-i 


E y. 2. Prove that the equations 

4^=a(l -f cos2^), y = 5 cosh cos = c sinh (jf> cos ^ 

determine a hyperbolic paraboloid, and that the angle between the 
generators through c/)” is given by 

I „ {(&~ + C')--f-a^cos^^+2a2(S24-c2)cos20cosh2</)p 

secy— 62_ 


£x. 3. Prove that the equations 

2r = y — be^ cosh 0, z= ce*^ sinh 6 

determine a hyperbolic paraboloid, and that ib constant for 

points of a given generator of one system, and O — cji is constant fora 
given generator of the other. 

Ex. 4. Planes are drawn through the origin, O, and the generators 
through any point P of the paraboloid given by x^—y^~az. Prove 

that the angle between them is tan“^ — , where r is the length of OP. 
Ex. 5. Find the locus of the perpendiculars from the vertex of 

.y2 

the paraboloid to the generators of one system. 

^ ?is. 4 - y 2 ^ 2^2 ^ 


Ex. 6. The points of intersection of generators of ooy=az which are 
inclined at a constant angle cl lie on the curve of intersection of the 
paraboloid and the hyperboloid -hy^ _ tan^a. + 
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107. Oonicoids through three given lines. The general 

equation to a conicoid, 

ax^ + hi/ + cz- + 2fyz + 2gzx + 2hxy + 2ux + 2vy + 2ivz + d=^ 0, 
contains nine constants, viz., the ratios of any nine of the 
ten coefficients a,b,c,.,, to the tenth. Hence, since these 
are determined by nine equations involving them, a coni- 
coid can be found to pass through nine given points. But 
we have proved that if three points of a straight line lie 
on a given conicoid, the line is a generator of the conicoid. 
Therefore a conicoid can be found to pass through any 
three given non-intersecting lines. 

108. The geneval equation to a conicoid through the two 
given lines u — 0=^v,u' = 0 = v\ is 

\uu'+ jUL'iiv' + vvi(f + pvv' — 0, 

since this equation is satisfied when u = 0 and ^' = 0, or 
when u' = 0 and u' = 0, and contains three disposable 
constants, viz. the ratios of X, /x, v to p, 

109. To find the equation to the conicoid through three 
given non-intersecting lines. 



If the three lines are not parallel to the same plane, 
planes drawn through each line parallel to the other two 
form a parallelepiped, (fig. 45). If the centre of the 
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parallelepiped is taken as origin, and the axes are parallel 
to the edges, the equations to the given lines are of the 
form, 

(1) 2 / = 6 , 3= -o; (2) 3 = 03= -c; (3) x = a, 
where 2a, 26, 2 c are the edges. The general equation to a 
conicoid through the lines ( 1 ) and ( 2 ) is 
{y - h){z-c) + \{y -h){x + a) 

-4- /z (0 4- c) (0 ~ c) + viz + c) (o; -f a) = 0. 
Where £r = a, y— meets the surface we have 
fxz- 4 - 20 (av — 6 ) — yc- 4- 2c (av 4- 6 ) — 4a6X = 0, 

and if 03 = a, 7/== —6 is a generator, this equation must be 
satisfied for all values of 0 . Therefore 


p. b . e(av+b) 

— v~-, A~ — p-T — = 

^ a 'lab 


c 

a 


and the equation to the surface is 


ayz+bzx + cxy 4 - abo = 0 . 



The origin evidently bisects all chords of the surface 
which pass through it, and therefore the surface is a 
central surface, and is therefore a hyperboloid of one sheet. 
(Cf. §47, Ex. 1 .) 

^ If the three lines are parallel to the same plane, let any 
line wdiich meets them be taken as 0 ~axis. If the lines are 
AiBj, AgBo, A 3 B 3 , (hg. 46), and the 0 -axis meets them in 
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Cl, C,2, C3, take AiBi as ;^-axis and the parallel to 
through Cl a.s 2 /-axis. Then the equations may be written 
(1) 5 — 0; (2) ic — 0, 0 = oc; (3) lx-{-iyiy — z = j3. 

The equation to a conicoid through the lines (2) and (3) is 
\x {lx + my) + [xx{z-^) 

+ j/(5 - a) {lx + mi/) + p(5 - a)(5 - = 0. 

If y = 0, 5 = 0 is a generator, the equation 
l\x^--x{fi^ + vlcL) + pCL^ = 0 
must be satisfied for all values of x, and therefore 
X = p = 0, p^-l'rioc=0; 
and hence the equation to the surface is 

z{lx{cL — /3) — /Smi/} + QL^my = 0. 

Since the terms of second degree are the product of linear 
factors, the equation represents a hyper ooiic paraboloid. 

110. The straight lines which meet four given lines 

If A, B, C are three given non-intersecting lines, an infinite 
number of straight lines can be drawn to meet A, B, and C. 
For a conicoid can be drawn through A, B, C, and A, B, C 
are generators of one system, say the X-system, and hence 
all the generators of the p-system will intersect A, B, and C. 

A fourth line, D, which does not meet A, B, and C, meets 
the conicoid in general in two points P and Q, and the 
generators of the /z- system through P and Q are the only 
lines which intersect the four given lines A, B, C, D. If, 
however, D is a generator of the conicoid through A, B, 
and C, it belongs to the X-system, and therefore all the 
generators of the /z-system meet all the four lines. 

111 . If three straight lines can be drawn to meet four 
given non-intersecting lines A, B, C, D, then A, B, C, D are 
generators of a conicoid. 

If the three lines are P, Q, R, each meets the conicoid 
through A, B, C in three points, and is therefore a generator. 
Hence D meets the conicoid in three points, viz. the points 
of intersection of D and P, Q, R; and therefore D is a 
generator. 
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Ex. 1. A, A' ; B, B' ; C, C' are points on X'OX, Y'OY, 2'02 
Prove that BC', CA', AB' are generators of one system, and that 
B'C, C'A, A'B are generators of the other system, of a hyperboloid. 

Ex. 2. A, A' ; B, B' ; C, C' are pairs of opposite vertices of a skew 

ixagon drawn on a hyperboloid. Prove that AA\ BB', CC' are 
concurrent. 

Ex. 3. The altitudes of a tetrahedron are generators of a hyper- 
boloid of one sheet. 

Let A, B, C, D he the vertices. Then the planes through DA 
perpendicular to the plane DBG, through DB, perpendicular to the 
plane DCA, and through DC, perpendicular to the plane DAB, pass 
through one line, (§ 45, Ex. 6, or § 44, Ex. 22). That line is therefore 
coplanar with the altitudes from A, B, C, and it meets the altitude 
from D in D, and therefore it meets all the four altitudes. The corre- 
sponding lines through A, B, C also meet all the four altitudes 
which are therefore generators of a hyperboloid. ’ 

Ex. 4. Prove that the perpendiculars to the faces of the tetrahedron 
through their orthocentres are generators of the opposite system. 

Ex. 5. Prove that^ the lines joining A, B, C, D to the centres of 
the circles inscribed in the triangles BCD, CDA, DAB, ABC are 
generators of a hyperboloid. 

112. The equation to a hyperboloid when two inter- 
secting' generators are coordinate axes. If two inter- 
secting generators are taken as a;-axis and y-axm, the 
equation to the surface must be satisfied by all values of x 
when y = z=0, and by all values of y when z=x = 0. 

Suppose that it is 

ax^ +hy-+ \1fyz-\- 2gzx + 2Uxy -i- 2ita; -f 2^3/ -p 2wz = 0. 

Then we must have 

a=it = 0, and 'b = v — Q, 
and therefore the equation takes the form 

cz^+2fyz + 2gzx + 2hxy -f 2wz = 0. 

Suppose now that the line joining the point of intersection 
of the generators to the centre is taken as 2 -axis. Then, 
since the generators through opposite ends of a diameter 
are parallel, the lines y=0, z=2y, x-0, z = 2y are 
generators, the centre being (0, 0, y). Whence 

/=S' = 0. y=-an/c, 
and the equation reduces to 

cz- -p llixy -p 2'wz = 0. 
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Ex. 1. (^-^o)iz){z-^nx)-\-h^O represents a paraboloid 

whicli passes through OX and OY. 

Ex. 2. The generators through a variable point P of a hyperboloid 
meet the generators through a fixed point O in Q and R. If OQ : OR 
is constant, find the locus of P. 

Take OQ and OR as x- and ?/-axes, and the line joining O to the 
centre as 2-axis. The equation to the hyperboloid is 
cz^ + 2 A.rj/ 4- 2 loz — 0. 

It may be written z{cz+^w)-]r’^hx}j-Q, 
and hence the systems of generating lines are given by 
z^'^hXx^ A(r2 + 2zf;)+y = 0 ; 

2 — 2A jx{cz + 2w) -hx—0. 

OX belongs to the A-system and corresponds to A = 0; OY belongs to 
the /x-system and corresponds to /x=0. If P is (4 t), the generators 

through P correspond to 

^ = fx = Cj2/iri. 

Where a generator of the /x-system meets OX, 

?/— 0, 2 = 0, x~-2wfx^ 

therefore OQ = - 2v;/x = - wClkr). 

Similarly, OR = - 2z4;A = - wC/h^, 

and P therefore lies on the plane x — ky. 

[OQ and OR may be found more easily by considering that the 
plane PQR is the tangent plane at P whose equation (see § 134) is 
krjx -h h^y + (cf + w)z + ici=0.] 

Ex. 3. Find the locus of P if (i) OQ • OR - P, (ii) OQ^ + O = P. 

Ex. 4. If OQ-HOR-2 is constant, P lies on a cone \vhose vertex 
is O and whose section by a plane parallel to OXY is an ellipse whose 
equal conjugate diameters are parallel to OX and OY. 

Ex. 5. Shew that the projections of the generators of one system 
of a hyperboloid on the tangent plane at any point envelope a conic. 

Take the generators in the given tangent plane as OX and OY, and 
the normal at O as OZ. The plane z = ky is a tangent plane, (§97), 
and the projection on OXY of the second generator in which it meets 
the surface has equations 

2=0, ck^y-h2\(gx-\-fy-i-w)+2kx=0. 

Whence the envelope of the projections is the conic 

s = {gx -\-fy + wy = 2chxy. 

*113. Properties of a given generating line. If we 

have a system of rectangular axes in which the cc-axis is 
a generator and the s^-axis is the normal at the origin, 
the equation to the hyperboloid is of the form, 

by^ + cz^ + 2fyz + 2gzx + 2hxy 4- = 0, 

or y(by + 2/icc) + z{cz+ 2gx + 2fy + 2w) — 0. 
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The .systems of generating lines are given by 

(by+ 2hx) +\(cz + 2gx + 2fy + 2m) = 0 ; 

?/ = ix{cz+2gx + 2 / 2 / + 2iv), s + // (hi/ + 2hx) = 0. 

The ic-axis belongs to the /i-system and corresponds to 
/i = (). The generator of the X-system through the point 
(a, 0. 0) is given by _ -ha. _ 

' ga.-\-w 

The tangent plane at (a, 0, 0) is the plane through this 
generator and OX. Its equation is therefore \y = z, 
or ha.y+z{ga.+w) = 0. 

Let P, (rx, 0, 0). P', (a', 0, 0) be points on the a;-axis. 
Then the tangent planes at P and P' are at right angles if 
(/i2 + c/2) aa ' + ^vg (cl + cl ') + = 0, 

i.e. if = 

Therefore if C is the point 0, 0^. CP -CP' is 

constant for all pairs of perpendicular tangent planes 
through OX. C is called the central point of the generator 
OX. If the origin is taken at the central point, the equa- 
tion (1) must take the form aa' = constant, and therefore 
g = Q, and olcl = The equation to the conicoid 
when OX is a generator and O is the central point, OZ is 
the normal at O, and the axes are rectangular, is therefore 
hy^+ c/- -f 2fyz 2hxy -b 2 w 2 : = 0. 

Ex. 1. Find the locus of the normals to a conicoid at points of a 

criven generator. . i x / a a\ 

Taking axes as above, the equations to the normal at (a, 0, 0) are 

y -i The locus of the normals is therefore the hyperbolic 

paraboloid whose equation is hxz = wy. It has OX and OZ as generators, 
and its vertex at the origin. 

Ex. 2. The anharmonic ratio of four tangent planes through the 
same generator is the anharmonic ratio of their points of contact. 

The tangent plane at (o.^, 0, 0) is h^ry + wz — O^ whence, by § 38, Ex. 4, 
the anharmonic ratio of the planes is 

((X| - 0.2) - a 4 ) 

(oL3-a2)(ai-a4) 
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Ex. 3. Pour fixed generators of the same system meet any generator 
of the opposite system in a range of constant Enharmonic ratio. 

Ex. 4. perpendiculars from a point on a 

hyperboloid to the generators of one system. 

*^Take O, the point, as origin, and a generator through O as OX. 
Take the normal at O as OZ, then XOY is the tangent plane at O. 
The equation to the hyperboloid is 

2 + cz^ + 2fyz + ^gzx + +2wz-0. 

The systems of generators are given by 

(bg+2hj!;)+X(cz + 2g/v + 2fg-h2w)=0; 

g=lx(cz+2gx-^2fy-{- 2 w), z+fM{bg + 2hx') = 0. 

The locus of the perpendiculars to the generators of the A-system is 
the cubic cone 

a!(cz^ + 2fgz + 5 /) -2(i/-\- z^) {ky 4 *^) = 0 . 


*114. The central point and parameter of distribution. 

Taking the axes indicated in §11.3 the equation to the 

conicoid is ^ ^ ^fyz + 'Hixy + 2ivz = 0. 


The equations to the system of generators to which 
OX belongs are 

y = ^ ( 2/?/ + 2: + X ( 2/^£r + &2/) = 0, 

OX being given by X = 0. The direction-cosines of a 
generator of this system are proportional to 

6cX2-.2/X + 1, ^2cKK\ 2^X(2/X~ 1), 

and therefore the shortest distance between this generator 
and OX has direction-cosines proportional to 


0, 2/X-l, cX. 

Hence the limiting position of the shortest distance, as X 
tends to zero, is parallel to OY. Again, any plane through 
the generator is given by 

2/ (2/X — 1) -p cX5? -f 2^^;X — /c { 2AXaj 4“ SXy + .'2} = 0. 

This plane meets OX where x=^wjhk It contains the 
S.D. if (2/A-l)(2/A-l-6a)+cX(cX-;c) = 0, 


i.e. if 




1-4A 

(c-h)\' 


squares and higher power’s of X being rejected. 
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Therefore the s.D. meets OX where 
_ w(c — b)\ 

^-h(rzrifxy 

Since x tends to zero with X, the limiting position of the 
S.D, is OY. Hence the central point of a given generator is 
the point of intersection of the generator and the shortest 
distance between it and a consecutive generator of the 
same system. 

The equation y = X(2fy+cz+2w) represents the plane 
through the X-generator parallel to OX. Therefore the 
shortest distance, 5, is given by 

rejecting X“, etc. 

Again, if 0 is the angle between the generator and OX, 
&cX2‘“2/X+l 

J (bcXr - 2/\ + 1 )H 4.cW + m\2f\ -If 

whence, if X- and higher powers be rejected, 

e = 2h\. 

The limit of the ratio d/S, as X tends to zero, is called 
the parameter of distribution of the generator OX. Denoting 
it by 2 ^, we have gwX w 

Cor. If O is the central point and the tangent planes at 
A and A' are at right angles, OA . OA'=: — 


cos 9 = ■ 


Ez. 1. If the generator “ of the hyperboloid 


^2 ^ ^2 c2 ^ 

is given by x- y eos<^ ^y -&sin ^ 

a Sin — 6 cos - c 

and 6 is the angle between the generators “ and “ prove that 

sinW — - <j>d + aV(sin qS - sin <^0^+ 6 V(cos 4> - CQS 4^iY 
(a-sin-</>-j- h-co&-<j> -f + 5-cos‘^^i + * 

and deduce that +«:f 

a 9 a^sin'^9-}-Z>2cos-‘9-f 
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Ex. 2. Prove that the shortest distaiiee, S, between the generators 
‘'■(h” W is given by 


SaJcsin 




S= 


c^a^oos^ + a%‘ioos^ ixp>j ^ 


Z)Vsin' 


2 2 
^ dS ahc 

and deduce that -tt — ^-r* 

d4^ (a^hr' + 1)^6^ sin^cf) -f- 

Ex. 3. Prove that the parameter of distribution for the generator 
ahc{c^ sin^c^ + W" cos^</> + c^) 
d%'^ + 

Ex. 4. If D is the distance of any generator of the hyperboloid 

from the centre, and /> is its parameter of distribution, D^p—ahc, 

Ex. 5. Pind the coordinates of the central point of the generator 

The equation to the plane through the generator parallel to 
the generator “ is 


-sin ^ ^ 
a 2 


-T cos 
0 




+ ’ cos „ 
c 2 




Whence the direction-cosines of the s.d. between the generator “ ^ 

and a consecutive generator of the same system are nroiDortional to 

1 • JL I r I 
-sin</), -^cos</), 

The coordinates of any point, O, on the generator are 
a(cos ^ — k sin (^), 5(sin cji + k cos </>), ck. 

If O is the central point the normal at O is perpendicular to the 
S.D. between the generator and a consecutive generator of the same 
system. Hence we find 

y - a^)sin ^ cos ' 

^ aW + sin^^ + c-a^ cos^^’ 

and the coordinates of the central point are given by 

^ ^ f 

a2(62+c2)cos (j) ” b^{c^ + a‘^)sin (p - ct-)sin cos </> 

1 


d^h^ 4 - sin^cf) 4 - dd^ cos‘'^<^* 

Ex. 6. Find the locus of the central points of the generators of 
the hyperboloid. 

The equation to a surface containing the central points is obtained 
by eliminating between the equations for the coordinates. It is 

a® b^ , c, n.n 
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7> T - 7. For the generator of the paraboloid given by 

-~‘|=:2A, ~+f=Y5 pi'ove that the parameter of distribution is 
(to a, 0 A. 

and that the central point is 

-'2¥k 2 (g^ -62) An 

\a2 + Z>'-’ g^4-62 / 

Prove also that the central points of the systems of generators lie on 
the planes 

Ex. 8. If G is a of a hyperboloid, prove that the 

tangent plane at the , ; ' ■ G is perpendicular to the tangent 

plane to the asymptotic cone whose generator of contact is parallel 
to G. 


Ex. 9. A pair of planes through a given generator of a hyper- 
boloid touch the surface at points A and B, and contain the normals 
at points A' and B' of the generator. If $ is the angle between them, 

prove that tan“d= 


Ex. 10. If the tangent plane at a point P of a generator, central 
point O, makes an angle 0 with the tangent plane at O, ptan OP^ 
where p is the parameter of distribution. 


•^Examples VI. 

1. Prove that the line Ix + r/ip 4- ^ ~ 0, I'x + w ;?/ + n'z+p ' = 0 is a 
generator of the hyperboloid x^ja+^^jb+z^lc = l if 

and all -Ycnri! ~pp\ 

2. Shew that the equations 

?/ — A^-f- A+ 1 = 0, (A4*l).r-f-2/+ A=0 

represent for different values of A generators of one system of the 
hyperboloid ys+2jr4jr^ + l=0, and find the equations to generators 
of the other system. 

^2 ^2 

3. Tangent planes to -15+*^ --5=1, which are parallel to tangent 
planes to 

cut the surface in perpendicular generators. 

4. The shortest distances between generators of the same system 
drawn at the ends of diameters of the principal elliptic section of the 

hyperboloid be on the surfaces whose equations are 

exp _ ahz 
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5. Shew that the shortest distance of any two perpendicular 

members of that system of generators of the paraboloid + = 2 :, 

which is perpendicular to the y-axis, lies in the plane 

6. Prove that any point on the lines 

-(/X + l)2: 

lies on the surface + y -f- ^ = 0, 

and find equations to determine the other system of lines which lies 
on the surface. 

7. The four conicoids, each of which passes through three of four 
given non-intersecting lines, have two common generators, 

8. Prove that the equation to the conicoid through the lines 

— ^6'=:0=:V', 

Xu 4* fJLV + A V 4- ixV =Q-lu-^mv + I'u' 4- 'm!v' 

Xtc + ixv _ 

^ X'u' 4- yx'-y' ~~ I'u' -h m'v' 

9. Show that, in general, two generators of the hyperboloid 

can be drawn to cut a given generator at right angles, and that if they 
meet the plane 3=0 in P and Q, PQ touches the ellipse 
/a® +y®/6® = c^/(X^6^. 

10. If from a fixed point on a hyperboloid lines are drawn to 
intersect the diagonals of the quadrilaterals formed by two fixed and 
two variable generators, these lines are coplanar. 

11. Through a variable generator .3?-y = X, ^4-y = 23/A of the 

paraboloid a plane is drawn making a constant angle a. 

with the plane x^y. Find the locus of the point at which it touches 
the paraboloid. 

12. Prove that the locus of the line of intersection of two perpen- 
dicular planes which pass through two fixed non-intersecting lines is 
a hyperboloid whose central circular sections are perpendicular to the 
lines and have their diameters equal to their shortest distance. 

^2 ^/2 ^2 

13. Prove that if the generators of ^4-p”^=I be drawn through 
the points where it is met by a tangent to 

1 

a V + <^) V + c2) " 

they form a skew quadrilateral with two opposite angles right angles^ 
and the other diagonal of which is a generator of the cylinder 

^^(a'‘+e^) S/W+c‘)_ o M 
+ 52 

X^ "ip" 

14. The normals to points of a generator meet 

the plane 3=0 at points lying on a straight line, and for different 
generators of the same system this line toudies a fixed conic. 
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15. Prove that the generators of ax- + 63/^ + cz ^ = 1 through (.rj , ?y. , z ) 
(’^2> y2> ^2) planes * ^ ’ 

(a:CiX2 + 6yi 3/0 + ^hh “ - 1) 

= 2 {axxi + hy^i + czz^ - l){axx2 + hyy^ + ~ ^ )• 


16. The generators through points on the j^rincipal elliptic section 
of eccentric angle of the one is double the 

eccentric angle of the other, intersect on the curves given by 




?y = 


1 + ^- ’ 


i C^. 


17. The planes of triangles which have a fixed centre of gravity 
and have their vertices on three given straight lines which are parallel 
to the same plane, touch a cone of the second degree, and their sides 
are generators of three paraboloids. 


18. The cubic curve 

1 1 1 
"^“A-cc’ *“A^ 

meets the conicoid ax--\-hy^-{-cz- — \ in six points, and the normals at 
these points are generators of the hyperboloid 

ayz{p-y) + hzx{y ~ a.) 4- cxy (a. - ^8) + x {b - c) +y(c - a) -h z{cl ~ 6) = 0. 


19. Prove that the locus of a point whose distances from two given 
lines are in a constant ratio is a hyperboloid of one sheet, and that 
the projections of the lines on the tangent plane at the point where 
it meets the shortest distance form a harmonic pencil with the 
generators through the point. 


20. The generators through P on the hyperboloid 

meet the plane -^=0 in A and B. If PA : PB is constant, find the 
iOCUS of P. 


21. If the median of the triangle PAB in the last example is 
parallel to the fixed plane cu: + I3y-^yz=0^ shew that P lies on the 


surface 


2 (ou? + / 3 j/) + 7 (6*2 -f ^2) = 0. 


22. If A and B are the extremities of conjugate diameters of the 
principal elliptic section, prove that the median through P of 
the triangle PAB lies on the cone 


2 .r2 ^ 

b- 



23. A and B are the extremities of the axes of the principal elliptic 


section of the hyperboloid 

of the section. G,, Gg are generatoi’s of the same system, Gj passing 
through A and through B. Two hyperboloids are drawn, one 
through T, Gj, 02, the other through T, Gg, 02. Shew that the 
other common generators of these hyperboloids lie on the surface 

y\ ^ y-n 

b) a 
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24. Prove that the shortest distances between the generator 

-=?coS(x. — sinoL, ~ = -sm CX. + COS6L, 
a c be ’ 

and the other generators of the same system, meet the generators in 
points lying in the plane 


£:^(a-2-6-2+O+^^^(-c^-H6-2+0-2)+!(a-2+6-2+0-2)=0. 


25. If the generators through P, a point on the hyperboloid 


whose centre is O, meet the plane 2:=0 in A and B, and the volume of 
the tetrahedron OAPB is constant and equal to a6c/6, P lies on one 
of the planes 0 — ± 0 . 



CHAPTER X. 

CONFOCAL CONICOIDS. 


115. Confocal conicoids are conieoids whose principal 
sections have the same foci. Thus the equation 

1/2 (A 


03 - 


T 






= 1 


represents, for any value of X, a conicoid confocal with 


since the sections of the conicoids by the planes YOZ, ZOX, 
XOY are confocal conics. Again, if arbitrary values are 
assigned to a in the equation 


b and c being constants, we obtain the equations to a 
system of confocal conicoids. If this form of equation be 
chosen to repre.sent a confocal a is called the primary semi- 
ans. 

The sections of the paraboloids 


9 f) 

4._r__ 

tt2-x'^b“-x 






% 


by the planes YOZ, ZOX, consist of confocal parabolas, and 
hence the paraboloids are confocal. 


116. The three confocals through a point. Through 
any point there pass three conicoids confocal with a given 
ellipsoid,— an ellipsoid, a hyperboloid of one shed, and a 
hyperboloid of two sheets. 
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The equation = l represents any 

conicoid confocal with the ellipsoid = If the 

conioeal passes through (ot-, y), 

Ot.2 . 






= 1 , 


or /(X) s (a^ - X) (6^ - X)(c2 - X) - a.2(l>2 _ X)(c2 _ \) 

-/32(c2-X)(a2 _X)-y 2(a2_x)(h2_x)=,0. 

This cubic equation in X gives the parameters of three 
confocals which pass through (a, j 3 , y). Suppose that 
a > & > c. When 

X = 00 , a^, b^, c^, — 00 , 

/(X) is +, +. 

Hence the equation /(X) = 0 has three real roots X^, Xj, X3 
such that a® > Xi > h-* > X2 > > Xg . 

Therefore the confocal is a hyperboloid of two sheets, a 
hyperboloid of one sheet, or an ellipsoid, according as 
X — Xpj X2 ) or X3. 

As X tends to the confocal ellipsoid tends to coincide 
with that part of the plane XCY enclosed within the ellipse 

qj'i 

2;=0, 2 + 12 — confocal hyperboloid of 

one sheet tends to coincide with that part of the plane 
which lies without the ellipse. As X tends to the con- 
focal hyperboloid of one sheet tends to coincide with that 
part of the plane ZOX which lies between the two branches 

of the hyperbola y = ^ g g + - 2^ - p = 1 i and the confocal 

hyperboloid of two sheets tends to coincide with the two 
portions of the plane which are enclosed by the two branches 
of the hyperbola. If X = the confocal is imaginary. The 
above ellipse and hyperbola are called the focal conics. 

Ex. 1. Three paraboloids confocal with a given paraboloid pass 
through a given point, — two elliptic and one hyperbolic. 
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Ez. 2. Prove that the equation to the confocai through the point 
of the focal ellipse whose eccentric angle is a. is 


JL 


(a^ - b-) cosV (a2 - b-} sin-oL"^ sin-cc - h'^coB^a. 

Ex. 3. Prove that the equation to the confocai which has a system 
of circular sections parallel to the plane is 

^ ^ 1 

(c^-a2)(a2- 6*^) (6*'^ - - h-) 2 (6^ - (c^ -> d ^) " 2c2 - a'-i - 6'^- 


-=L 


117. Elliptic coordinates. Since \ are the roots 

of the equation f{X) = 0 , 

/(X)^-(X-Xi)(X-X,)(X--A3). 

Therefore 

, m 

^ a^-X 6-~-X c^-X (a^ — X){h^ — X)(c^—X) 

_ -(X~Xi)(X>^X,)(X-X 3 ) 

" (a2-X)(6— X)(c‘^-X) * 

Hence, by the rule for partial fractions, 

. _ (c- - Xt)(c- - Xo)(c^ - X3) 

These express the coordinates a, / 3 , y of a point P, in 
terms of the parameters of the confocals of a given conicoid 
that pass through P ; and if the parameters are given, and 
the octant in which P lies is known, the position of P is 
uniquely determined. Hence X^, Xo, X3 are called the 
elliptic coordinates of P with reference to the fundamental 
conicoid x-/a- + y“lb^ + ^“/ 6-^ = 1 . 

Ex. 1. K aj, ^ 2 , are the primary semi-axes of the confocals to 
— \ which pass through a point (a, /5, y), 

2__^2V_ 

“(62-a2)(c2-a2)’ 

(6- - a^+o.^W - a2+a,2)(&2 - a^+a/) 
(c2-i2)(<r2-J2) ’ 

~ + <ti-) (c^ - (c^ - + g/) 

• (ce2-c2)(62_c2) 



§§117-119] PEOPEETIES OP CONFOCALS 17^ 

Ex. 2. What loci are represented by the equations in ellintic 

coordinates, ^ ^ , 

(i) Ai + Aa + As - constant, 

(ii) A 2 A 3 4* A 3 A .1 + Aj As = constant, 

(iii) Ai A 2 A 3 = con Stan t ? 

Ex. 3. If Ai, Ag, As are the parameters of the paraboloids con- 
focal to ^+^ = 20 which pass through the point (a, /?, y), prove that 


a 


, (a - Xi){a - “ K) ^i)(^ - ^2)(^ As) 

Aj + A2 "h A3 — c? — 5 

y:^ _ . 


118. Oonfocals cut at rig'ht angles. The tangent planes 
to tivo confocals at any common point are at rigid angles. 
Let (iTi, 2/1, 2^1) be a point common to the confocals to 




= whose parameters are \ and A2 


C“ 


Then 


■"b 7,0 


Vi 








Therefore, subtracting, 



and this is the condition that the tangent planes at 
(^v Vv ^1) confocals should be at right angles. 


Cot. The tangent planes at a point to the three con- 
focals which pass through it are mutually perpendicular. 


119. Oonfocal touching given plane. One conicoicl con- 
focal roitli a given conicoicl touches a given plane. 

For the condition that the plane Ix-^^my^nz^p should 
touch the conicoid 

viz., p"^ — (a^ — A) + ( 6 ^'‘ — A)m^ -f {c^ — A)n^ 
determines one value of A. 
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Ex 1 A given plane and the parallel tangent plane to a conicoid 
arfat distances p and from the centre. Erove that the parameter 
of the confocal conicoid which touches the plane is p^ p . 

V-r 2 Prove that the perpendiculars from the origin to the tangent 
planes to the ellipsoid whU touch .it along its curve of intersection 
?vith the confocal whose parameter is X lie on the cone 

O O /.2e,2 






=0. 


120. Confocals toucMng given line. Tioo^ conicoids 
confocal loith a given conicoid tonch a given line and the 
tangent planes at the points of contact are at right angles. 

x-OL 1 

The condition that the line — 

touch the conicoid 


VIZ., 




al . 


or 


-\'^h^-X'^c--X 


ir 


* 1 




Y ^ 


+ 1 


-+- 


= (- 

\rt-- 


+ 


or, 


-X 'W-X 
(iSp — yw)^ 


h"--X‘ c‘‘ 

+-'^Y 


rO 




il t/ I 

x)(c- - Xj "" a- -X^¥-X 

gives two values of X. 

Let the equations to the two confocals be 


n^ 


:x’ 




c^-x^ 


+ : 


-+i 




-+:p^=1> 


■(1) 

..( 2 ) 


a’-Xa"^ b- - X^'(^ - X^, 
and let the line touch the first at P, (* 1 , y^, z{) and the 
second at Q, (x„, y., z.y Then, since PQ lies in the tangent 
planes to the confocals at P and Q, 


r2_)i ^h^—\,c-—X-, a^—X., b^ — X 


c6^-~Xj h"—\i \i 

Therefore, subtracting. 


oc,x„ ViVi ■ gA_ -i 

"T tTo ^ I ^9 ^ * 






ViVz 




^ = 0, 


f iiUJ'i : — r = 

(a2-Xj(a^-X7)^(h2 - X^) (6^ - X^)^ (c’^ - Xi)(c'^ - X^) 
which is the condition that the tangent planes should be at 
right angles. 
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121. Parameters of confocals through a point on a 
conicoid. If P is a point on a central conicoid, the 
'parameters of the two confocals of the conicoid which 
pass through P are equal to the squares of the semi-axes 
of the central section of the conicoid which is p>arallel to 
the tangent plane at P, and the normals to the confocals 
at P are ‘parallel to the axes. 

Let P, (£Ci , Vi , 2 i) lie on the conicoid ^72 + 12 + ^ = 1 - Then 

the parameters of the confocals through P are given by tlie 
equation 






. 2 

^+ 


62 + 


or, 


"C + T 


Vl 




r = 0. 


a\d^ -xyi\v- xyc\c^ -xy 

But the squares of the semi-axes of the section of the 


XX 

conicoid by the plane + 


= 0 are given by, (§ 86), 


Vi 


N + : 


: = 0. 


Therefore the values of X are the values of r-. Again, 
the direction-cosines of the semi -axis of length r are 
given by i ^ ^ 

~ i/i ~ ^1 ' 

— r^ — r^ 

and therefore the axis is parallel to the normal at zf) 

to the eonfocal whose parameter is equal to 


122. Locus of poles of plane with respect to confocals. 

The locus of the poles of a given plane with respect to the 
conicoids eonfocal with a given conicoid is the normal 
to the plane at the point of contact with that eonfocal 
which touches it 

Let a eonfocal be represented by 
and the given plane by lx + my + = 1. 
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Then, if (^, is the pole of the plane witli respect tc 
the confocal, 

aJ-X ¥-X c^-X 

Whence i — a- =” — &-=- — c^. 

I m n. 

Therefore the locus of (^, ?/, is a straight line at right 
angles to the given plane. Again, the pole of the plane 
with respect to that confocal which touches it is the point 
of contact. Hence the point of contact is on the locus, 
which is therefore the normal to the plane at the point of 
contact. 


123. Normals to the three confocals through a point. 

Three conicoids confocal with a given conicoid 


P 



pass through a given point P, and PQ, PR, PS, the normals 
at P to the confocals, meet the polar plane of P with reject 
to the given conicoid in Q, R, S. To prove that 

PQ = Xi/pi, PR = X2/P2> 

where p^, p^, p^ are the perpendiculars from the centre to 
the tangent planes at P to the confocals, and Xp Ag* ^3 
the parameters of the confocals. 
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If the coordinates of P, (fig. 47), are (a, 6, y), the equations 
x—oL _ y — /3 z—y 
p,a. ~ pyfi ~ p^y 


to PQ are 


( = r). 






Hence, if PQ = r, the coordinates of Q are 

But Q is on the polar plane of P, and therefore 

^Yi I Vi-^-Yi I "i I ^7i I- Vi 

^2 


a-" 


■+ 2 




Rearranging, this becomes 

(^r \)l I I y' l 0 

Therefore r = X^/pi . Similarly, P R = Xg/pg ps = X3/P3, 

124. The tetrahedron PQRS is self-polar with respect to 
the given conicoid. 

Substituting X^ for p^r, the coordinates of Q become 


a-a 




(?y 


“ 2 — n — T'’ "2 — T“' Whence the polar plane of Q with 

respect to the conicoid 

x^/a^ + = 1 


is given by 


005 fiy ys 
‘'r/.2 X I 


= 1, 


a^-Xi 62 ~-X. ' c^-Xi^ 
and therefore is the tangent plane at P to the confocal 
whose parameter is X^j^, or is the plane PRS. Similarly, the 
polar planes of R and S are the planes PQS, PQR, and, by 
hypothesis, the polar plane of P is the plane QRS. 


125. Axes of enveloping cone. The normals to the 
three confocals throngh P are the axes of the enveloping 
cone whose vertex is P. 

Since the tetrahedron PQRS is self-polar with respect to 
the conicoid, the triangle QRS is self-polar v/ith respect 
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to the common section of the conicoid and enveloping cone 
by the plane QRS. Therefore, (§78), PQ, PR, PS are 
conjugate diameters of the cone, and being mutually per- 
pendicular, are the principal axes. 

126. Equation to enveloping cone. To find the equa- 
tion to the enveloping cone whose vertex is P referred to 
its principal axes. 

The equation will be of the form Ax- + By--{-Cz- = 0. 
Since the tangent planes at P to the confocals are the 
coordinate planes, C, the centre of the given conicoid, is 
-P^), and the equations to PC are 
xlPi=ylVi=^lVv 

But the centre of the section of the cone or conicoid by the plane 
QRS lies on PC, and therefore its coordinates are of the form 
hPv hh> ^Ps> equation to the plane QRS is, (§ 7l), 

{x - ]qh)Ap^ + (2/ - 'kpf)Bpz +{z- hpa) == 0- 

By §123, the plane QRS makes intercepts \Jp^, 

Xg/ps on the axes, and therefore its equation is also 


P£,M.+M 

Xj Xg Xg 


Therefore 


and the equation to the cone is 

t + t + t==Q. 

Xj Xg^Xg 

127. Equation to conicoid. To find the equation to the 
qiven conicoid referred to the normcds to the confocals 
through P as coordinate axes. 

The equation will be of the form 

^+|!+f=i(M+M+«-iY. a) 

A2 A3 \ A2 Ag / 

The centre C (-Pi, -Pg. -Ps) bisects all chords through 
it. The equations to the chord parallel to OX are 

^+Pi-y±fh-t±Ps C = ri 
"IT"" 0 ” 0 ^ 
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and hence the equation obtained by substituting r— pp 

V’ 






’ Pii'f-Pt) P,^ 


Ai 




takes the form Lr^d- M = 0. Therefore 
and the equation to the conicoid is 


Ex. 1 . If ^ and /x are the parameters of the confocal hyperboloids 
through a point P on the ellipsoid 

+ ^ 2 /^ 2 = 1 ^ 

prove that the perpendicular from the centre to the tangent plane 

at P to the ellipsoid is Prove also that the perpendiculars to 

N X.^ 

the tangent planes to the hyperboloids are 


4 


> 2 -A)( 62 -A)(c 2 -A) 


A(X-/U,) 


4 ^ 


fW-fW-ii) 




Ex. 2 . If Xq, A2, X3 are the parameters of the three confocals to 

that pass through P, prove that the perpendiculars from the centre to 
the tangent plane at P are 



Ex. 3 . If ^3^1, ^1, Cq ; GCg, C2I are the axes of the 

confocals to " a ,.2 -2 

^2 +^2 + ^2 i 

which pass through a point (^, y, z\ and Pi^ P2^ Pz the perpen- 
diculars from the centre to the tangent planes to the confocals at the 
point, prove that 

Wq M2 “3 

P\ I Vi , Vi 1 

— OL^ — - ol^ {a^ — ol^) (m2^ ~ iP'Z ” * 


Ex. 4 . If Mq, 2>i, Cq ; ^2, Cg ; M3, ^>3, C3 are the axes of the 
confocals to a given conicoid through P, show that the equations, 
referred to the normals at P to the confocals, of the cones with P 
as vertex and the focal conics as bases, are 

.?'2 7/2 ^2 
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Ex. 5. Prove that the direction-cosines of the four common 
generators of the cones satisfy the equations 


(The intercepts on these generators by the ellipsoid are called the 
hifocal chords of the ellipsoid through the point P.) 


Ex. 8. Prove that the bifocal chords of the ellipsoid 

a2+52 + c2-J- 


through a point P on the surface lie on a right circular cone whose 

axis is the normal at P and who sesemi -vertical angle is cos~ 1-_JL= 
where Aj, Ao are the parameters of the confocals through P. 

Ex. 7. If the plane through the centre parallel to the tangent 
plane at P meets one of the bifocal chords through P in F then 
PF = a. ’ 


Ex. 8. P is any point on the curve of intersection of an ellipsoid 
and a given confocal and r is the length of the central radius of the 
ellipsoid which is parallel to the tangent to the curve at P. If p 
the perpendicular from the centre to the tangent plane to the ellipsoid 
at P, prove that pr is constant. 


CORRESPONDING POINTS. 


128. Two points, P, (x, y, s) and Q, (^. ,,, f), situated 
respectively on the conicoids 

v2 




are said to correspond when 

a~' (X 

If P and Q are any 'points on an ellipsoid and P' and 
Q' are the corresponding points on a confocal ellipsoid, 

PQ'=P'Q. 

Let P and Q, {x, y, z\ (^, tj, f) lie on the ellipsoid 
3/2 . 2 ^ 

and let P' and Q", (a?', y\ (^, r{, be the corresponding 
points on the confocal 
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X X 


f 


Therefore 


cc— 



and hence 

PQ'2-P'q2 = A 


a;" r 










which proves the proposition. 

Ex, 1. If P is a point on an ellipsoid and P' is tbe corresponding 
point* on a confocal whose parameter is A, OP^-OP'2=A, where O is 
the centre. 

Ex. 2. OP, OQ, OR are conjugate diameters of an ellipsoid, and 
P', Q', R' are the points of a concentric sphere corresponding to 
P, Q, R. Prove that OP', OQ', OR' are mutually perpendicular. 

Ex. 3. If P^ the corresponding points on a coaxal 

ellipsoid, OP", OQ", OR" are conjugate diameters. 

Ex. 4. An urabilic on an ellipsoid corresponds to an umbilic on 
any confocal ellipsoid. 

Ex. 5. P and Q are any points on a generator of a hyperboloid 
and P' and Q' are the corresponding points on a second hyperboloid. 
Prove that P' and Q' lie on a generator, and that PQ = P'Q'. 


THE FOCI OF COHICOIDS. 

*129. ^(I) The locus of a point such that the square on 
Us distance from a given point is in a constant ratio 
to the rectangle contained by its distances from hvo fixed 
planes is a conicoid. 

The equation to the locus is of the form 
{x~CLf + {y - 

— k^{lx + my + nz +p)(rx + ni'y + n'z-\-p'), 
which represents a conicoid. 

^(II) The locus of a point whose distance from a fixed 
point is in a constant ratio to its distance, measured 
parallel to a given plane, from a given line, is a conicoid. 


iThat a conicoid could be generated by the method (I) was first 
pointed out by Salmon. The method (II) is due to MacCullagh. 
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Choose rectangular axes so that the given plane is the 
a:T/-plane and the point of intersection of the given line 
and given plane is the origin. Let the fixed point be 

CC 0 

(a, y) and the fixed line have equations j=~=-- The 
plane through H, r,, parallel to the meets the 

given line in the point ^). and therefore the 

distance of (f, )?, from the line measured parallel to 
the given plane is given by 

Hence the equation to the locus is 
■which represents a conicoid. 

In (I) the equation to the locus is of the form X^~uv = Q 
and in (II) of the form = where 

^ = (x-cLf+(y- yf, 
and u = (), v = 0 represent planes. In either case, if S = 0 
is the equation to the locus, the equaLon S — A^ = 0 re- 
presents a pair of planes. In (I) the planes are real, in 
(II) they are imaginary, but the line of intersection, u = 0, 
v = 0, is real in both cases. These suggest the following 
definition of the foci and directrices of a conicoid : 

// S = 0 is the equation to a conicoid and A, a, y can 
be found so that the equation S-A^ = 0 represents two 
planes, real or imaginary, (a., /3, y) is a focus, and the 
line of intersection of the planes is the corresponding 
directrix. 

If the planes are real we shall call (a, j8, y) a focus of 
the first species, if they are imaginary, a focus of the 
second species. 

Lemma. If the equation F(.v, y, z)=0 represents a pair of planes, 
the equations ^=0, ^ = reps-esmt three planes passing 

through their line of ^'nterseciioii. 
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If F(,r, y, = where u = ax + by +cz+d and v^afx+b'y+c'z+d', 

, ' 3F , - 9F 1 3F , , 

then ^=a»+aM, ^ = ov+6k, ,gj=c 2 )-|-ca, 

whence the proposition is evident. 

♦ 130. Foci of ellipsoid and paraboloids. To find the 
foci of the ellipsoid 

0^2 ^2 

= (a>6>c). 

The equation 

is to represent a pair of planes, and hence, by our lemma, 
the equations 

4-X(a;-a) = 0, p-X(i/ -/3) = 0, |-X(z-y) = 0 

represent three planes through the line of intersection. 
The three planes pass through one line if 

(i)X = i, a=0; or (ii)X = p, /3 = 0; or (iii)X=i, y=0. 


The line is, 


(i) y= 


a^-¥’ 


or(ii)5= 

..... “-C6^a 

or (111)33 = 323^, ?/ = 


-^~y 

¥-c^’ 


x = 


a-a 


But the line is the line of intersection of the planes given 
by equation (1), and therefore the coordinates of any point 
on the line satisfy equation (1). Therefore, substituting 
from the equations to the line in equation (1), we obtain 

(i) - ^ " 70 — ^ — 9 = lj and in this case, a = 0; 



(“) r-o- 
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Hence, (i) there is an infinite number of imaginary foci 
in the i/ 2 ;-plane lying on the imaginary ellipse 


x==0, 




and the corresponding directrices are imaginary. 

(ii) There is an infinite number of real foci in the ;sa;-plane 
lying on the hyperbola 

^2 ^2 

y = ■“ 52Z72 = 1 ^ (^he focal hyperbola), 


and the corresponding directrices are real. 


(iii) There is an infinite number of real foci in the ccy-plane 
lying on the ellipse 

9 2 

^ ~ ® ~ 1 ellipse), 


and the corresponding directrices are real 

The directrix corresponding to a point (a, 0, y) on the 
focal hyperbola has equations 

_ a-a _ — c^y 

and therefore, since — rr, — t t — 0 = 1, 

the directrices corresponding to points on the focal hyper- 
bola lie on the hyperbolic cylinder 

. — 1, 


Similarly, the directrices corresponding to foci which lie 
on the focal ellipse lie on the elliptic cylinder 

x^a^-^G^) 3/^(6^ — c^) 

;;4 — + — — =1- 



FOCI OF ELLIPSOID 


I9i 


If (cc, 0, y) is a point on the focal hyperbola, 


■ 


a^oL 








where the equations to the directrix corresponding to 
(oc, 0, y) are x — But the equations to the planes 

through the line ir==f, ^==^> parallel to the real circular 
sections, are 




-(^-0=0. 


Therefore any point on the focal hyperbola is a focus of 
the first species, and the ellipsoid is the locus of a point the 
square on whose distance from a focus of the first species 
is proportional to the rectangle under its distances from 
the two planes through the corresponding directrix parallel 
to the real circular sections. 

If (a, 0) is a point on the focal ellipse, 

S - S ^2+ p + J - 1 - ^{(a! - + (2/ - iS)H 0^}, 

_ <^lrJcU -^Y+£!z^Y./ — 

a^c^- V c^-aV ^ 6V \y 

' 1 

r .qttq o 


— — 7)^ 




where the equations to the directrix corresponding to 
(oL, /3, 0) are 2 / = ?/. Now the equation to a plane 

through P, (x'y y\ z') parallel to a real circular section is 




n 
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and hence this plane meets the directrix x — y = in the 
point P', whose coordinates are 








The distance PP' is the distance o£ P from the directrix, 
measured parallel to the plane. It is given by 


or 




be 


JW- 


■c* 







Hence any point on the focal ellipse is a focus of the 
second species, and the ellipsoid is the locus of a point 
whose distance from a focus of the second species is pro- 
portional to its distance, measured parallel to a real circular 
section, from the corresponding directrix. 

By the same methods, we find that the points on the 
parabolas 

^ = (ii)2/ = 0, g~- = -22;-l-6 

^2 'IJ^ 

are foci of the paraboloid — Y^ = 2z. These parabolas are 

CL 0 

called the focal parabolas. The corresponding directrices 
generate the cylinders 

(i) ^^2/^ = 2s + a, (ii) = 2s + 6. 


If (0, y) is any point on the focal parabola in the 
i/s-plane, 

a-hf b/3 Y 1, , 

=i^{y+^b) -a(^-y+^y- 

If (a, 0, y) is any point on the focal parabola in the 
ecc“plane, 
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b — a 
ah 




Whence the species of the foci can be determined if the 
signs and relative magnitudes of a and h are given. 

Cor, All confocal conicoids have the same focal conics. 


Ex. 1. Prove that the product of the eccentricities of the focal 
conies is unity. 

Ex. 2. Find the equations to the focal conics of the hyperboloid 
Ans. .r = 0, \ y— ^ = 0, 2.r“ + 3/“— 12. 

Ex. 3. If P is a point on a focal conic, the corresponding directiix 
intersects the normal at P to the conic. 

Ex. 4. If P is a point on a focal conic the section of the conicoid 
by the plane through P at right angles to the tangent at P to the 
conic has a focus at P. 

Ex. 5. If P is any point on the directrix of a conicoid which 
corresponds to a focus S, the polar plane of P passes through S and 
is at right angles to SP. 

Ex. 6. The polar plane of any point A cuts the directrix corre- 
sponding to a focus S at the point P. Prove that AS is at right 
angles to SP. 

Ex. 7. If the normal and tangent plane at any point P of a 
conicoid meet a principal plane in the point N and the line QR, QR is 
the polar of N with respect to the focal conic that lies in the principal 
plane. 

Ex. 8 . Prove that the real foci of a cone lie upon two straight 
lines through the vertex (the focal lines). 

Ex. 9. Prove that the focal lines of a cone are normal to the cyclic 
planes of the reciprocal cone. 

Ex. 10. The enveloping cones with vertex P of a system of con- 
focal conicoids have the same focal lines, and the focal lines are the 
generators of the confocal hyperboloid of one sheet that passes 
through P. 


* Examples VII. 

1. If the enveloping cone of an ellipsoid has three mutually 
perpendicular generators the plane of contact envelopes a confocal. 

2. The locus of the polars of a given line vvith respect to a system 
of confocals is a hyperbolic paraboloid. 

3. Through a straight line in one of the principal planes, tangent 
planes are drawn to a system of confocals. Prove that the points of 
contact lie in a plane and that the normals at these points pass 
through a fixed point in the principal plane. 
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4. Sliew that the locus of the centres of the sections of a system of 
confocals hy a given plane is a straight line. 

5. If PQ is perpendicular to its polar with respect to an ellipsoid 
it is perpendicular to its poiars with respect to all confocal ellipsoids. ’ 

6. Any tangent plane to a cone makes equal angles with the planes 
through the generator of contact and the focal lines. 

7. Through any tangent to a conicoid two planes are drawn to 

touch a confocal. Prove that they are equally inclined to the tangent 
plane to the conicoid that contains the tangent. ° 

8. The locus of the intersection of three mutually perpendicular 
planes each of which touches a confocal is a sphere. 

9. The sum of the angles that any generator of a cone makes with 
the focal lines is constant. 

10. The four planes through two generators OP and OQ of a cone 

and the focal lines touch a right circular cone whose axis is the line 
of intersection of the tangent planes which touch the cone alone- OP 
and OQ. ^ 

11. The planes which bisect the angles between two tangent planes 
to a cone also bisect the angles between the planes containing their 
line of intersection and the focal lines. 

12. A conicoid of revolution is formed by the revolution of an 
ellipse whose foci are S and S'. Prove that the focal lines of the 
enveloping cone whose vertex is P are PS and PS'. 

13. The feet of the normals to a system of confocals which are 
parallel to a fixed line lie on a rectangular hyperbola one of whose 
asymptotes is parallel to the line. 

14. A tangent plane to the ellipsoid intersects 

the two confocals whose parameters are X and /x. Prove that the 
enveloping cones to the confocals along the curves of section have a 
common section which lies on the conicoid 

, yy , 

(a2-A)(a2-/a) (52 - (^.2 _ x)(c>! 

15. The three principal planes intercept on any normal to a confocal 

of the ellipsoid two segments whose ratio is 

constant. Also the normals to the confocals which lie in a given 
plane lx-^7nyi-nz^Q are parallel to the line 

lx __ my _ nz 
<r aP' — b^' 


16. The cone that contains the normals from P to a conicoid 
contains the normals from P to all the confocals, and its equation 
referred to the normals to the confocals through P as coordinate 








y 


z 
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17. Normals are drawn from a point in one of the principal planes 
to a system of confocals. Prove that they lie in the principal plane or 
in a plane at ri^ht angles to it, that the tangent planes at the feet of 
those in the principal plane touch a parabolic cylinder, and that the 
tano’ent planes at the feet of the others pass through a straight line 
lying in the principal plane. 

18. If tangent planes are drawn through a fixed line to a system of 
confocals the normals at the points of contact generate a hyperbolic 
paraboloid. Shew that the paraboloid degenerates into a plane when 
the given line is a normal to one of the surfaces of the system. 

19. From any two fixed points on the same normal to an ellipsoid 
perpendiculars are drawn to their respective polar planes with regard 
to any confocal ellipsoid. Prove that the perpendiculars intersect and 
that the locus of their intersection as the confocal varies is a cubic 
curve whose projection on any principal plane is a rectangular 
hyperbola. 

20. Find the parabola which is the envelope of the normals to the 

^2 ^>2 ^2 

confocals + lie in the plane /.r-f 

and prove that its directrix lies in the plane 

( 6 ^ - - a“)^lm + {a^ - 6 ^) zjn—Q. 

21. If A, p, V are the direction-cosines of the normal to a system of 

parallel tangent planes to a system of confocal conicoids, express the 
coordinates of any point of the locus of their points of contact in 
the form + «=v(;+cV4 

where a, 6, c are the principal axes of a particular confocal of the 
system. Deduce that the locus is a rectangular hyperbola. 

22. If A, fly V are the parameters of the confocals of an ellipsoid, 
axes CL by c, through a point P, the perpendicular from P to its polar 
plane is of length 

kfLv{h'^c^}iv(a^ 

23. Through a given line tangent planes are drawn to two confocals 
and touch them in A, A' ; B, B' respectively. Shew that the lines 
AB, AB' are equally inclined to the normal at A and are coplanar 
with it. 

24. If P and Q are points on two confocals such that the tangent 
planes at P and Q are at right angles, the plane through the centre 
and the line of intersection of the tangent planes bisects PQ. Hence 
shew that if a conicoid touches each of three given confocals at two 
points it has a fixed director sphere. 
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CHAPTER XL 

THE GENERAL EQUATION OF THE SECOND DEGREE. 

131. In Chapter VIL we have found the equations to 
certain loci, (tangent planes, polar planes, etc.) connected 
with the conicoid, when the conicoid is represented by 
an equation referred to conjugate diametral planes as 
coordinate planes. We shall in this chapter first find the 
equations to these loci when the conicoid is represented 
by the general equation of the second degree, and then 
di.scuss the determination of the centre and principal 
planes, and the transformation of the equation when the 
principal planes are taken as coordinate planes. 

132, Constants in equation of second degree. The 

general equation of the second degree may be written 

¥{Xy y, z) = ax^ + + 2fyz + 2gzx + 2hxy 

+ 2ux+2vy + 2wz+d = 0, 
or /(x, y, z) + 2ux + 2vy + 2wz + d = 0. 

It contains nine disposable constants, and therefore a 
conicoid can be found to satisfy nine conditions which each 
involve one relation between the constants ; e.g. a conicoid 
can be found to pass through nine given points no four 
of which are coplanar, or to pass through six given points 
and touch the plane XOY at the origin, or to pass through 
three given non-intersecting lines. 

Ex. 1. A conicoid is to pass through a given conic. How many 
disposable constants will its equation contain? Is the number the 
same when the conicoid is to pass through a given circle ? 
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Ex. 2. The equation to a conicoid through the conic ^=0, is 
(ji + z(ax+b^-jrC2-\-d) = 0i 
where ctj c, d are disposable constants. 

Ex. 3. The equation to a conicoid that touches the plane ^=0 at 
an umbiiic at the origin and touches the plane l,v-{-mi/ + 7iz===p is 

z {lx + wy -f nz -p) 4- ( + ixzy- + ( 4- vzf - 0, 
where A, /a, v are disposable constants. 

Ex. A Find the equation to the conicoid which passes through 
the circle 0 = 0 , and the points {h, 0 , c\ ( 0 , 6 , c), and 

has the ^-axis as a generator. 

Ans. c(a*2+/ - 2ot.r) - hyz 4 - {%a - 6 ) 0 .r =0. 


133. Points of intersection of line and conicoid. The 

equations to the straight line through A, (a, /3, y), whose 
direction-ratios are Z, m, n, are 

x-0L ^ y-l3 ^z-y^ 

I on n 

and the point on this line whose distance from A is r has 
coordinates oi+lr, /3 + mr, y + nr. It lies on the conicoid 

2/; = 

if F(a-1-Zr, /3-(-mn y + w)=0; 

that is, if 

F(a, ^0 = 0 

Hence the straight line meets the conicoid in two points 
p and Q, and the measures of AP and AQ are the roots of 
the equation (2). 

If 


(i) F(a, 13 , y) = 0, (ii) + mg + g = 0. 


da . ' ' di3^ dy 
(iii) f(l, m, n) = 0, 

equation (2) is satisfied by all values of r, or every point 
on the line lies on the conicoid. The conditions (ii) and (iii) 
give two sets of values for Z : m : and therefore through 
any point on a conicoid two straight lines can be drawn to 
lie wholly on the conicoid. They are parallel to the lines 
in which the plane 

3F , 3F , 3F _ 
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cuts the cone f(x, y, z) = 0, (cf. § 60). They may he real, 
imaginary, or coincident, as in the cases of the hyperboloid 
of one sheet, the ellipsoid, and the cone, respectively. 


134. The tangent plane. If F(a., /3, y) = 0, A is on the 
conicoid, and one root of equation (2) is zero. A coincides 
with P or with Q. If also 


, S'" . 


.(3) 


both roots of equation (2) are zero, and P and Q coincide 
at A, which lies on the conicoid. The line is therefore a 
tane*ent line to the surface at A. If we eliminate Z, m, n 
between the equations to the line and equation (3), we 
obtain the equation to the locus of the tangent lines drawn 
through A ill all possible directions. The equation is 


and hence the locus is a plane, the tangent plane at A. 
above equation may be written 


cF OF df OF , .BF , BF 




The 


( 4 ) 


If, now, f(x, y, s) be made homogeneou.s by the introduc- 
tion of an auxiliary variable t, ivhich is equated to unity 
after differentiation, equation (4) is equivalent to 


-2a. 


3F , 2F , 2F , PF 3F qQF 

= 2F(a, j3, y, t), (Euler’s Theorem), 

= 0. 


Ex. 1. Find die equations to the tangent planes at (x', y’, «') on 
(i) xy — cz^ (ii) x^-\r^yz—a^> 

Ans. (i) xjx'+yly'-zlz'^l, (ii) xx' A-yz' ■^rzy'=a\ 

Ex. 2. The bisectors of the angles between the lines in which any 
tangent plane to z^=4iXy meets the planes .3; = 0, y— 0, lie in the planes 
^+yH-2=0, 0. 
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Ex. 3. Find the equation to the tangent plane at (1, 2, 3) on the 

hyperboloid 

^2 ^ 8^2 4- ~ 9^,2 + 1 to - 1 Qxy - 6.r - ?y + 4^ - 2 ~ 0, 
and the equations to the two generators through the point. 

Ans, (i) ^-2y4-2==0; (ii) the equation (i) and 4.27-33^ + 2 = 0, 

3.y-23'+l=0. 

Ex. 4. Find the condition that the plane lx + my + nz +y? =0 should 
touch the conicoid P{x. ?y, z)~0 
If the point of contact is (ol, /5, y), then 

^f 

.37|~+y^+2g;^ + i^-^=0, and lx-hmy~hnz-hp=:0 


represent the same plane. Therefore 
0F dF dF dF 


Hence 


And 


22-=M=2i=2£=_2a 

I m n p ’ 


say. 


0?o(. + 4/?+p^y +24+ ^A. = 0, 

hcL-\-h/3 + /y+ r+wX=0, 

p^(x.+//3+ cy + 247+ nk~0, 
U(x+vfSAwy-hd+ pX — 0. 
Za + wz^ + ?2y+p = 0, 


since the point of contact must lie in the given plane. Therefore 
eliminating a, 13, y, A, we obtain the required condition, viz. : 


a, h, tt, I =0. 

h, h, f, V, m 

g, /, c, w, n 

u, V, w, p 

I, m, Wj p, 0 


Ex, 5. 
Ex. 6. 

where 


i*rove that lx-\‘my-\‘nz=p touches xy^cz if clm-\’np=^0. 
Prove that lx'\-my-\-nz=p touches f{x^ y,z) — \ if 
N? + Bm^ + Cn^ + 2Fmn + ^Gnl + 2Hlm = ^D, 

BD 


D- 


a, h, g 

h, h,j 
A 0 




Ex. 7. If the axes are rectangular, prove that the locus 
the feet of the perpendiculars from the origin to tangent planes 
f{x,y,z)=l is 

+ By^ + Cz ^ + 2 fyz + 2 Gzx + 2 H = D (. 2;^ + + 5 


Ex. 8. Prove that the locus of the point of intersection of thr 
mutually perpendicular tangent planes to y, z)^l is the sphere 

D(^2+2/2+^2)=.A + B + C. (Cf. §68, 
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Ex. 9. Prove that the plane 2^-22=! is a tangent plane to the 
surface ^2 ^ -^2 ^ + Sza- -U'T/ + ox-Uij->r\Qz+Q=0. 

Prove also that the lines of intersection of the given plane and the 
planes 2a;+3-0, 2.c-2i: + l = 0 lie on the surface. 

Ex. 10. If two conicoids have a common generator, they touch 
at two points of the generator. 

If the generator is taken as .r-axis, the equations to the conicoids are 
bj/- H- ez- -1- 2/j/z + + 2w2 == 0, 
by- -f c'z- -f 2/yz -f 2ff'zx + + 2vy-h 2w's = 0. 

The tangent planes at (a, 0, 0) are 

y (Aa + v) + z(^(x. + ?r) ^0, y (h!cL + v') -\-z{g'cL + vf) = 0. 

They are coincident if 

JlCL + V _ gcL-^w 
h'cL^-v' g'cL-^v) 

This equation gives two values of cl. 

Ex. 11. If two conicoids touch at three points of a common 
generator, they touch at all points of the generator, and the generator 
has the same central point and parameter of distribution for both 
surfaces. 

Ex. 12. Tangent planes parallel to the given plane 
our +^^ + 7^=0 

are drawn to conicoids that pass through the lines .^=0, r=0, 

x—c. Shew that the points of contact lie on the paraboloid 

X (ax + I3y + yz)-c (ax + J3y). 

Ex. 13. If a conicoid passes through the origin, and the tangent 
plane at the origin is taken as 2 = 0, the equation to the surface is 

ax- + + cz^ + 2/yz -f- 2gzx + 2/ixy -f 2u'z — 0. 

Ex. 14. If a set of rectangular axes through a fixed point O of a 
conicoid meet the conicoid in P, Q, R, the plane PQR meets the 
normal at O in a fixed point. 

Ex. 15. If 'Ur^ctfX+bry-hCrZ-hdr, r = l, 2, 3, 
prove that the tangent planes at (x'j y\ s') to the conicoids 
(i) q- K^u/‘ + = 1 , 

(i i) = 2 A3W3 

are given by ^1) d" I > 

(ii) Ajtqw/ -b X2U2U2 — X/n^ + W3'), 
where q- br/ q- c^.s' q- dr> 

Ex. 16. Prove that 

q* q^ 2 X ^-^2 ”1“ ^3^2^ = 0 

represents a conicoid touching the planes tq = 0, tLo=0 at their points 
of intersection with the line rj™0 = r2- 
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135. The polar plane. If any secant through A meets 
the conicoid in P and Q and if R is the harmonic conjugate 
of A with respect to P and Q, the locns of R is the 
polar of A. 

If A is (a., /3, y) and the equations to the secant are 

x — (x _ y — ^ _ z — y 
I m n * 


then 7\, 7*2, the measures of AP and AQ, are the roots of 
the equation 

"0F\ 

r%l, m, /8, y)=0. 


Hence if R is (^, ri, 0 and the measure of AR is p, 


2rjr2 

r^+rj 


2F(a., /3, y) 

,3F , 3F , 3F’ 


and $-CL = lp, r,~^ = mp, ^-y = np. 

Therefore 


(f-<x)g+(»-ffl|+«-Y)|r- -2F(a, ft V). 


and the equation to the locus of (^, ^), the polar plane, 

becomes 


0F , 0F . 3F , ;df 


cit 


SF , „3F , 3F , ,3F . ,, 

y’ 

= 2F(0(., /3, y, t)-2F{(x., 13, y, t), 

= 0 . 


Ex. 1. Find the equations to the polai' of 


x~cL _ y- fi _z 


with respect to the conicoid F(^, 0 ) = O, (Cf. § 70.) 

3F 


I 


, 3F^ 0F , 0F , 0F _ ,0F^ 0F^ 0F . 


3a 

Ex. 2. Prove that the lines 
x-cL _ y — j3 _s-y 
I m n ^ 


'-CL 

I' ~ m' ^ n' 
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are 


polar with respect to the conicoid F(.r, y, 2 ) = 0 if 
/oF aF_ 


Coi 


at 


,,3F^ ,0F , ,BF 


, or , O-r ^ 

da, op Oy 


and 


I 7^j'\r7yi ^ — {-n ^‘- 

06 dm 07i 


=0, 

= 0 . 


Ex. 3. Any set of ■ ' ■ through a fixed point O meets 

a gi^’G^i conicoid in si? ' ' ' that the sum of the squares of 

the ratios of the distances of the points from the polar plane of O to 
their distances froru O is constant. 

(Take O as origin, and use § 54, Ex. 9.) 


Ex. 4. Prove that 

A 'h "I 

represents a conicoid with respect to which the tetrahedron whose 
faces are 26 j= 0 , ?72=0, u^ — Q^ ?q — 0 is self -con jugate. 

Ex. 5. Eind the equation to the conicoid with respect to which 
the tetrahedron formed by the coordinate planes and the plane 


^•+1+^=1 

a 0 c 


is self-conjugate, and wliicli passes through the points {-a, 0, 0), 
(0,-6, 0), (0,0, -c). 


Ans. 


Ex. 6. All conicoids which touch a given cone at its points of 
section by a given plane have a common self-conjugate tetrahedron. 


136. The enveloping* cone. The equations 
x — CL _ y — l3 _ g — y 
I ~ m n 

represent a tangent if equation (2) of § 133 has equal roots. 
The condition for equal roots is 

■ 

Therefore the equation to the locus of the tangents 
drawn from a given point (a, y) is 
4F(a, /3, y)f(x-OL, 2/-/3, e-y) 

But F((X-f-a;-a, /3+2/-/3, y+z—y) 

=f{x-CL, y-^,z-y) 
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Therefore the equation to the locus becomes 
4F(a, /3, y)F(x, y, z) 

A y)]\ 

/ df , 3F , 0F , ,0fV 

Ex. 1. If a cone envelope a sphere, the section of the cone by any 
tangent plane to the sphere is a conic Avhich has a focus at the point 
of contact. 

Ex. 2. The tangent plane to a conicoid at an umbilic meets any 
enveloping cone in a conic of which the umbilic is a focus. 

Ex. 3. Find the locus of a luminous point which moves so that 
the sphere -^az^O 

casts a parabolic shadow on the plane 2 = 0. 

Ans. z = 2a. 


137. The enveloping cylinder. From the condition for 
equal roots used in the last paragraph we see that (oc, ^8, y), 
any point on a tangent drawn parallel to the fixed line 
X y _z 

I m 7 o' 

lies on the cylinder given by 
4F(a:, y, z)f(l, m, = 

Ex. A cylinder whose generators make an angle a with the 2 -axis 
envelopes the sphere x^-\-y‘^+z^ = '^az. Pi’ove that the eccentricity of 
its section by the plane 2=0 is sin a. 


138. The locus of the chords which are bisected at 
a given point. If (a, /3, y), the given point, is the mid- 
point of the chord whose equations are 
x--OL _y~-/3 0 — y 
I m n ' 

the equation 

F{a, y)+r(l^+m'^+n^+r'^f{l, m, 7i)=0 
takes the form = k^, and therefore 


,3F , SF , 3F » 


( 1 ) 
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Hence all chords which are bisected at (a, /3, y) lie in 
the plane given by 

(^_ 0 C)- + (I/-, ^ + (z-y)- = 0. 

The section of the conicoid by this plane is a conic of 
which {cl, /3, y) is the centre. 

Ex. Find the locus of centres of sections of 
a^z+hzx-{^cx^ + a6c =0 
which touch + *^^7“ = h 

xi ns. a-X hz + cyf + cx -f azf + yX^y + ^ {^V^ + 


139, The diametral plane. Equation (1) of § 138 shews 
that the mid-points of all chords drawn parallel to a fixed 


line 


X _ y 

I m 71 


lie on the diametral plane whose equation is 


, 0F , 3F , 0F _ 

6 — — ^71— = 0. 
07/ OZ 


Ex. 1. Find the central circular sections and umbilics of the 
following surfaces : 

(i) .r2+yz+2=:0, 

(ii) 4:yz-\-bzx—bxii+Q — 0, 

(iii) Ip -yz— ^zx — xy — 4 = 0. 

Ans. (i) .r+y- 2 = 0 , x-y-{-z = 0; 


X 

T 






.27_y_ z 



(ii) 2x+y-z^0, x+2y — 2z=0; 

2\/3 X z _ ^/2 

1 5“ -s’"'*' Is'’ Ie~'5~T:5~'''l5’ 

(iii) x-]-s = 0, x-hy+z=0; the umbilics are imaginary. 

^ Ex. 2. Prove that the umbilics of conicoids that pass through the 

cii cles n o I <) o 0 t 0 9 

2=0, .r-+y“ = a 2 ; .r= 0 , y^+2^=a^ 

lie on two equal h^/perbolas in the 2 a*-plane. 


140. The principal planes. A diametral plane which is 
at right angle.s to the chords which it bisects is a principal 
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plane. If the axes are rectangular, the diametral plane 
whose equation is 

, 3F , 0F , BF . 

^ 5 - + m— + n— =0, 
dx dy dz 

or x(al + hm + gn) + y (hi + 6?7i +fn) + z(gl + fon + on) 

+ ul+vm + wn = 0, 


is at right angles to the line 


I Wj n 

al-{-hm+gn _ hl-{-bm+fn _ gl+fm+cn 
L m n 


If each of these ratios is equal to X, then 
(a — A) i + hm + gn = 0 A 

lil+(h‘-\)m+fn-0\ ( 1 ) 

gl+fm+{G-\)n^().] 

Therefore A is a root of the equation 

a -A, h, ^1 = 0, 

K h-\, f\ 

y, f, c-\ 


or \^-\^ia+b + c)+\{bc+ca+ab-P-g‘^-h‘^)-D:=0, 


where D = 


be written 


a, h, g 

h, b, f 
9. f> c 


Or if ®tc., the equation may 


A 3 -A 2 (a-h& + c) + A(A + B + C)~-D = 0 . 

This equation is called the Discriminating Cubic. It gives 
three values of A, to each of which corresponds a set of 
values for and by substituting these sets in the 


equation 


,3F, BF , BF .. 

dx ^ dz 


which, by means of the relations (1), reduces to 

'X{lx + my + 7iz) + ul+vm+wn = 0, (2) 

we obtain the equations to the three principal planes of 
the conicoid. 
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Ex. Find the principal planes of the conicoids : 

(i) 1 + 1 4^2 4, 8^2 _ 4^- _ 42 ,v + 1 8^’ - 1 8y + 5 = 0, 

(ii) 3.^2+ 5?/2+ 3^2 2j/z + 2zj ; - 2^’^ + 2jt?+ 12y + IO 2 + 20 = 0. 
J 7 is. (i) X=6, 12, 18; ar+^ + 22 := 0 , :r+y-s=0, .2?-^+l=0; 

(ii) X=2y 3,6; a’~2-2=0, a;-h^+2+i=0, :r-2j^+2-l=0. 


141. Condition for two zero-roots. If d = 0, then 

bc-~f- = «d = 0, ca~g‘2 = &d = 0, ab-h2 = cd = o, 

and therefore A, B, C have the same sign. Therefore if 
D = 0 and A+B + C = 0, A = B = C = 0, and therefore we have 
also f = G = H = 0, Hence if the discriminating cubic has 
two zero-roots, all the six quantities A, B, c, F, G, H, are 
zero and/(ir, 1 /, is a perfect square. 


142. Case of one zero-root. If the discriminating cubic 
has one zero-root, the corresponding principal plane either is 
at an infinite distance or may be any plane at right angles 
to a fixed line. For if X = 0, the equations (1), § 140, give 

I _n 
g'"' f'“c’ 


or 


I 

\/a \/b >/c 


(§141). 


These determine a fixed direction, since A, B, C are not 
all zero. The corresponding principal plane has, by § 140, 
(2), the equation 

and is at an infinite distance if or 

may be any plane at right angles to the fixed line 


In the first ease the conicoid is a paraboloid whose axis 
is in the fixed direction, in the second, an elliptic or hyper- 
bolic cylinder or pair of intersecting planes whose axis or 
line of intersection is in the fixed direction. 
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Ex. 1. Find the principal planes of the surfaces 

(i) 2:^2 + 20j/2 + 182^ ~ 1 2j/2 + 1 2^j/ + 22a; + - 22 - 2 = 0, 

(ii) 5072 + 26y2 + iQz^ + 4y2-f 14207+ - So; - 183^ -• 102 + 4 = 0. 

.4ns. (i) A = 14, 26,0; a7+23/ + 32 + l=0, o' + 4^-32 + l=0, the plane 

at infinity : 

(ii) A=14, 27, 0; 2o7‘-y + 32=l, 07+5y+2=2, any plane at 
right angles to 1:^ = 4 = n* 

Ex 2. Verify that the principal planes in Exs. §§ 140, 142 are 
mutually at right angles. 

143. Case of two zero-roots. If the discriminating 
cubic has two zero-roots the equations (1), § 140, when 
X = 0, all reduce to 

sj ckX +* \/ hill '^'sfcTi == 0, 

and therefore the directions of the normals to two of the 
principal planes are indeterminate. These planes, however, 
must be at right angles to the plane sJax-\-\lhy+sfcz — 0, 
and they may be at an infinite distance, (if ul+vm+wn^0\ 
or at any distance from the origin, (if ul+vm +10111 — Q). 
In the first case the surface is a parabolic cylinder and the 
axes of normal sections are parallel to the plane 

Jax+Jhy +Jcz^Q\ 

in the second the surface is a pair of planes parallel to 

Jax+sJhy+Jcz^^Q, 

Ex. 1. For the surfaces 

(i) +3/2 + ^2 „ 23/2 ^ 22.^7 - 2.ry - 2a7 - 4;y — 2^+ 3 =0, 

(ii) a;-+3/2 +3^ - %yz + 2^0? - ^xy - 2^7+ 2?/ — 2^ - 3 =0, 

X=3, 0, 0. The determinate principal plane is x-y-^-z—Q. If 

07 — 3/ + 2 = 0, 07 + 23/ + 2 = 0, x — z—0 

are taken as coordinate planes the equations transform into 
3^2=2v;6»}-3, 3^2 _ 2^3^- 3 = 0. 

Ex. 2. If one of the principal planes of the cone whose vertex is P 
and base the parabola 3/2 = 4^07, ;j=0 is parallel to the fixed plane 

Za?+m3/+?2s=0, 

the locus of P is the straight line 

z 3/_2a I I ^ ^'“0 

n m\l nJ 
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THE DISCEIMINATING CUBIC. 

144. All the roots of the discriminating cubic are real. 
The equation may be written, 

0(A)s(X-a){(X-i)(A-c)-/^} 

- {(X - -fCA - c)}i^ + 2fgh} = 0. 

AYe may assume a Consider 

y = ^fr{\)^{\-b){X-c)-f. 

Corresponding values of A and y are 

— 00 , c, b, +<x>, 

+ =0 . — ) — /"j + °° • 



Hence frona the graph, (fig. 48), it appears that the 
equation xj/^iX) - 0 has real roots a. and |8, such that 

^<c<h<ia.. 

Consider now y = ^(A). When A=+oo,y=±oo; 
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when 

X = a, y=-{(a-%H(«.-c)i^^±2V(a-6)(a-e)g^} 
= —{g>Jo-—b±_}ujoL~cf, 
where •Ja.-h, Jcl-c are real ; 
when 

X = /3, y = (6 - + (c- T 2n/(T- ^)(c ^ ^)gh 

= ~ /3 + c — /3)^, 

where Vi — /3, Vc — /3 are real. 

Hence from the graph we see that the equation 0(X) = O 
has three real roots, X^, Xg, X 3 , such that 
X3</3<X2<a<Xi. 

The above proof fails if a and the roots of the 
equation T/r(X) = 0 , are equal In that case, however, we 
have & = c, and /= 0 ; and therefore the cubic becomes 
(X-&){(X-a)(X-&)-y 2 ^/. 2 } = 0 , 
the roots of which are easily seen to be all real 

145. The factors of f{x, y, 0)-X(^rHy"+^^). If X is a 
root of the discriminating cubic, 

ax^ + hy^ -h -h 2 fyz + 2gzx + 2hxy X 

is the product of two factors of the form olx + /3y + yz. Only 
one of the three roots leads to real values of a, /3, y. For 
{a —\)x^+(b — X) + (<? — X)^:^ + 2fyz + 2gzx + 2hxy 

and therefore is of the form 

where u and v are linear functions of x, y, z, with real 
* ax^ + h/ + cz^ + 2 / 2 /z + 2gzx + 2hxy 

= i 4- iy 4-/z)^ -h (Ca;- - 2Gza; -i- Az^) J ^ 

- J +/2)^ + ^ { Az - Guf J , 

if A=0 and therefore G^= AC. 

B.O. 
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coefficients. Reference to the graphs shews that the signs 
of 6— X and i/r(X) for X = Ai, Aj, Xg are as follows; 



6 — X, 

f(X), 

X=Xi, 

— ^ 


X ” Xq j 


> 

x=x', 

+ ? 

+. 


Hence /( k, y, s)—\{x-+y'^+z^-) takes the forms 
- L-ir- - Lki,2 - 

according as A = Xi, Xj, or Xg. The factors with real 
coefficients correspond therefore to the mean root, 

(Of. §93.) 

146. Conditions for equal roots. To find the condi- 
tio 7 is that the discnminating cubic should have, (i) two 
roots equal, (ii) three roots equal. 

The cubic is 

9 !){X)= a — \, h, g =0. 

h, b-X f 

9, f, c-X 

Therefore, as in § 141, if X is a root of the cubic, 

{b-\){c-X)-f\ (c-X)(a~X)-^f^ {a-X)(b-X)-h^ 
have the same sign. 

(i ) If X is a repeated root, ^(X) = 0 and 
-^-(&-A)(c-X)-/2 

+ (c - X)(a - X) - pH (a - X)(6 - X) -Id = 0, 

and therefore 

(?,-X)(c-X)=r-. (c-X)(a-X)=p^\ 

{a-\){b-\) = ld, J ^ • 

and hence, (corresponding to F = G = H = 0), we have also 

{a-X)f==gh, {b-X)g = hf, {c-\)h=fg (b) 

Any one of the three sets of conditions, 

(c-X)(a-X)=p2, {a—X)(b-X) = h‘‘, {a—\)f=gh, (a') 

{a~\){b-\) = }d, (6-X)(c-X)=f, {b-X)g=hf, (B'j 
(6-X)(c-X)=A (c-X)(a-X) = p^ {c-X)h=fg, (o') 
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is both necessary and sufficient.! For if (a') is given, substi- 
tuting for a — X from the third equation in the first two, 
we obtain (b^\)g = hf, (c - \)h ^fg, 


whence (b — X)(c — a') —/I 

Therefore, if none of the thrf-e quantities f, g, h is zero, 
A, the repeated root, is not equal to a, b or c, and we have 


/ 9 


or 


^ro^h 


.( 1 ) 


If /, one of the three quantities /, g, h, is ze'ro. th^n^ 
from (a), X = 6 or c. If X = b, then h = 0, and 

(c-6)(a~6)=^l 
If X==c, then g = 0, and 


Therefore if one of the three quantities is zero, another 
must be zero, and we have 


X = a, g-k — Q, (6 — a)(c — a)=/2n 

or \ = b, h—f~0, (o — — = (2) 

or X = c, /=^ = 0, {a‘-c)(b-c) = Jr.J 

The equations (1) and (2) give the conditions for a pair 
of equal roots and the value of the roots in each case. 

(ii) If the three roots are equal to X, X also satisfies the 
equation 

^=0, or (a-X)+(&-X)+(c-X)=:0. 


But, by (a), 

{(a-X)+(&-X)+(o-X)p 

= (a-Xf+(b-\y+(c-\f+2f+2g^+2h^ 

Therefore X = a = 6 = c, and /= g — h = 0. The conicoid in 
this case must be a sphere. 
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147. The principal direC‘tions. We shall call the direo" 
tions determined by the equations 

al + hm + fPi' __ hl + b m +fn _ gl + fm + cn 
I m n ' 

1 ?f ^ 


= A, 


or 




the principal directions. 

Ij \ is a root of the discriminating cubic giving values 
/, ?n, n of the direction-cosines of a principal direction, 
\=f{h m, n), 

df" df df .df , , 3 / 


^ ^ dl dm dn 


dm 


dn 




=/(?, m, n). 


148. The principal directions corresponding to two 
distinct roots of the discriminating cubic are at right 
angles. 

If Xi, Xo are the roots, and m^, n^\ n^ are the 

corresponding direction-cosines, then 




But + 


3/ 


of _ ; ¥ 




^ ^??^2 37?-2 d \ dm ^ 3 ^^ ’ 


and therefore 

{\ — X2)(y2 + '^h'^h + 

which proves the proposition. 

149. Oases of equal roots, (i) If X^, Xo, X 3 are the roots 
of the discriminating cubic, and Xo — Xg, there is a definite 
principal direction corresponding to \ ; but the equations 

dip dmc) 3??o ^ 

^ 

reduce to a single equation which is satisfied by the 
direction-cosines of any direction at right angles to the 
principal direction corresponding to X^. 
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Suppose that we have 

\=a~^=h-^=c-&. 

Then the equations 


{a — Ao) ^2 + + £/% = + (6 — A 2 ) nio +fn.2 = 0, 

gl2+fm^+(c-\^n^^ = (i 
all become gU.^ + A/nia ^/gn^ = 0. 

And since the sum of the roots of the cubic is a-bb+c, 


a~\ = 


g h‘ 


and hence the equation 

(a — Xj) H- /iuii -b giiij = 0 

may be written 


h 


\f + g + + 


f g 



The three equations corresponding to A^ therefore give 

A 

gh~hf~fy' 

which determine a definite principal direction. The single 
equation corresponding to A 2 is the condition that the 
directions given by gh : hf'Jg, : m, : should be at right 
angles. 

If we have 


A 2 = A 3 = a, (/ = 0, /i = 0, and {h — a){c — a)—f\ 
the equations corresponding to A^ and A^ are 
(6-a>n2+/i22 = 0, 

0 — a"" /* 

If A 2 = A 3 = 0, then D = 0, 

he =/’2 ca = 5 ^ 2 , ah = ; 

and the equations corresponding to Ag and A^ are 

s/al^ + s/hn^ + = 0, 
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(ii) If tlie discriminating cubic has three equal roots, 
any direction is a principal direction. For X = c6 = 6==c, 
and f=g^h-Q, and the equations for principal directions 
reduce to I m_n 

m~'n 

The reason is obvious. The surface is a sphere, and any 
plane through the centre bisects chords at right angles 
to it. 

To sum up, if the discriminating cubic has distinct 
roots, there are three mutually perpendicular principal 
directions. If it has two or three repeated roots, three 
mutually perpendicular directions can be chosen whose 
directi on~cosines satisfy the equations of § 147, which 
determine the principal directions. Therefore in all cases 
we can transform the equation, taking as new rectangular 
axes three lines through the origin whose direction-cosines 
satisfy the equations 

where X is a root of the discriminating cubic. 


150. Transformation of/(cc, y, z). 

f(x, y, z) transforms into X^f^+Xg^^^ + Xg^^. 

Let Of, 0>/, have direction-cosines ; 

fg, rUg, rtg, corresponding to the roots X^, Xg, Xg of the cubic 
Then ^ = + etc. i=liX+m-yy + n^z, etc. 

We have also 




1 


+'>h^ = x^ + y 


‘''30 




dl-^ ‘ ^ dm^ ' 

= 2 Xi(i;ia: + m^y + 71,0), 

= 2X,f. 




And similar!}". 
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Hence, multiplying by t;, ^ respectively and adding, 

or /(aJ. 2 /.s)=Xif+A 2 »jHX 3 f. 

Bx. 1. (i) In Ex. (i), § 140, 

1 4^^ + Sz^ - 4:^z - 4z^^ - 8^^ transforms into 6p + + 18^^^ 

(ii) In Ex. 1, (i), § 142, 

2.1’^ + 20^2+1822- 12^5:4- 12.ry transforms into 14^2^26772 

(iii) In Ex. (i), § 143, 

^y2 ^2 _ 2^2 ^ 2zx - 2x^ transforms into 3^ 

Ex. 2. Prove that the conicoids 

2ai/z + 2hzx' 4- 2c.ry = 1 , 2a.y2 4- 2 fizx 4- ^yxij = 1 

can be placed so as to be confocal if 

-I- ^ih. =0 ard _ 1 

ai4-6'^+c2^a.2+/32+72 ^ (a2 + 62+c2)»^(a.24-^''‘+7^)^~l7' 


THE CENTRE. 

151. If there is a point O, such that when P is any point 
on a conicoid and PO is produced its own length to P\ 
p' is also on the conicoid, O is a centre of the conicoid. 

If the origin is at a centre, the coefficients of x, y, z in 
the equation to the conicoid are zero. 

Let the equation be 

f{x, y, z) + 2ux + 2vy + 2wz+d—0. 

Then if P is (x', y\ %'), P' is ( — cc', — j/', — 0')> and 
f{x\ y\ z'')'\-2vbx' ’\-2vy -\-2'wz' -{‘d = 0, 

J{x', y\ 2 !) — 2ux' -- 2vy' — 2%\)z' + d = 0. 

Therefore ux'+vy'+wz' — 0 (1) 

Hence, since equation (1) is satisfied by an infinite 
number of values of x\ y\ z' other than the coordinates 
of points lying in the plane 

ux+vy+wz^O, 
u — v — w — Q. 


we must have 
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152. To determme the centres of the conicoid 
f(x, y, = 

Let (Vx, y) be a centre. Change the origin to (a, y) 
and the equation becomes 

F(ir + a, 2/ + /5, 2;+y) = 0, 

or /(a:, y, r) = 0. 

Therefore, since the coelScients of x, y, z are zero, 

'da. 3/3 3y 

Qov. The equation to any diametral plane is of the form 


, 3F , 3F , 3F . 

\ h ’^^2; h n — = 0, 

dx Dy dz 

and therefore any diametral plane passes through the 
centre or centres. 


153. The central planes. The equations 


1 3F 

^:^^ax + hy + cjz+u = Q, ( 1 ) 

+ = (2) 

= + + = 0 (3) 


repi'esent planes which we may call the central planes. 
Any point common to the central planes is a centre. 

Multiply equations (1), (2), (3) by A, H, G respectively 
and add ; then, since 

aA + AH+^G = D and hA + bH+fG=^0, etc., 
Au-{-Hv~}-Gw 

X= 

-D 

Similarly, y = ^^ Gu+lrV + C w^ 

We have to consider the following cases, (cf. § 45): 

I. D^O, single centre at a (ellipsoid, hyper- 
finite distance, boloid, or cone). 



THE CENTBES 


217 


§§ 152 - 154 ] 

11. D = 0, single centre at an (paraboloid). 

Au+Hv+Gw^O, infinite distance, 


HI D=o, 

Au+Hv + Gw = 0, 


line of centres at a 
finite distance, 
(central planes 
pass through one 
line and are not 
parallel,) 


(elliptic or hy- 
perbolic cy- 
linder, pair 
of intersect- 
ing planes). 


IV. A, B, C, F, G, H, 
all zero, 
fui=gv, 


line of centres at an (parabolic cy- 
infinite distance, linder). 
(central planes 
parallel but not 
coincident,) 


V. A, B, C, F, G, H, 
all zero, 
f'Ub=gv = ioh, 


plane of centres, (pairofparallel 
(central planes planes), 
coincident,) 


154. Equation when the origin is at a centre. If 

the conicoid has a centre (a, y) at a finite distance, and 
the origin is changed to it, the equation becomes 

f(x, 2 /, 0 )+F(oc, (3, y) = 0, 


or, since ag_ + ^_ + y_ = 0, 

f(x, y, z) + ucL-{-vj3+wy + d=0. 

This becomes, on substituting the coordinates of the 
centre found in § 153, 

„ , Au^ + Bv‘^ + Cw'^ + 2Fvw + 2Gwu + 2}^uv-dO 

f{x, y, z) = 


-s 


D 


where 


s = 

a, 

K 

9> 

u 


h, 

h, 

f> 

V 


9> 

f> 

c, 

w 


u, 

v. 

w, 

d 


Got. If ^{Xy y, £;) = 0 represents a cone, S~0 and D^^O. 
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Ex. 1. Find the centres of the conicoids, 

(i) 14r- + 14^“ + 8^2 - - %x\) -hlSx- 18^ + 5=0, 

(ii) a?;2 + 5/ + 3.-2 - 2^z + 2zx - 2x^ + 2x + 1 2j/ + 10^ + 20 = 0, 

(iii) 2.r2+20/+18^2_ 12yi:+12.ry+22*r+6y~2e-2=:0, 

(i v) 5 .r 2 + 26 / ^ lo^s ^ 4 ^^ + 14j.r + 6^’^ - - 18?/ - IO 2 + 4 = 0, 

( v) + / + 2“ - 2//5 + 2zx - 2x^ - 2j? - 4 y - 2^ + 3 = 0, 

( vi) + i:2 - 2^z + 2--.r - 2xy - 2:r + 2// - 2^ - 3 = 0. 

Alls, (i) i, 0^, (ii) '"^)j 0^0 the central planes 

are parallel to the line = (iv) ^ i0 ~f ~~YI" 

centres, (v) the central planes are parallel, (vi) is the 

plane of centres. 

Ex. 2. If the origin is changed to the centre, the equations (i) and 
(ii) become ^ ^^2 4 , 3^2 — ^yz — 4 rjr — 8xy = 4 , 

+ 5 / + - 2yz + 2zx - 2xy - 1 . 

Ex. 3. If the origin is changed to (5, 0, —3), or to any point on 
the line of centres, the equation (iv) becomes 

+ 26y2 4- 1 02- + 4^2 + 1 4^07 + Q.vy ~ 1 . 

Ex. 4. Prove that the centres of conicoids that pass through the 
ellipses z—0 ; a^la^->rz-/c^ — l, ?/=0 lie on the lines 

0 h + c* 

Ex. 5, The locus of the centres of conicoids that pass through two 
given straight lines and two given points is a straight line. 

Ex. 6. If F(.r, ?/, r, 2f)=0 represents a cone, the coordinates of the 
vertex satisfy the equations 

'dx~'dy~ Zz 'dt 

Ex. 7. Through the sections of a system of confocals by one of the 
principal planes and by a given plane, cones are described. Prove 
that their vertices lie on a conic. 

^ Ex, 8. Prove that the centres of conicoids that pass through the 
circle .>^+/=2a.r, 3=0, and have OZ as a generator, lie on the cylinder 
.r2-h/=ajr. 

Ex. 9. A conicoid touches the axes (rectangular) at the fixed 
points (q, 0, 0), (0, 5, 0), (0, 0, c), and its section by the plane through 
these points is a circle. Shew that its centre lies on the line 

X y z 

+ c2) ~ P(c2 + a^) - + 62) * 

Ex. 10. Shew that the locus of the centres of conicoids which 
touch the plane 3=0 at an umbilic at the origin, touch the plane x=a 
and pass through a fixed point on the 3 -axis, is a conicoid which 
touches the plane 3=0 at an umbilic. 
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Ex. 11. Variable conicoids pass through the givea conics 
^= 0 , ^ = 0 , cz^+b7/‘^-{-2gz-\-d=0 ; 

shew that the locus of their centres is a conic in the plane ^=0. 

Ex. 12. Find th.e locus of the centres of conicoids that pass through 
two conics which have two common points. 


reduction of the GENERAL EQUATION.^ 

155. Case A: D:^0. 

There is a single centre afc a finite distance, (§ 153 , I.). 
Change the origin to it, and the equation becomes 

f(x, 2/, 2)+|= 0 . 

The discriminating cubic has three non-zero roots, 
Xi, X2; X3, and there are three determinate principal direc- 
tions, or three directions that can be taken 

as principal directions, (Xg-X^, or X^ = A2 = A3). The lines 
through the centre in these directions are the principal 
axes of the surface. The7 are the lines of intersection 
of the principal planes. Take these lines as coordinate 
axes, and the equation transforms into 

The surface is thus an ellipsoid, a hyperboloid of one 
sheet, a hyperboloid of two sheets, or a sphere, if S^O. 
If S = (), the surface is a cone. 

Ex 1, ~ Qyz — 2zx — 2xy ~ 6.^? — — 2s + 2 — 0. 

The discriminating cubic is 

A3-3A2-.8A + 16 = 0. 

Whence A==4, — - 

For the centre x-y-z-Z — 0^ 

1 = 0 , 

-x — Zy‘\'Z — l = 0 . 

These give ^=:1, 2 /=-l, 0=~1. 

p=w.r+^^ + i^ 2 +d=l. 

The reduced equation is therefore and re* 

presents a hyperboloid of two sheets. 

1 Cf. Appendix, p. iv. 
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Note. If the roots of the discriminating cubic cannot be found by 
inspection, their signs may be determined by a corollary of Eescartes’ 
Rule of Signs: “If the roots of /(A) = 0 are all real, the number of 
positive roots is equal to the number of changes of sign in /(A).” In 
the above case, /(A)s A^+3A^-8A + 16, and there are two changes of 
sign, and therefore two positive roots. 

Ex 2. Beduce : 

(i) + 3/ + 3^2 - %jz - 2^^ - 2y + 6^ + 3 = 0, 

(ii) 3.r- - _ .2 q. - 6,r + 6y - 2^ - 2 = 0, 

(iii) 2y“ -f Azx 4* — 4y 4- 6s -f h = 0. 

A ns. (i) :c- 4- 2/ 4- 4^- = 1 , (ii) 4- 2^^ _ 4^2 = 4^ ^ ,^,2 ,^^2 _ ^2 ^ 

156. OaseB: d = 0, Au+hv+Oi^^O. 

There is a single centre at infinity, (§ 153, II.). If 
Ao, A 3 are the roots of the discriminating cubic, A^^^O, 
A. 2 =?^ 0 , A 3 = 0, (§ 141). If 7713, 773 are the direction-cosines 
of the principal direction corresponding to A 3 , 

f/^ 3 +/rtls+C?l 3 = 0 

and f 11^ — 0 f 

and therefore Ls = = ”3 ^ ul^+vm^+wn^ ^ 

A H G itA + 'UH-f T^G 

Hence v7n^-A-wn^=^0, Denote it by k. 

The principal plane corresponding to A 3 is at infinity 
(§142). 

Where the line = r 

k '«3 

meets the surface, we have 

^'*3) + ’’(^3^+’?i3^ + 1^3|^) + F(a. A y)= 0 , 

which, by means of the equations of § 147, may be written 
Xj?’- + 2r { X 3 ( + n 2 y)-\-ul^ + vm^ + WTig } 

+ F((X,/3, y) = 0, 

or 0 . + 2kr + F(a, (3, y ) = 0 . 

Therefore any line in the principal direction corre- 
sponding to Xj meets the surface in one point at a finite 
and one point at an infinite distance. 

h '^s 


If the line 
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is normal to the tangent plane at (*', y', z'\ a point of 
the surface, 

3F ^ , 3F 3F 3f 

-dx' /dy' _ dz' 

4 '"^3 % + ’ 

= 2(tt?3+ 2Z;. 

Hence such points as («', y', z') lie on the three planes 


p-^^ax + hy + gz + ii-lcl^^Q^ ( 1 ) 

p^ = }wii + hy+fz + v-hn^ = Q, ( 2 ) 

Ts = 9^ +fy +cz+w-kn^ = Q ( 3 ) 

But IsPi + 'm^P 2 + Pa = 0, 


therefore the three planes pass through a line which is 
parallel to ^^=-=-. 

Therefore there is only one point on the surface at which 

the normal is parallel to the line y = — ——. That point 

is the vertex of the surface. Its coordinates are given by 
the equations (1), (2), (3). (which are equivalent to two 
independent equations,) and the equation F{x, y, z) = 0. 

But F(!r, y, z) = lx'^-\r\y^^\z^+ux + vy + ^vz+cl, 

= IcQaX + mjjr + n^z) -{-ux+vy + wz-^-d. 
Hence any two of the equations (1), (2), (3) and the 
equation 

h{l^x+m^y + n^z)-\-ux + vy+wz+d^Q 
determine the vertex. 

To reduce the given equation, change the origin to the 
vertex, {x\ y\ z'). The equation becomes 

f(x, y, 0 ) + a;^+ 2 /^, + z^+F« y', z') = 0 

or f(x, y, z)-\-2k{l^x+m^y+n^z)=:-0. 

Take the three lines through the vertex in the principal 
directions as coordinate axes, so that Of has direction- 
cosines mg, and the equation transforms into 
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The surface is therefore a paraboloid. 

Since, from (1), (2), (3), 

the principal planes corresponding to \ and \ pass through 
the vertex. The new coordinate planes are therefore the 
two principal planes at a finite distance and the tangent 
plane at the vertex. 

Ex. 1. 2.r2 + 2^2 ^ - ^zx - Uy -\-x+^=0. 

The discriminating cubic is 

A3-5A2-1-2X=0. 

5 + n/T7 5-\^T7 


Whence 


A=- 


0 ; a 2 , I3\ 0 , say. 


2 2 

For the principal direction corresponding to A3, 
— ^3 "h ^^3 "F ^3 “ 0. 


Therefore 

and 


T“T"''‘o 

k=ul^~\- vnig + wug = 


The reduced equation is therefore oL^x^-{-/3^y^-h-j~z=0. 

The equations for the vertex give x=;^ = z=0j and the axis is 
2 = 0. 

Ex. 2. The following equations represent paraboloids. Find the 
reduced equations, the coordinates of the vertex, and the equations 
to the axis. 4^2+42'-+4^.2-2x- 1%- 222 + 33 = 0, 

(ii) 2yz - 8^ - 4y + 82 - 2 = 0. 

Jus. (i) y=+322=.i;; (1, 1/2, 5/2) ; ^ = = 

(ii) 2 .i^-/ + n/22=0; (1, -9/4, 3/4); 


15Y. Case C I D == 0, A?^-}- d- Q'ty = 0, 

There is a line of centres at a finite distance, (§ 153, IIL). 
The discriminating cubic has one zero-root, X 3 , giving 
(as in §156), 

AH G ’ 

h _ "^^^3 _ '”'3 

TJf~iJg~TJh’ 


or, since GH = AF, 
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la this case vZ^-{-vm^+w'n^=Q, and the principal plane 
corresponding to \ is indeterminate, (§ 142). It may be 
any plane at right angles to Fx = Gy = Hz. 

The line of centres has equations 

ax+hy+gz+u=0, 
hx + by+fz+v = 0, 
which may be written 


F 


vq 

y-t 


Z-- 


wh 


1/F 1/G 1/H 

Hence direction-cosines of the line of 

centres. 

Any point on tlie line of centres has coordinates 
uf+T vg + T wh-\-r 

”ir“' 

If we change the origin to it, F(x, y, z)==0 becomes 

r G H 

or, since ul^ + = 0, 

/(«. V. = 


Transform now to axes through the centre chosen whose 
directions are the principal directions, and the equation 
further reduces to = 0, 

1 u^f v^cf w^h 7 

where d = q — ^ q h d. 

F G H 

If d'^0, the surface is an elliptic or hyperbolic cylinder; 
if d' — O, it is a pair of intersecting planes. 


Ex. 1. + 0. 

The discriminating cubic is 

A3-6A2-yA=0. 

Whence 0; a?, -/3^ 0, say. 

Corresponding to Xg— 0, we hare 

2^3 -f* 5wi3 =0, 5^g "1“ 12wi'g ~ Wg — Oj 
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and therefore 

and nl^ + + wn^ = 0. 

Hence there is a line of centres, given by 2:v+5?/ + 2=0, i/ + 2z—0. 
A point on this line is (-1, 0, 0). Change the origin to it, and the 
given equation becomes 

4- - ^2 _ 2^2 + = 1 , 

^vhich reduces to a.V - — 

Ex. 2. What surfaces are represented by 

(i) 2y- - + 2ai’ - - .r - 2j/ + 3« - 2 = 0, 

(ii) 26.^2 + 20/ + 10^- ^ 4^5 - ISzx - 362’^ + 52.r - 36j/ - 16;s + 25 = 0 ? 

(i) 6.^2- 2/==l, axis 2.r+3 = 2^ = 25-l ; 

(ii) 14r-+42/=l, axis x=^-l=z-l. 

Ex. 3. Prove that the equation 

6jr - 4 ?/- 4- 5^- + 4:^z — 1 42.r + 4x7/ + 1 6jr 4- 1 6j/ - 322 + 8 = 0 
represents a pair of planes which pass through the line . 3 ? 4 - 3 =y= 24 -l 
and are inclined at an angle 2 tan~W2. 


158. Case D: A = B = c = F = G = H = 0, 

There is a line of centres at infinity, (§ 153, IV.). If 
Xp Xo, Xg are the roots of the discriminating cubic, 

X^ = n -f“ 2) c, X 2 = Xg = 0. 

If Zp are the direction-cosines of the principal 

direction corresponding to X^, since p = hc, and 

h-=^ab, we have 


whence 


aZj + + sfacn^ _ sj ahl^ + hm^ V hcn^ 


m. 



Zi 

\/a \j\> ij c 


And since uf-vg^O, iisJh-^VsJa^Q, or um^ — vl^^O, 

Let Of, Oq, be a set of rectangular axes whose direction- 
cosines aie , ^ 2 , , Zg, '?7ig, 7tg. Then Z 2 ) j 

h> '^h satisfy the equations for principal directions, 
(§ 149). The equation to the surface referred to Of, Orj, 
is therefore 


\x- + 2x(ulj^ + vm^ + wTij) + 2y{ul^ + vm2 + wn^) 

+ 2z{ul2^ + vm^ + wn^) + d — 0. 
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N 0 w hh + "1“ '^1^2 “ ^ > 

and we can choose Zg, to satisfy also 

Then + wn^ = — n.J,^ — v{m^n^ — 

= um^ — 'yZ^=^0. 

Therefore, if + is denoted by w^y 

{vJg — wJVf + (wja ~ UsJ cf + (ujb — yjaf 
“ a+b+c 

Writing for ul^+vm^ + wn^y the equation to the 
surface becomes 

\x^ + 2u^x + 2w^z + (i = 0, 


- , u.V , 2 iv.f cl u, V 

which may be reduced, by change of origin, to 

2 w, , 

The surface is therefore a parabolic cylinder. 
The latus rectum of a normal section 


_ 2 wi __ 2 { (vj c -■ wjby + ( ivJTt — us/c)^ + (u\/6 — vjayy 

(a-f6 + c)^ 

159, Case E: a = b = c = f = g = h = 0, uf=vg = wh. 
There is a plane of centres, (§ 153, Y.). 

As in Case D, Ai = <^ + & + <?, X2 = A3 = 0, and 

\/ c(/ \/b \J~(i 
But since uf= vg = why 

\/a Jh sjc 

and therefore 


ul^ + vm^ + wn^ = uZg + 'z;?7i3 + wn^ — 0. 
The equation to the surface therefore reduces to 
\x^ + 2n^x-\-d^Qy 

and the surface is a pair of parallel planes. 
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160. Reduction when terms of second degree are a 
perfect square. The following method of reduction is 
applicable to Cases D and £, and is the most suitable 
method wdien the coefficients in the given equation are 
numerical. 

Since A = B = C = 0, f{x, y, z) is a perfect square. 

Hence 

F(x, y,z) = {Jax + Jby + 7 cz)--\- 2ux + 2 yy + 2wz + d. 


If, (Case E), - 7 = = - 7 = = - 7 -==/c, the equation becomes 
\/a sjh \/c 

{JTtx + \/% + Jczf + 2Z; (\/a:c + Jby + Jcz) + d—0, 
and represents a pair of parallel planes. 

But if, (Case D), the equation may be written 

vO 


(J cix •\‘\lhy -{-sjcz X)^ 

Now choose X so that the planes 
U s\/aaj + \/6^+N/c0+X = O, 

V = 2ir(Xv^ - u) + 22/ (XVS — 'y) + 22 ;(Xn/c — H- X^ ““ cZ = 0 

are at right angles. This requires that 

^^uja+vjh + ivjc 
^ a+6+c 

Then take rectangular axes with U = 0, v = 0 as new 
coordinate planes £= 0, ?? = 0, so that 


g^^^d « = — ■ {= — ' , 

/a+6-pc 

and the equation reduces to 

+ 6 + c) = 2 VS(X\/^ ‘—'tlfri. 

But, by Lagrange’s identity, 
(a+&+e){S(Xs/^-u)2}~{2N/^(Xx/a-u)P 
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therefore the reduced equation may be written 

^ (a+6+c)^ 

Ex. Reduce the equations 

(i) + 4y 2 -f. ^2 _ 4y^ + 220; - 4o;y - 2o; + 4y ~ 25: - 3 = 0, 

(ii) 9o?^ + 4/ + 4^2 + ^yz -H 1250? + 12o;^ + 4o; +y + IO 2 + 1 = 0. 

Ans, (i) 6o;2-2\/6o;-3=0, (ii) 


161. Summary of the various cases. In the reduction 
of the general equation of the second degree with numerical 
coefficients the following order of procedure is generally 
the most convenient : 

If the terms of second degree form a perfect square, 
proceed as in § 160. 

If the terms of second degree do not form a perfect 
square, solve the discriminating cubic. 

If the three roots are different from zero, find the centre 

(a, / 3 , y) from the equations = ^ = and the 

reduced equation is 

+ 'W-a + + wy + cZ = 0. 


If one root, Xg, is zero, find mg, from two of the 

equations ^ = 0 . Evaluate ul^ + vm^ H- ion 3 s h 

3 33 

If lc=^0, the reduced equation is 


X^cr^ + Xg?/^ + ^kz = 0. 

If /c = 0, there is a line of centres, given by any two of 
the equations = Choose (ol, | 8 , y) any point 

on it as centre, and the reduced equabion is 

X^a;^ + XaJ/^ + ua + ^>/3 + u;y + fZ - 0. 
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Ex. Eeduce the following equations : 

(i) 3.1’- + 5^*-^ + 3*- + 2^z + 2zx + - 4i? - 82 4- 5 = 0, 

(ii) 2.^2 + 20y2-i- 1822 - 12j/2 + 12.ry + 22.r + 63/ -23-2-0, 

(iii) 3.<72 - 24^2 q, 832 + 16^3 - 10307 - 14o7^ 4-22^ + 23-4-0, 

(i v) 36o;2 + 4^2 _f. 22 _ i^z - 1 230; + 24o7y + 4o7 + 1 6^ - 263 - 3 = 0, 

( v) + 7y- + Zz- + 10^3 - 2^.^7 + 10o7^ + 4 o7 - 12?/ - 43 + 1 — 0, 

( vi) 6 - 1 8^3 - 6307 + 2o7j/ - 9o7 + 5^ - 53 + 2 — 0, 

(vii) 5.^2 + 26/ + IO32 + 4^3 + 1 43o; + 6.r^ - 807 - 18?y - IO3 + 4 = 0, 

( viii) 4.r- + 9/ + 303- - 36^3 + 24307 - 1 2o:,?/ - IO07 + 15^ - 303 + 6 == 0, 

(ix) 1 1/ + 14^3 + 8307 + 14.ry — 607 - 1 6^ + 23 - 2 — 0, 

(x) 2.37- - 7/ + 23- - 10?/3 - 8307 - 10x1/ + 6o7 + 1 2^^ - 63 + 5 — 0. 

Ans. (i) 3 o’2+2/ + 632 = 1, (ii) 14o72 + 26/-2^/^3, 

(iii) 1407^- 27/ =1, (iv) 41x^ = 28i/, 

(v) 3o;2- 4/ -1232=1, (vi) 14o72-26/-2\/9l3, 

(vii) 14o;2 + 27/ = l, (viii) 49o72 - 35.r + 6 = 0, 

(ix) 3o'2 + 4/ - 1832= 1, (x) o?2 + 2/ - 432= 0. 


162. Conicoids of revolution. If two of the roots of the 
discriminating cubic are equal and not zero, the equation 


F(j+ y, s) = () reduces to 

Xi (/ + 2/”) + ^3^^ ■*“ D ~ 

or Xi(a;2 + 2 / 2 ) 4- 2/^0 = 0, (ii) 

or \i(x^ + y^) + d/ — 0 (iii) 


The surface is therefore, (i), an ellipsoid, hyperboloid, or 
cone of revolution, (ii), a paraboloid of revolution, or (iii), a 
right circular cylinder. These are, if we exclude the sphere, 
the only conicoids of revolution, and therefore the con- 
ditions that F(a:, y, 5) = 0 should represent a surface of 
revolution are the conditions that the cubic should have a 
repeated root different from zero, viz., (§ 146), 





( 1 ) 

or 

Xi — Cl, 

(h-a)(c-a)=f, gf = 0, /i = 0 ; ... 

( 2 ) 

or 

\ = h, 

(c-b)(a-h)=g^, h=0, /= 0 ; ... 

( 3 ) 

or 

\ = c, 

{a-c)(b-c)=h\ f=0, g = Vi. ... 

( 4 ) 
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If equations (1) are satisfied, 

F(®, y> + ^/^ + + 2tta! + 2vy Jr2wz+d 

+/»'*(|+|+5)’. 

And therefore any plane parallel to the plane -,+^-|.? = o 

f 9 

cuts the surface in a circle. The axis of the surface is the 
line through the centres of the circular sections, that is, 
the perpendicular from the centre of the sphere 
Xi(!c2 +y^+ z^) + 2ux + 2vy + 2wz -}- cf = 0 
to the planes of the sections. Its equations are therefore 

Similarly, if equations (2) are satisfied, the equations to 


the axis are 


x + uja _ y + vla z+wjg 
^ s/b — a Vc — a * 


Ex. 1. Find the right circular cylinders that circumscribe the 


The enveloping cylinder whose generators are parallel to the line 
xll=ylm=zln has equation 


j \a^ 




Iv nz\^ 


= 0. 


Conditions (1) give 

a^\a^ h'^\a^ c^J 


which can only be satisfied if a~h—c^ or l — m—n — i). (If a = h==c^ 
the ellipsoid becomes a sphere, and any enveloping cylinder is a right 
cylinder.) Using conditions (2), (3), (4), we obtain 

^ = 0, { m2 (a2 - c2) + ^22(^2 _ 2,2) ^ ^ Q, 
or m = 0, { (52 _ ^2) ^2 ( _ c2) } { ^J2^2 ^ ^2^2 } = Q, 

or ?i=0, — 52 ) + m2(c2 — ci^)}{ W-bm%2}=0. 

If a > h> c, the second only of these equations gives real values for 
the direction-cosines of a generator, viz., 

I ^ 

sja^-h'^ 0 ^n/ 52U^2 


If A is the repeated root of the discriminating cubic, 
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The reduced equation to the cylinder is 

/2 -2 


Ex. 2. Eind the right circular cylinders that can be inscribed in 
the hyperboloid ^. 2 = 

A 7 is. 4 (.r- 4- 2j/- - 3^- - 1 ) + (^" ± Vl 5s)- = 0. 


Ex. 3. Prove that 

-7JZ- zx -xy-Zx- % - 9s + 21 =0 

represents a paraboloid of revolution, and hud the coordinates of the 
focus. (1, 2, 3). 

Ex. 4. Find the locus of the vertices of the cones of revolution 
that pass through the ellipse 

+ 2—0. 
y ^ ^ 


xl/is. a’=0, 


-¥ 




Ex, 5. The locus of the vertices of the right cii’cular cones that 
circumscribe an ellipsoid consists of the focal conics. 


Ex. 6. 
angle ol, 


If /(.r, y, z)=0 represents a right cone of semi -vertical 

^-aA^-6=4-c=('^+^+4)< 
f <J A \ f .Q 


COS^OL. 


Ex. 7. If f(x\ y, s) = l represents an ellipsoid formed by the 
revolution of an ellipse about its major axis, the eccentricity of the 
generating ellipse is given by 

a + & 4- c gk 

3-e- / 


Ex. 8. If the axes are oblique, F(.r, z) = 0 represents a conieoid 

of revolution if 


f{Xi y, z) - k(x^ 4 -y 2 + 2 ^ ^ 2 y 2 cos A + 2zx cos {x + 2ry cos v) 
is a perfect square. 

Hence shew that the four cones of revolution that pass through the 
coordinate axes are given by ai/z + bzx-hcxjy = Of where 


or 



a ~b c ^ ^ 

oM OV’ qA nil . nv' 

cos-- sm-g- cos-- cos^— cos^g 

22 i5 z 2 2 2 


Ex. 9. Find the equations to the right circular cones that touch 
the (rectangular) coordinate planes. 

^-4-y^4-^-±2y0±2^.r4:2.ry = O, (one or three of the negative 
signs being taken). 
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163 . If ihe equation to a conicoid F(x, y, z) = 0 is trans- 
formed by any change of rectangular axes, the expressions 

a-^rb^C, A + B + C, S 


remain unaltered in value. 

If the origin only is changed, f{x, y, z) is unaffected, and 
therefore a-^b + c, A + B + C, and D are unaltered. 

If now the coordinate axes be turned about the origin 
so that f{x, y, z) is transformed into 

2 /. + hy ^ + + 2 / i 3 / 2 ^ + ^g^zx + 2h^xy, 

then f{x, y, + s^) becomes 

f^{x, y, z)-X{x^+y^+z% 

If /(«, y, z) - X{x^+y‘^-{-z‘^) = 0 


represents two planes, 

/i(«. y> z)-X{x^-^y‘^+z^)=0 

will also represent the planes. And X is the same quantity 
in both equations, therefore the equations 


a—X, h, g =0, 
h, b-X, f 
g, f> o-X 


“i-h. K> 9i 

b'lj 

Sv fi> 


=0 


have the same roots. In each the coefficient of X^ is unity, 
and therefore , , , , , , 

a+o+c=ai + Oi+Ci, 


A + B+C = Ai+Bi4-Ci, 


D = Di. 

Again if the origin is changed to (a., jS, y), F(a:, y, z) — 0 
becomes 


df . dF , dF 
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Hence the new value of S, 


1 ^ 1 ^ 

2 ZcL 2 ofi' 


c, 

1 BF 

2 By' 


1 ^ 

2 Ba 
1 ^ 

2 B/3 
1 ^ 

2 By 

F(rx, y) 


Multiply the numbers in the first three columns by 
a, /3, y respectively, and subtract the sum from the numbers 
m the fourth column ; then apply the same process to the 
rows, and 


a, 


/l, 

9< 

U 

K 


b, 

/. 

V 



f. 

C, 

w 

1 BF 

2 Ba’ 

1 df 

2di3’ 

1 3F 

2 'dy 

UCL + V^ + Wy + d 

a, h, 


u 

-S. 


K h, 


V 



9, /. 

Cy 

w 



U, V, 

u\ 

cl 




Therefore S is unaltered by change of origin. 

If the axes be now turned about the origin so that 
F(ir, y, 3 )=f{(c, y, z)+‘2,ux+2vy+2wz+d 
becomes 

Fi(a:, y, z)=f^(x, y, z)-]r2u^x-\-2v^y-^^w^z-k-d, 
then F(a3, y, 2 )— X(a:^+y^+s^+l) 

transforms into 

Fi(a3, y, s)-X(a;HyH2Hl). 

If F(x, y, s)— X(a;®+y^4-2^+ 1) = 0 represents a cone 
Fi(a:, y, z)-\(x-+y^+z^+l) = 0 
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\Yill also represent the cone. And A being the same quantity 
in both equations, the equations 


a — X, 

h. 

9> 

u = 0, 

Oj — A, 

III, 

9i 

—0 

h, b 

-X. 

/. 

V 

h-y, 


fi> 


9^ 

/. c 

-A, 

w 

9i> 

fv^l 

-A, 

Wy 

to, 


7V, 

cZ-X 

U-, 


Wy, d- 

-A 


have the same roots. In each equation the coefficient of 
is unity, and therefore the constant terms are equal, i.e> 
S = S". Hence S is invariant for any change of rectangular 
axes. 

Ex. 1. If 2 ) transforms into + prove that 

(X, /?, y are the roots of the discriminating cubic. 

Ex. 2. If the origin is unaltered, 

kii? + 2F‘VW + 2Givi6 -f 2Hwy 

is invariant. 

Ex. 3. If + + 

+ + 2 f^z + ^g^zx + 2 

are simultaneously transformed, 

A + + c^C -h 2/iF -h 2^iG +2<^iH 

remains unaltered. 

Ex. 4. If any set of rectangular axes through a fixed origin O 
meets a given conicoid in P, P' ; Q, Q' ; R, R', prove that 
.. PP'2 QQ'2 RR'2 

0P^0P'2‘^0Q^0Q'2'^0R2.0R'2’ 

OP.OP''^OQ.OQ''^6rTOR^ 

are constant. 

Ex. 5. Shew by means of invariant expressions that the squares 
of the principal axes of a normal section of the cylinder which envelopes 
the ellipsoid x^la^-\-y“lh^-\~z^lc^=l^ and whose generators are parallel 
to the line xll—yhn^zln, are given by 

0^2 _ ^2 ^2 _ y .2 ^2 _ ^2 

Examples VIII. 

1. Prove that 

5^2 + 5?/2 + 8^2 ^yz + 8zx - 2.r?/ -h 12;r - 12y + 6 =0 
represents a cylinder whose cross-section is an ellipse of eccentricity 
l/\/2, and find the equations to the axis. 
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2, Find the eccentricity of a section of the surface 

= 1 

by a plane through the line x—y = z. 

3, What is the nature of the surface giv^en by 

4, Prove that the cylinder and real cone through the curve of 
intersection of the conicoids 

are given by 

b {x- - 2r ?/) - a (y- - 2c.r) = 0, + (a - Z)) + 2c (.r - y) = 0. 

5, Prove that three cones can be drawn through the curve of 
intersection of the conicoids 

X- P cz“ + 2h / + _ 0^ y2j^ ^^2 2ax p = 0, 

and that their vertices form a right-angled triangle. 

6, Prove that 

/72 ^^^2 

{ax^^ P 5^- P Ci^ - 1) 1 - P -y P — j = (lx P my ^-nz-Vf 

represents a paraboloid touching the surface ax^-{-hy--\^cz^=z\ at its 
points of section by the plane Z.r p my p = 1 . Prove also that its 

axis is parallel to the line . 

i m n 


7. Shew that the conicoids 


(aix P h^y P c^zf P {a^x P hxy P CozY P (a^x p h^y P c^zY == 1, 
{aix P a.y P a^zf P {byV P h.y P b^zY + (c^v P Csy P c^zY = 1 
are equal in all respects. 

8. Prove that if P 6^ P c^ = 3a6c and w P v P tc 9 ^= 0, 

ax- p by- P cz- P 2ayz P 2hzx P 2c.ry P 2ux P 2ry p 2w.z +d=0 
represents either a parabolic cylinder or a hyperbolic paraboloid. 

9. If F(.r, y, - 2)=0 represents a cylinder, prove that 


3S 3S 

da dh dc 

da db dc 

and that the area of a normal section is 


3S 3S_^3S 

da dh dc 

/3D 3D 3D\^ 
\da^ dh'^ dc) 
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10. Prove that if F(^, y, 2:) =0 represents a paraboloid of revolution, 
we have 

and that if it represents a right circular cylinder we have also 

11. The principal planes of/(^, y, ^) = 1 are given by 

y, 5! 1=0, 

^ 'K ^ 

'dx^ By’ 'dz 
BF BF BF 

Bjt ’ By ’ Be 

where F(:r, y, 2)==0 is the cone reciprocal to f{x, y, z)^Q, 

12. Prove that the centres of conicoids that touch yz—mx at its 
vertex and at all points of its generator y~kx, hz—m^ lie on the line 
y=0, kz^m, 

13. Prove that Jy + 02) + «-«’+ /?y=0 represents a paraboloid 

and that the equations to the axis are 

a.r4*&y + 2c2: = 0, (a2+6^)2+ac(. + &/?=0. 

14. A hyperbolic paraboloid passes through the lines — =| = L ; 

-=--f=-; and has one system of generators parallel to the plane 
a c 0 I ^ 

z—0. Shew that the equations to the axis are 


a 0 c 




15. Paraboloids are drawn through the lines y=0, z—h\ x = Q, 
z= - A ; and touching the lineyr= a, y = b. Shew that their diameters 
through the point of contact lie on the conoid 

a(y -h){z- /i)2 - 5 (a’ - a){z + hf = 0. 

16. Given the ellipsoid of revolution 

S+^=i. 

Shew that the cone whose vertex is one of the foci of the ellipse s = 0, 
x^la^-\-y^lb^=lf and whose base is any plane section of the ellipsoid is 
of revolution. 

17. The axes of the conicoids of revolution that pass through the 

six points ( ± a, 0, 0), (0, ± 6, 0), (0, 0, ± c) lie in the coordinate planes 
or on the cone ^2_^3 ^2_y2 

18. Prove that the equation to the light circular cylinder on the 
circle through the three points (a, 0, 0), (0, 6, 0), (0, 0, c) is 

W+^-»»-ty-«)(i+i+^)-g+|+i-i)g+f+:-4 
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19 Find the equation to the paraboloid which has 

as generators and the other system parallel to the pipe ^+y-f2=0. 
Find also the coordinates of the vertex and the equations to the axis. 

20. The axes of cylinders that circumscribe an ellipsoid and have a 
cross section of constant area lie on a cone coney die with the ellipsoid. 

21. A conicoid touches the plane 2 = 0 and is cut by the planes .r=0, 

Py_Q circles of variable centres but constant radii a and h. 

Shew that the locus of the centre is 

- ?/-) + ary- - = 0. 

22. A, B, C are the points (2a, 0, 0), (0, 2h, 0), (0, 0, 2c), and the 
axes are rectangular. A circle is circumscribed about the triangle 
OAB. A conicoid passes through this circle and is such that its 
sections by the planes :r = 0, y — 0 are rectangular hyperbolas which 
pass through O, B and C ; O, C and A respectively. Prove that 
the equation to the conicoid is 

X- - 2 - + 2\yz + 2fizx — 2ax — 2hy -f- 2cz — 0, 

where A and }jl are parameters, and that the locus of the centres of 
such conicoids is the sphere 

a^+y^ + z- — ax — by — cz=0. 

23. Shew that the equation to the conicoid that passes through the 
vertices of the tetrahedron whose faces are 

x=0, y = 0, 2=0, xja^ylh + zjc^l, 

and is such that the tangent plane at each vertex is parallel to the 
opposite face, is 

24. Shew that the equation to the ellipsoid inscribed in the 
tetrahedron whose faces are x — 0,y~0, 2=0, xja+ylb-hzlc^l, so as 
to touch each face at its centre of gravity, is 

3.r2 3?/2 3^2 3?/2 32.r -n 

a- "^62 be ^ ca ah a b 

Shew^ that its centre is at the centre of gravity of the tetrahedron 
and that its equation referred to parallel axes through the centre is 

£!. 4 . 4 - i! 4. 4 . J- S = -L 

c^'^ hc'^ ca'^ ab 24* 


25. If the feet of the six normals from P to the ellipsoid 

^+^+^=1 

a- h- c- 


lie upon a concentric conicoid of revolution, the locus of P is the cone 

0 9 0 0 0 0 

?/-2- z-x- x^y^ 
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and the axes of symmetry of the conicoids lie on the cone 
^2 ^52 _ ^2) ^ 52 + ^2 ^^2 _ 52^ = 0. 

26 . If a.r^+6/+c32+2/?/^ + 25^2.r+2/i.^?y=0 represents a pair ot 
planes, prove that the planes bisecting the angles between them are 

I y, z 1 = 0 . 

a.v + h?/ -^gz^ hx^rhy-^- fz^ gx \fy 4- cz 

f-\ G-\ H-i 

27 . Prove that 

(.^2 + a2) (/5 + y) + (3/H ^2) (y + 0^) ^ (^2 ^ ^2) 

- 2cLyz - ^Pzx - ^yxy + 2.r (2^y -cl^- ay) 

+ ’^y{^yci^ - ^y - /5 ol) + 2z{2a/3 - yoL - y /?)= 0 

represents a cylinder whose axis is 

x-a=y- 13-z-y. 
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CHAPTER XIL 

THE INTEKSECTION OF TWO CONICOIDS. 

164. Any plane meets a eonicoid in a conic, and therefore 
any plane meets the curve of intersection of two conicoids 
in the four points common to two conics. The curve of 
intersection is therefore of the fourth degree, or is a quartic 
carve. 

If tlie conicoids have a common generator, any plane 
which does not pass through it meets it in one point and 
meets the locus of the other common points of the conicoids 
in three points, and therefore the locus is a cubic curve. 
Thus the quartic curve of intersection of two conicoids 
may consist of a straight line and a cubic curve. 

Ex. The conicoids xy — z have OX as a common generator. 

Their other common points lie on a cubic curve whose equations may 
be written x — y — i\ where ^ is a parameter. 

Again, an asymptote of one of the two conics, in which 
a given plane cuts two conicoids, may be parallel to an 
asymptote of the other. In that case the conics will inter- 
sect in three points at a finite distance, and the locus of 
the common points of the two conicoids which are at a 
finite distance will be a cubic curve. 

Ex. We have seen that three cylinders pass through the feet of 
the normals from a point (ol, /i, y) to the eonicoid 

ax^+hy^-hcz^—1. 

Their equations are ^ 

ax by cz 

or yz{h-c)~hyy‘¥cl3z=0^ zx{c-a)-caz-\-ayx=^0, 

xy {a-h)-’ a^x + hoLy — 0. 
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Their curve of intersect ion is a cubic curve whose equations may be 
written ol B y 

^=ra’ 

One asymptote of any plane section of the first lies in the plane 
- by _.Q 
h-c ’ 

and one asymptote of any plane section of the second lies in the plane 

.+J^=0. 

c~a 

Hence any plane meets the two cylinders in two conics such that 
an asymptote of one is parallel to an asymptote of the other, and 
the conics therefore intersect in three points at a finite distance. 

165. The cubic curve common to two conicoids. Suppose 
that the locus of the common points of two conicoids and 
S2 consists of a common generator AB and a cubic curve. 
Any generator, PQ, of S^, of the opposite system to AB, 
meets 83 in two points, one of which lies upon AB and the 



Fio. 49. 


other upon the curve. Let P, fig. 49, be the first of these 
points and Q the second. The plane containing AB and PQ 
meets the curve in three points, one of which is Q. But 
all points of the curve lie upon and the plane intersects 
in the lines AB and PQ, therefore the other two points 
must lie upon AB or PQ, or one upon AB and one upon PQ. 
Neither can lie upon PQ, for then PQ would meet the 
surface Sg in three points, and would therefore be a generator 
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of So. Therefore the cubic curve intersects the common 
generator AB at two points. 

Let AB meet the curve in R and S, and let P move 
along AB. As P tends to R, Q tends to P, so that in the 
limit PQ is a tangent at R to the surface So, and the plane 
of AB and PQ is then the tangent plane at R to the 
surface So. But the plane of AB and PQ is tangent plane 
at P to the surface for any position of P. And therefore 
the surfaces S^ and S., have the same tangent plane at R. 
Similarly, the surfaces also touch at S. But we have 
proved, (§ 134, Ex. 10), that if two conicoids have a common 
generator, they touch at two points of the generator. 
Hence the locus of the common points of two conicoids 
which have a common generator consists of the generator 
and a cubic curve, which passes through the two points 
of the generator at which the surfaces touch. 


Ex. 1. The conicoids + + 2^+2?/=0, (1) 

( 2 ) 

have OZ as a common generator. Any plane through the generator 
is given hy }f = tx. To tind where this plane meets the cubic curve 
common to the conicoids, substitute in equations (1) and (2). We 

obtain .r(5 + 2t)-z(« + 2)+2(i! + l) = 0, (3) 

.f=0, 2 j; -2 + « + l =0 (4) 

The points corresponding to lie upon the common generator. 
The remaining point of intersection of the plane and cubic has, 
from (3) and (4), coordinates 

2 =( 2 iJ + l)(^ + l); and (5) 

But Hs a variable parameter, so that we may take the equations (5) 
to represent the curve. The points where the curve meets the 
common generator OZ are given by zf— 0, t=~l. They are the 
points (0, 0, 1), (0, 0, 0). It is easy to verify that the common tangent 
planes at these points are y =0, x+7/=0. 

Ex. 2. Prove that the conicoids 


zx X - 2^ z = 0, 

^2 ^ 2 + 3^2 _ 3 ^ -^zx- A^xy '\~x-2y-\-z=0 

have x—y^z as a common generator. Prove that the plane 
x-y = t{y-z) 

meets the cubic curve which contains the other common points in the 

+ 3(1-0 . (4ii + l)(i!-l) . 

4fi + 5t ’ 4:fi + 5t’ 4t^+5t ’ 
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shew that the cubic meets the common generator at the origin and the 
point and verify that the surfaces have the same tano-ent 

planes at these points. 

166. Oonicoids with common generators. The cubic 
curve may degenerate into a straight line and a conic or 
into three straight lines. 

Let O and P, (fig. 50), be the points of the common 
generator at which the surfaces touch and let the measure 
of OP be y. Take OP as z-axis and o as origin. Let OX 
and PG be the other generators of the conieoid Sj which 
pass through o and P. Take OX as ai-axis, and the parallel 
through O to PG as 2/-axis. Then, since 

x = 0,y = 0; y = 0,z = 0; z = y,x = 0 
are generators of Sj, its equation may be written 

2yz+ 2gzx + 2hxy —2yy = 0 (1) 



Fig. 50. 


And since the tangent planes at the origin and (0, 0, y) 
to Sg are y = 0, aj = 0 respectively, the equation to 83 is 

+ b^y^ + 2yz + 2g^zx + 2h^xy — 2yy = 0 (2) 

The tangent planes at (0, 0, s') to Sj and are given by 
gz'x-y{y- z') = 0, g^z'x - y (y - s') = 0, 
and hence if g=g-^ the surfaces touch at all points of the 

B.Q. Q 
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common generator OZ. We shall consider meantime the 
case where From (1) and (2), by subtracting, we 

obtain ajx-+b^y°-^2zx(g.^-g)+2xy(h^-h) = 0, (3) 

which clearly represents a surface through the common 
points of Si and S.,. It is in general a cone, having oz as 
a generator, and in general, the locus of the common points 
of Si and So is a cubic curve which lies upon the cone. 
But if equation (3) represents two intersecting planes, the 
cubic will degenerate. The condition for a pair of planes is 
&i(^i — = 0, and hence = 0. 

If 6^ = 0, PG, whose equations are a? = 0, 0 = y , is a generator 
of So, and equation (3) then becomes equivalent to 

a; = 0, a^x + 2z (g^ -g) + 2y (/q - = 0. 

Hence the common points of Si and Sg lie upon a conic 
in the plane 

a^x + 2z{g^-g) + 2y{h^ - h) = 0, 

and the two common generators, OZ and PG, in the plane 
x==0. 

If, also, ai = 0, OX is generator of Sg. The plane of the 
conic then passes through OX, and is therefore a tangent 
plane to both conicoids. The conic therefore becomes two 
straight lines, one of which is OX, and the other a generator 
of the opposite system. But OX and PG are of the same 
system, and the conic consists therefore of OX and a 
generator which intersects OX and PG. The complete 
locus of the common points of Si and Sg is then a skew 
quadrilateral formed by four common generators. 

If the conicoids touch at all points of the common 
generator OZ,g=g^y and equation (3) becomes 

+ 2(^1 - h)xy + = 0, 

which represents a pair of planes through OZ. 

If these planes are distinct, they meet the conicoids in 
two other common generators of the opposite system to OZ. 
If they are coincident the conicoids touch at all points of a 
second common generator. 
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Ex. 1. The conicoids 

2a?- - 3/2 + 4^2 ^ Sys + + Axy - 2a* -l- 3/ - 4^; =. 0, 

2a:- - - 5^:2 - 63/s - 3^0?+ 4a;y - 2x-\-y-\- 5s= 0 

have two conimon generators and a cotomon coiuc section. 

(The generators are .^^ = 0, ^ + s=l ; 3/=0, s+a.’=l.) 

Ex. 2. The conicoids 

33/2 4- 4^:2 4 63/^ - 5sa; - a?// 4?/ 4 ^ — 0, 

43/2 4 6^2 4 93/s - 320? 4 23? 4 3s = 0 

have OX for a common generator. Find the locus of their other 
common points. 

Ans. 3,r+l= -2y=4^, and ^+;/+^+l = 0, (2y+3^)2+2y+6«=0. 
Ex. 3. The conicoids 

22:2 _ __ - 6xy + z = 0, 

— 6yz - 1020? 4 7xy 4 22 = 0 
nave four common generators. 

(y=0, 0=0 ; 0 = 0, a?=0 ; .^=0, 83/ -20=1 ; 3/ = 0, 5o?-20=l.) 

Ex. L The conicoids 

z^+2yz + 6zx - 3a?y- 120=0, 

40^ - 2yz - 4zx 4 2a;?/ 4 80 = 0 

have two common generators and touch at all points of these generators. 
Ex. 5. Prove that the intersection of the conicoids 
02422—3/42=0, 3/2-2^-a?- 1 =0 
is a quartic curve whose equations may be written 
^=A.‘*-2, ?/ = A241, 0=A-1. 

Ex. 6. Find the points of intersection of the ]ilane a;-93/-40=O 
and the quartic curve which is common to the parabolic cylinders 

024IO0 — 3/426 = 0, 3/2-2^-074 2 = 0. 

Aois. Two coincident at (17, 5, -7) ; ( 2 , 2 , -4) ; (82, 10, -2). 

Ex. 7. Prove that the conicoids 

3a?2 4 402 _ 43/0 - 00; - 2xy - 2o? 4 20 = 0, 
o?2 — 3/^ - 802 4 73/2 4 120.r — 1 \xy - 2o? 4 20 = 0 

touch one another at all points of the common generator x—y—z^ and 
that their other common generators lie in the planes 

2 (0? - ?/)2 4 1 3 (.'r - ?/)(?/ — 0) 4 1 2(3/ - 0)2 = 0. 

Ex, 8. If two cones have a common generator, their other common 
points lie on a cubic curve which passes through both vertices. 

Ex. 9. If two paraboloids have each a system of generators parallel 
to a given plane and touch at two points of a common generator of the 
system, they touch at all points of the generator. 
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Ex. 10. Prove that the three cylinders 

y(a — 2)==«", z{(z — — x{a--y)~a^ 

pass through a cubic curve which lies on the surface xyz-]ra^^0. 

Ex. 11. Prove that if the cubic curve 

2 2 _ 2 

t-CL ^ t-C 

meets a conicoid in seven points, it lies wholly on the conicoid. 

Shew that the curve lies upon the cylinders 

Ci^yr(5-c)-2y + 22==0, 

= zx{c -a)- 2s' + 2jr = 0, 

C3 = xy {a - 6) - 2.r -h 2y = 0, 

and hence that the general equation to a conicoid through it is 

AC^ + P'02 + VC3 = 0. 

Prove that the locus of the centres of conicoids that pass through 
the ciirv^e is 

(6 - c) (c - a) (« - &) + 2 (& - c) (^) + c - 2a)y^ - 2E (6 - c) x = 0, 

and that this surface is also the locus of the mid-points of chords of 
the curve. 

Shew that the lines 

o 2_„2 _2_2 

are asymptotic to the curve, and that the locus of the centres passes 
through them and through the curve. 

Ex. 12. Prove that the general equation to a conicoid through the 
cubic cu rve given by ^ ^ ^ ^ ^ ^3 

is A (.r?/ - -H p - ^“) + r - y) ^ 0, 

end that the locus of the centres of such conicoids is the surface 

- 3.ry + 2 = 0. 

Verify that this surface is also the locus of the mid-points of chords 
of the curve. 

Ex. 13. The equations to a cubic curve are 

Prove that the cone generated by chords through the origin is 
given by vjxi—v\ where 

= Ai.r+A 2 y+ A 30 , = Bi.r + 82 ?/+ 630 , ii’ = Ci.t’ + C 2 y+C 30 ; 

Ai = A^, etc. A= «i, hi. Cl 
« 2 , b.„ c, 
ct^ % 1 

Shew that the curve lies on each of the conicoids, (two of which 
have a common generator), 

ic u = V w =■ A w , ■? = A ?>, 

and that the locus of the centres of conicoids that pass through it is 
%w{w^ - Av) -A{vw- Au) = 0. 
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Ex. 14. Prove that the equations 

cCit-\-hx _ a4 + ^2 __ 

+ ^ 0-3^+ ^3 

determine a cubic curve, which lies upon three cylinders whose 
generators are parallel to the coordinate axes. 

Ex. 15. Prove that the cubic curve given by 

lies upon the conicoids 

U^ICy — W4W2 “ '^^3^ '^^2% ^ l'^^4 » 

where = Ai^r-f A23/4-A32' + A4, ^2= 84.^4- 603^+632 + 84, 

2^3 = Cj.r + Co?/ + 032 + C4, 2^4 = Di^? + D2 y + O^z + D4 ; 

^ 

^2 j 

^3> ^3 j ^3 

^45 ^45 <^4) ^4 

If A, B, C, D are the points 

ct^ ^3'\ ^3^ ( d\ do d- 

' a4’ V’ %' V’ W ? V’ U’ ^4^’ 

each of the conicoids passes through two of the lines BA, AD, DC. 

The equations represent cones whose vertices 

are D and A respectively. 

The curve passes through A and D and touches BA at A and 
DC at D. 

The centres of conicoids through it lie on the cubic surface 

2(a4W2 + C420(%^1 - - 2(?J4?q +C^4«'^3) - ^^3^) 

+ (^4^1 - ^4222 + C4W3 - ^^42^4) (2422/3 - U^Xl^ - 0. 

167. The cones through the intersection of two coni- 
coids. Four cones, in general, pass throng ] l the curve of 
intersection of two given conicoids, and their vertices are 
the summits of a tetrahedron which is self-polar ivith 
respect to any conicoid through the curve of intersection. 

If the equations to the conicoids are 

S = ax- -f hy^ + cz^ + 2fyz + 2gzx + "Hhxy 

-f 2ux + 2vy + "Iwz + cZ = 0, 

S' = a'xr‘ + h'y"^ + + 2/j/0 + "Igzx + "^lixy 

+ "lu'x + ^v'y + ’Iw'z + cZ' = 0, 
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the equation S+XS'=0 represents a conicoid through the 
curve of intersection. This conicoid is a cone if 

a + Xct', h + Xh'f u + Xii =0, 

h + Xh'j b + Xb\ /”fX/^, 'i; + Xi’^ 

ry+V> f^\f^ c + Xc', t(;+Xrt;' 
u + Xu, v-hXv\ iv + Xio\ d + Xd' 

and this equation gives four values of X. If these are 
Xi, Xo, X 3 , X 4 , then (a, /3, y), the vertex of the cone corre- 
sponding to Xp is given by 

Sa+XiS; = 0 , Sp+XiS'^ = 0 , S^+X,s;- 0 , s, + XiS', = 0 , ( 1 ) 

where etc. Again, the polar plane of (a, y) 

with respect to S + />tS' = 0 has for equation 

aj(S« + /xS'a) + y(S^ + yUS'js) -]rZ{Sy-\- ^S'y) + {St + fiS't) = 0, 
which by means of the relations ( 1 ) reduces to 
(/z - Xi)CrST + ys'p + 2 ;s; + s;) = 0 . 

The polar plane of (a, /3, y) with respect to any conicoid 
through the curve of intersection is therefore the polar 
plane with respect to the conicoid S'. Hence this plane is 
the polar plane of (a, y) with respect to the three cones 
corresponding to Xo, X 3 , X 4 , and therefore passes through 
the vertices of these cones. Thus the plane through the 
vertices of any three of the cones is the polar plane of the 
fourth vertex with respect to any conicoid of the system, 
or the four vertices form a self-polar tetrahedron. 

168. Oonicoids with double contact. If two conicoids 
have common tangent planes at two points they are said 
to have double contact. 

If tvjo conicoids have double contact and the line 
joining the points of contact is not a common generator, 
their cur ve of intersection consists of two conies. 

If the points of contact are A and B, any plane through 
AB meets the conicoids in two conics which touch at A 
and B. Take AB as i/-axis and any two lines through 
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a point on AB as x- and 0-axes. Let the conics in which 
the ir?/-plane cuts the conicoids be 

/= + 2hxy + by^ + 2gx + *2fy + a = 0, 

and /+Xaj2 = 0. 

Then the equations to the two conicoids are 


f+z(lx+my + nz+p)=^0, ( 1 ) 

/+ Xx^ +z{l'x + mfy + +;p') = 0 (2 ) 


But the sections of the conicoids by the ly^-plane also 
touch at A and B, and therefore their equations are of the 
forms = 0, (j> {y, z) + Xz^ = 0. 

The sections of the conicoids by the plane !r = 0 are given 
by hy'^+2fy + c+z{my-{‘nz+p)=^0, 

hy"^ +2fy + c+ z(m'y + n'z +p') = 0, 
and therefore m = m' and 

From (1) and (2), by subtraction, we have 
Xx- -t- z{{l' — l)x + {n''-n)z} = Q; 

therefore the common points of the two conicoids lie in two 
planes which pass through AB, or the curve of intersection 
consists of two conics which cross at A and B. 

If AB is a common generator of the two conicoids, the 
other common points lie on a cubic curve, which may, as 
we have seen in § 166, consist of a straight line and a 
conic, or three straight lines. In either case the common 
points lie in two planes. In the first case, if the common 
generators AB and AC meet the conic in B and C, the coni- 
coids touch at the three points A, B, C. For the tangent 
plane to either conicoid at B is the plane containing AB 
and the tangent to the conic at B, and the tangent plane 
to either conicoid at C is the plane containing AC and 
the tangent to the conic at C ; also the plane BAG is the 
common tangent plane at A. In the second case, the 
common points of the conicoid lie on the sides of a skew 
quadrilateral and the conicoids touch at the four vertices. 
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169. If hvo conicoids have tivo common plane sections 
they touch at tivo points, at least. 

The line of intersection of the planes of the sections will 
meet the conicoids in two common points A and B. The 
tangents to the sections at A are tangents to both conicoids 
at A, and therefore, since two tangents determine the tangent 
plane at any point, the conicoids have the same tangent 
plane at A. Similarly they touch at B. If one plane 
section consists of two generators CA and CB, the conicoids 
also touch at C. If the other also consists of two generators 
the conicoids touch at their point of intersection, and thus 
touch at four points. 

The analytical proof is equally simple. If S = 0 is the 
equation to one conicoid, and 

u^ax + hy + cz-{-d=0, v = ax + h'y-k-dz+d'=:0 
represent the planes of the common sections, the equation 
to the other conicoid is of the form 
S + X^6^’ = 0. 

If A is the point (a, yS, y), then 
- 1 ^'= f/a'h&/3+cy'f cZ = 0, and a'oi-f 6'^ + c'y-f(i' = 0. (1) 

The equation to the tangent plane at A to the second 
conicoid is 

o:Sa. + 2 / + Si + X {uv' + vvf) = 0, 
or, by ( 1 ), a’Sa + yS^ + zSy + 8^ = 0, 

which represents the tangent plane at A to the first conicoid. 
Hence the conicoids touch at A, and similarly they touch 
at B. 

170. The general equation to a conicoid having double 

contact with S = 0, the chord of contact being is 

S + + 2fJLUV + vv^ = 0, 

For the tangent plane at A is 
xSa. + yS^ + zSy + St + 2\uw' + (uv' 4- vu') + 2vvv' — 0, 

or, since u' = = 0, xS^ + yS^ + zSy + Si = 0. 

Thus the conicoids touch at A, and similarly, at B. 
Again, three conditions must be satisfied if a conicoid is to 
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touch a given plane at a given point, and therefore the 
general equation should contain three disposable constants, 
which it does. 

Coi\ A focus of a conicoid is a sphere of zero radius 
which has double contact with the conicoid, and the corre- 
sponding directrix is the chord of contact. 

171. Circumscribing conicoids. If two conicoids touch 
at three points A, B, C and none of the lines BC, CA, AB is a 
common generator, then the conicoids touch at all points of 
their sections by the plane ABC. 

Since the conicoids touch at B and C, their common points 
lie in two planes which pass through BC, (§168). Since 
these planes pass through A, they must coincide in the 
plane ABC. The curve of intersection of the surfaces con- 
sists therefore of two coincident conics in the plane ABC, 
and the surfaces touch at points of their section by the 
plane. 

When two conicoids touch at aJl points of a plane section 
one is said to be circumscribed to the other. 

Ex. 1. If two conicoids have a common plane section, their other 
points of intersection lie in one plane. 

Ex, 2. If three conicoids have a common plane section, the planes 
of their other common sections pass through one line. 

Ex. 3. The locus of a point such that the .square on the tangent 
from it to a given sphere is proportional to the rectangle contained by 
its distances from two given planes is a conicoid which has double 
contact with the sphere. 

Ex. 4. Two conicoids which are circumscribed to a third intersect 
in plane curves. 

Ex. 5. When three conicoids are circumscribed to a fourth, they 
intersect in plane curves, and certain sets of three of the six planes of 
intersection, one from each pair of conicoids, pass through one line. 

Ex. 6. Prove that the ellipsoid and sphere given by 

+ 1 4^2 = 200, 6 (.r2 + ^2 ^2) ^ ^ 4 ^ + 36^ -f 20 - 0 

have double contact, and that the chord of contact is a’ = 8, 

Ex. 7. If a system of conicoids has a common conic section, the 
polar planes with respect to them of any point in the plane of the 
section pass through one line. 
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Ex. 8. If two conicoids have two common generators of the same 
system, they have two other common generators. 

Ex. 9. The centres of conicoids which have double contact with 
the surface ax‘^+h>f- + cz'^=\ 

at its points of intersection with the chord x=a., and intersect 

the plane ^=0 in a circle, lie on the line 

^ acL 1/3 a b' 

Ex. 10, A sphere of constant radius r has doable contact with the 


ellipsoid 


^:+r+!:=i. 

c- 


Prove that its centre must lie on one of the conics 

^-2 


Q/ 


x=0, . 


^2 ^^2 ^i .2 

y=Oi + = 


“ a--c^^h-^-c^ c2 

Examine when the contact is real and when the sphere lies wholly 
within the ellipsoid. Cf. § 130. 

Ex. 11. If a coiiicoid is circumscribed to a sphere, every tangent 
plane to the sphei'e cuts the conicoid in a conic which has a focus at 
the point of contact. 

Ex. 12. If a conicoid is circumscribed to another conicoid, the 
tangent plane to either at an umbilic cuts the other in a conic of 
which the umbilic is a focus. 


Ex. 13. Any two enveloping cones of the conicoid 

whose vertices lie on the concentric and hoinothetic conicoid 
h?,ve double contact. 


Bx, 14. The centres of conicoids which have double contact with 
a given conicoid so tliat the chord of contact is parallel to a given line 
lie in a given plane. 

Ex. 15. If two cones have a common circular section, they have 
double contact, and if the line joining their vertices meet the plane of 
the circle in P, the chord of contact is the polar of P with resjject 
to the circle. 


Ex. 16. If a sphere has double contact with an ellipsoid, the chord 
of contact is parallel to one of the principal axes, and the angle 
between the planes of the common sections of the sphere and the 
ellipsoid is the same for all chords parallel to a given axis. 
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172. Conicoids through eight given points. An infinite 
number of conicoids can be found to pass through eight 
given points. 

Take A and B any other two fixed points. Then one 
conicoid can be found to pass through A and the eight 
given points, and one to pass through B and the eight given 
points. Let the equations to these conicoids be S = 0, S' = 0. 
The equation S4-XS' = 0 represents a conicoid which passes 
through all the points common to the conicoids given by 
S = 0, S' = 0, and therefore through the eight given points. 
And any value can be assigned to the parameter X ; there- 
fore an infinite number of conicoids can be found to pass 
through the eight given points. 

The locus of the common points of S = 0, S'=0 is a 
quartic curve. Hence all conicoids through eight given 
points pass through a quartic curve. 

Cor, One conicoid, in general, passes through nine given 
points, but if the ninth point lies on the quartic curve 
through the other eight, an infinite number of conicoids 
passes through the nine. 

173. The polar planes of a given point with respect to 
the conicoids through eight given points pass through a 
fixed line. 

Any conicoid through the eight points is given by 
sq-XS'=0, where S==0 and S' = 0 represent fixed conicoids 
through the points. The equation to the polar plane of 
(a, /3, y) with respect to the conicoid S-hXS' = 0 is 

xs^+ ys^+zSy + St + X(ajs'a+ ys'^+!zs\+s\) = 0. 

Hence, whatever the value of X, the polar plane passes 
through the fixed line 

xSa + ys^ + zSy -h Si = 0 , xs'a + ys'^ + zs'y + s'i = 0 . 

Ex. 1. If four conicoids pass through eight given points, the polar 
planes of any point with respect to them have the same anharmonic 
ratio. 

Ex. 2. The diametral planes of a given line with respect to the 
conicoids through eight given points pass through a fixed line. 
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Ex. 3 . The poiars of a given line with respect to the conicoids 
through eight given points lie on a hyperboloid of one sheet. 

If A„ (a.,, / 3 j, 7,) and Ao, ^2. 72) are points of the given line, 
and we denote + by P., 

and xSa2+yS^o+^Syo + S^2 by Paoj 

then the equations to the polar of with respect to the conicoid 

S + A.S' = 0 are ^ ^ Po^ + AP'o. = 0 . 

The locus of the poiars is therefore given by 
Pap P aj “ P ap ~ 0. 

Ex. 4. The pole of a given plane with respect to the conicoids 
through eight given points lies on a cubic curve, the intersection of 
two hyperboloids which have a common generator. 

Let Aj, (0.1, ^1, 7i), Ao, (0.2, 70), A3, (a3, /Sg, 73) be three points 

of the fixed plane. Then the pole of the fixed plane with respect to 
the conicoid S4-AS' = 0 is the point of intersection of the polar planes 
of Ap, Ao, A3, and therefore is given by 

Pap "F* AP^P — 0, Poo “I™ “2 Paj 4" AP'^as = 0. 

The locus of the pole is therefore the curve of intersection of the 
hyperboloids P,.^P',,^ = 0, Pa^P'a, - PaiP'a3 = 0. 

Ex. 5 . The centres of conicoids that pass through eight given 
points lie on a cubic curve. 

174. Conicoids through seven given points. If s = 0, 
S' = 0, S" = 0, are the equations to fixed conicoids through 
the seven given points, the general equation to a conicoid 
through the points is 

S + XS' + /itS^' = 0 (1) 

The fixed conicoids intersect in eight points whose co- 
ordinates are given by S = 0, S'' = 0, and therefore 

evidently satisfy the equation (1). Therefore all conicoids 
which pass through seven given points pass through an 
eighth fixed point. 

Ex. 1. The polar planes of a given point wuth respect to the 
conicoids which pass through seven given points pass through a fixed 
point. 

Ex. 2. The diametral planes of a fixed line with respect to the 
coincoids which pass through seven given points pass through a fixed 
point. 

Ex. 3. The poles of a given plane with respect to the conicoids 
which pass through seven given points lie on a surface of the third 
degree. 
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Ex. A The centres of the conicoids which pass through seven given 
points lie on a surface of the third degree. 

Ex. 5. The vertices of the cones that pass through seven given 
points lie on a curve of the sixth degree. 


Examples IX. 


T ”^‘ines parallel to a given plane are drawn to a system 

Qf have double contact at fixed points with a given 

conicoid. Prove that the locus of their points of contact is a hyper- 
bolic paraboloid which has one system of generators parallel to the 
given plane. 

2. Tangent planes are drawn through a given line to a system of 
conicoids which have contact with a given conicoid at fixed points A 
and B. Prove that the locus of the points of contact is a hyperboloid 
which passes through A and B. 

3. The feet of the normals to a conicoid from points on a given 
straight line lie on a quartic curve. 

4. The edges OA, OB, OC of a parallelepiped are fixed in position, 
and the diagonal plane ABC passes through a fixed line. Prove that 
the vertex opposite to O lies on a cubic curve which lies on a cone 
that has OA, OB, OC as generators. 


5. A variable plane ABC passes through a fixed line and cuts the 
axes, which are rectangular, in A, B, C. Prove that the locus of the 
centre of the sphere OABC is a cubic curve. 


6. The feet of the perpendiculars from a point (a, /3, y) to the 
generators of the paraboloid xy~cz lie on two cubic curves -whose 
equations may be written 


yi + 
14-^2 ’ 



7 + OL^ 


i+fi ’ 


7. The shortest distance between the fixed line 07= a, and the 
generator y=A, \x=z^ of the paraboloid = meets the generator 
in P. Shew that the locus of P is a cubic curve which lies on the 
cylinder ^2 ^ yi ^ax~bz=0. 


8. Find the locus of the centres of conicoids that pass through a 
given conic and a straight line which intersects the conic. 

9. Two cones have their vertices at an umbilic of an ellipsoid and 
meet the tangent plane at the opposite umbilic in two circles which 
cut at right angles. Shew that their curves of intersection with the 
ellipsoid lie in two planes, each of which contains the pole of the other. 

10, If a cone with a given vertex P has double contact with a given 
conicoid, the chord of contact lies in the polar plane of P with respect 
to the conicoid. 
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11. A variable plane ABC meets the axes in A, B, C, and is at a 
constant distance p from the origin. A cone passes through the 
curves of intersection of the ellipsoid whose semiaxes are OA, OB, OC 
and the planes OBC, ABC. Prove that its vertex lies on the surface’ 

(1 

12. When two conicoids touch at all points of a common generator 
AB, the line joining the poles of any given plane wdth respect to them 
intersects AB. 

13. AB is a given chord of a cubic curve. Prove that an infinite 
number of conicoids can be found to pass through the curv^e and 
through AB, and that one of these will touch a given plane which 
passes through AB at a given point of AB. 

The 2 -iixk is a chord of the curve 

Prove that the equation to the conicoid which passes through the 
curve and the r-axis and which touches the plane 2.r=3y at the point 
(0, 0, 2) is n ^2 to - 9 iX 7 j + 4r + 4^^ = 0. 

14. Prove that the conicoids 

2.^’2 - ?/2 2.zy + 2.:r — 2y = 0, 

jp, _^2 _y^ _|_ - 2y 4- 2^ =0 

have a common generator x—y=Zy and pass through the cubic curve 

4^^ + 2i2-.3^+2’ ^ 4^'' + 2i;2-3z:42’ ^ 

which touches the generator at ( ~~ 1, - 1, - 1). 

15. If two conicoids, Cj and C.j, have double contact, and the pole 
with respect to Cj of one of the planes of the common sections lies on 
Co, then the pole of the other also lies on C 2 . 

16. Find the locus of the centres of conicoids of revolution that 
circumscribe a given ellipsoid and pass through its centre. 

17. P is any point on the curve of intersection of two right cones 
whose axes are parallel and whose semivertical angles are a. and a. 
If d and d' are the distances of P from the vertices, prove that 
d cos oL±d' cos cl' is constant. 

18. If a variable conicoid has double contact with each of three 
confocals it has a fixed director sphere. 

_ 19. Prove that twm paraboloids can be drawn to pass through a 
given small circle on a given sphere and to touch the sphere at a given 
point, and prove that their axes are coplanar. 

20. OP and OQ are the generators of a hyperboloid through a 
point O on the director sphere. Prove that the two paraboloids which 
contain the normals to the hyperboloid at points on OP and OQ 
intersect in a cubic curve whose projection on the tangent plane at 0 
is a plane cubic with three real asymptotes. 
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21. The sides of a skew quadrilateral are the .r-axis, the y-axis, 
and the lines 

^=0, lj; + m3-hl=0 ; .r=0, =0. 

Prove that the general equation to a conicoid which touches the 
sides is + 

where ol = ^' or Z' - 4 (/i - 1' p) (v - mp). 

22. Give a geometrical interpretation of the equation of the conicoid 
in Ex. 21 in the case when oL^r. 

23. Prove that if the joins of the mid-points of AB, CD ; AC, DB ; 
AD, BC are taken as coordinate axes, the equation to any conicoid 
through the four sides of the skew quadrilateral ABCD is of the form 

where A is a parameter. What surfaces correspond to (i) A=l, 
(ii) A=-l? 

24. Eind the locus of the centres of hyperboloids of one sheet that 
pass through the sides of a given skew quadrilateral. 

25. If a conicoid passes through the edges AB, BC, CD of a tetra- 
hedron, the pole of the plane bisecting the edges AB, CD, AC, BD 
will lie on the plane bisecting the edges AB, CD, AD, BC. 

26. If the intersection of two conicoids consists of a conic and tw’o 
straight lines through a point P of the conic, the sections of the coni- 
coids by any plane through P have contact of the second order unless 
the plane passes through the tangent to the conic at P, when the 
contact is of the third order. 

27. A cone, vertex P, and a conicoid S have two plane sections 
common. The conicoids and S 2 each touch S along one of the 
curves of section. Prove that if Sj and pass through P, they touch 
at P and have a common conic section lying in the polar plane of P 
with respect to S. 

28. If three cones C^, C 2 , C 3 have their vertices collinear and 
Cj, C 2 ; Cg, C 3 intersect in plane curves, then C 3 , Cj intersect also 
in plane curves and the six planes of intersection pass through one 
line. 


29. If conicoids pass through the curve of intersection of a given 
conicoid and a given sphere whose centre is O, the normals to them 
from O lie on a cone of the second degree, and the feet of the normals 
lie on a curve of the third degree which is the locus of the centres 
of the conicoids. 

30. Two conicoids are inscribed in the same cone and any secant 
through the vertex meets them in P, P' ; Q, Q'. Prove that the lines 
of intersection of the tangent planes at P, Q J P, Q' ; P'j Q ; P'> Q' He 
in one of two fixed planes. 
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31. The sides of a skew quadrilateral ABCD are along generators 
of a hyperboloid, and any transversal meets the hyperboloid in Pj, P 
and the planes ABC, BCD, CDA, DAB in A,, Bj, Bo. Prove that 

P|Ai ■ P ^B; _ P^A] ■ P;B] 

PjAr P 1 B 2 P 2 A 2 .P 2 B 2 

32. A curve is drawn on the sphere so that at any 

point the latitude is equal to the longitude. Prove that it also lies on 
the cylinder Shew that the curve is a quartic curve, that 

its equations may be written 

a(l-i-)- _ 2at 

+ (l + «2)2 ’ " l + «2’ 

and that if U, are the values of t for the four points in which 
the curve meets any given plane, — 

33. The general equation to a conicoid through the feet of the 
normals from a point to an ellipsoid, S=0, is 

S + ACj + /aCo + VC3 = 0, 

where Ci=0 Co-0, 0^=0 represent cylinders through the feet of the 
normals. 

Prove tliat the axes of paraboloids of revolution that pass through 
the feet of six concurrent normals to the conicoid are 

parallel to one of the lines 



“fl + Hc a-6 + c a-\-h-c 


34. Prove that the cone whose vertex is (a, 0, 0) and base 



1, .:r=0, 


intersects the cone whose vertex is (0, 6, 0) and base 



2/=0, 


in a parabola of latus rectum 




(A figure shows that the cones also touch along the line 



m'j 


CHAPTER XIIL 

THE CONOIDS. 

175. A cone is the surface generated by a straight line 
which passes through a fixed point and intersects a given 
curve, and a cylinder is the surface generated by the 
parallels to a given straight line which intersect a given 
curve. These are the most familiar of the ruled surfaces. 
Another important class of ruled surfaces, the conoids, may 
be defined as follows : a conoid is the locus of a line which 
always intersects a fixed line and a given curve and is 
parallel to a given plane. If the given line is at right 
angles to the given plane, the locus is a right conoid. 

Ex. The hyperbolic paraboloid is a conoid, since it is the locus of 
a line which intersects two given lines and is parallel to a given plane, 
(§50, Ex. 3). 

176. The equation to a conoid. If the coordinate axes 
be chosen so that the given line is the 0 -axis and the given 
plane the xy -plane, the generators of the conoid will project 
the given curve on the plane x = l in a curve whose 
equation, let us suppose, is z=f{y). Let P, (1, y^, 0 ^), be 
any point of this curve; then z^^f{y^. The generator of 
the conoid through P is the line joining P to tlie point 
(0, 0, and therefore has equations 

X ^ y 

Eliminating y^ and z-^ between these equations and the 
equation %=/(2/i), we obtain the equation to the conoid, 
viz., z=f(ylx). 

Ex. 1. Find the equation to the right conoid generated by lines 
which meet OZ, are parallel to the plane XOY, and intersect the 
circle .r — a, 4 - 2 ^= rK A m, {z^ — r^') 4- = 0, 

B.a. 


B 
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Ex. 2. The graph of csin^, from ^ = 0 to ^==2?’7r, is wrapped 
round the cylinder so that the extremities of the graph 

coincide on OX. Lines parallel to the plane XOY are drawn to'^iueet 
OZ and the curve so formed. Prove that the equation to the conoid 
they generate is y . z 

r tan“^ - — sin“^~-. 

c 

Ex. 3. Prove that if r—% the equation to the locus becomes 
(The locus is tlie cylindroid.) 



lielix. The coordinates of any point on it are easily seen, (fig. 51), 
to be given by = a cos y = « sin z-aQ tan cl. 

The conoid generated by lines parallel to the plane XOY which 
intersect the s-axis and the helix is the helicoid, (fig. 52). Shew that 
its equation is ^ ^ tan“b//.r, where c = a tan a. 

Ex. 5. Lines parallel to the plane XOY are drawn to intersect OZ 
and the curves o o „ 

'll 

(ii) + S+-S+|=l. 

Find the equation to the conoids generated. 

Ans. (i) = 
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Ex. 6. Discuss tlie form of the conoids represented by 
(i) yH — ^acx^ (ii) 

Ex. 7. Conoids are constructed as in Ex. 2 with the graphs of 
c cosec ctan^. Find their equations, considering specially the 
cases in which r—1 and r~2. 

Ans, r tan - = cosec'^ r tan-i2= tan”^ 

X G Oj C 

r = 1 , =^2^2^ xz=^cy ; 

r-2, c (x^ + y^) = 2xySy 2cxy ^ 2 (x^- y^). 

Ex. 8. A curve is drawn on a right cone, serai- vertical angle a, so 
as to cut all the generatoi's at the same angle, /5, and a right conoid is 
generated by lines which meet the curve and cut OZ at right angles. 
Prove that the coordinates of any point on it are given by 

x^u cos 0, y = u sill Oy z— 

^vhere w^sinacot/5. 


SUEFACES m GENERAL. 

177. We shall now obtain some general properties of 
surfaces which are represented by an equation in cartesian 
coordinates. In the following paragraphs it will some- 
times be convenient to use fj, f to denote current co- 
ordinates. 

The general equation of the degree may be written 

“t '^2 d* • • * d” ~ 

where Ur stands for the general homogeneous expression in 
X, 0 of degree r. The number of terms in is 

(r-f- 1X^+2) 

1.2 

and therefore the number of terms in the general equation is 

or L±LWAAt2.N+i,,.y, 

r=:0 1.2,0 

Hence the equation contains N disposable constants, and 
a surface represented by an equation of the degree can 
be found to satisfy N conditions w^hich each involve one 
relation between the constants. 

Ex. 1. In the general cubic equation there are 19 disposable con- 
stants, and a surface represented by a cubic equation can be found to 
pass through 19 given points. 
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Ex 2 A cubic surface contains 27 straight lines, real or imaginary. 
If w = 0,"r=0, = = v^^O, = 0 represent arbitrary jjlaneX 

the equation — O 

contains 19 disposable constants, and therefore can be identified with 
any cubic equation. Suppose then that the equation to the given 
surface has been thrown into this form. Clearly the lines 

u = 0, Wi = 0; tt=0, ^1 = 0; ?^ = 0, = 0 ; 

v = 0, ?q==0; r = 0, ^q-0 ; v^O, ; 

,^, = 0, tq=0; ir=:0, ^1 = 0; w = 0, 

lie upon the surface, so that the surface contains at least nine straight 
lines, real or imaginary 
Consider now the equation 

It represents a hyperboloid of one sheet which intersects the surface 
at points which lie in the plane Kir+Azri = 0. Now k can be chosen 
so that this plane is a tangent plane to the hyperboloid, and then the 
common points lie upon the two generators of the hyperboloid which 
are in the plane. Thus the surface contains two other straight lines. 
But since each of the sets of quantities u, v, w ] Wj, can be 

divided into groups of two in three ways, there are nine hyperboloids, 
each of which has two generators lying upon the surface. 

The surface therefore contains twenty-seven straight lines, real or 
imaginary. 


178. The degree of a surface. If an arbitrary straight 
line meets a surface in n points the surface is of the 
degree. 

Consider the surface represented by the equation of the 
71^^^ degree, F(^, straight line whose equations 


meets the surface at points whose distances from (x, y, s) 
are given by j^lp^y + mp, z + np) = 0 , 


i.e. 


F(.r, y, =)+p{l^+^i^+n 




I)' 




F=0 (1) 

This equation gives n values of p, and therefore the line 
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meets the surface in n points. Hence the locus of an 
equation of the degree is a surface of the degree. 

Cor. Any plane section of a surface of the degree is 

a curve of the degree. 


179. Tangents and tangent planes. If in equation (1) 
of the last paragraph, y, z) = 0, the point (x, y, z) is on 
the surface. If also 


,0F , 3F 3F . 
I— + 771— + 71— = 0, 
dy ?}z ' 


.(2) 


the equation gives two zero values of p, and the line meets 
the surface at (x, t/, z) in two coincident points. If therefore 

^ ^ ^ 

3x ’ 0y ’ 'dz 


are not all zero, the system of lines whose direction-ratios 
satisfy equation (2) touches the surface at (x, y, z), and 
the locus of the system is the tangent plane at (x, y, s), 
which is given by 

(^-<+(.-2/)|+(^-^)S=0. 

If the equation to the surface is made homogeneous by 
the introduction of an auxiliary variable t which is equated 
to unity after differentiation, the equation to the tangent 
plane may be reduced, as in § 134, to the form 


.0F , 0F , .0F , ^0F 


Ex. 1. Find the equation to the tangent plane at a point (^\ y, z) 
of the su rf ace A 7is. //y -+• = 3. 

Ex. 2, The feet of the normals from a given point to the cylindroid 

’\-y'^) — 2cxy 

lie upon a conicoid. 


180. The inflexional tangents. Two values of the 
ratios can be found to satisfy the equations 

,SF , 3F , 3F „ 

dx dy dz 

,,3¥ , „32f , 32f , „ , 3^F . 
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formed by equating to zero the coefficients of p and p- in 
equation (1) of § 178. The lines through {x, y, z) whose 
directions are determined by these values meet the surface 
in three coincident points. That is, in the system of 
tangent lines through {x, y, z) there are two which have 
contact of higher order than the others. They are called 
the inflexional tangents at {x, y, z). They may be real 
and distinct, as in the hyperboloid of one sheet, real and 
coincident, as in a cone or cylinder, or imaginary, as in 
the ellipsoid. 

The section of the surface by the tangent plane at a 
point P on it is a curve of the w*** degree, and any line 
through P which lies in the tangent plane meets the curve 
in two coincident points. P is therefore a double point of 
the curve. The inflexional tangents at P meet the curve in 
three coincident points, and are therefore the tangents to 
the curve at the double point. Hence, if the inflexional 
tano-ents through P are real and distinct, P is a node on the 
curve ; if they are real and coincident, P is a cusp ; if they 
are imaginary, P is a conjugate point. 


181. The equation ??). If the equation to the 

surface is given in the form f=/(£, the values of p 
corresponding to the points of intersection of the surface 
and the line / x 

I m n 

are given by 

2: + "/lp=/(x + Jp, l/ + 7n/)), 

=/(x, y)+p{pl+q'in) + ^ + 2sJ?n + tm^) + . . . , 


,,here r = t = 

Hence the tangent plane at (x, y, z) has for its equation 

and the inflexional tangents are the lines of intersection of 
the tangent plane and the pair of planes given by 
- xf+2s{i- x){,, -y)+t(r,-yf= 0. 
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Ex. 1. "The inflexional tangents through any point of a conoid 
are real. 

One inflexional tangent is the generator through the point, and is 
therefore real. Hence the other must also be real. 

Or thus : The inflexional tangents are real, coincident, or imaginary 
according as rt - ^ 0. 

For the conoid 

and hence rt-s^-- ^P- 

Ex. 2. Find the equations to the inflexional tangents through a 
point {x, y, z) of the surface (i) (ii) = 

^ ' 3:i7 2y — 0^ 0 4c ’ 

Ex. 3. Any point on the cyliiidroid 

0(ji7^+y2) — 2c;r3/ 

is given by ^= 2 ^ cos 0, y = ^^sin 0 = csin 2^. 

Prove that the inflexional tangents through have for 

equations x-u cos 6 __y- u sin - c sin 2^ 

— tcsinS^” 2ccos220 ’ 

X _ y _ 0 -csin 2 ^ 
cos^^'sin^'” 0 

Ex. 4. Find the locus of points on the cylindroid at whicli the 
inflexional tangents are at right angles. 

182. Singular points. If at a point P, {x, y, z\ of the 


surface 


0F BF 3F 


= 0 , 


'dx 'dy 'dz 

every line through P meets the surface in two coincident 
points. P is then a singular point of the first order. The 
lines through P whose direction-ratios satisfy the equation 

meet the surface in three coincident points at P, and are 
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the tangents at the singular point. The locus of the system 
of tangents through P is the surface 








Singular points are classified according to the nature of 
the locus of the tangent lines. When the locus is a proper 
cone, P is a conical point or conic node, when it is a pair of 
distinct planes, P is a biplanar node or binode, when the 
biplanes coincide, P is a uniplanar node or unode. 

The six tangents through a singular point P, {x, j/, z\ 
whose direction-ratios satisfy the equations 


( 


0\2 


7 . '-^1 

dx c)y dz 


^=0, ( 


,3 , 3,3 

t— + m— +■}? — 

dx dy ds. 


:)V=o, 


have four-point contact with the surface at P. They corre- 
spond to the inflexional tangents at an ordinary point of 
the surface. 


Ex. 1. For the surface 

^j;4 -f ^4 0 _ 2/2 4- ^2 _{_ 4^,^ 4. 

the origin is a conic node. The locus of the tangents at the origin is 

- 1-22 + 4 ^ 2 0. 

The six tangents which have four-point contact are 
A'z=0, y={%±\lb)z\ y = 0, 2x’+0 = O; 

^=0, .r+2=0; 2=0, ±y. 


Ex. 2. For the surface 

.,4 4, 2^4 ^ ^4 4. 3 y ^ 4_ 5.2 _ 2 y2 _ 3^^2 _ 5 ^ + xy = 0, 

the origin is a binode. The six tangents with four-point contact are 
x=0, 2^4-32 = 0; j; = 0, ?/ 4 - 2 = 0 ; y-0, 32-|-jr=0; 

y=0, s-x=0; 2 = 0 , x-\-^y = Q\ z — 0^ .^-^=0. 

The sections of the surface by the planes .a;-f 2?/ 4-32 = 0, jr-y- 2 = 0 , 
have a triple point at the origin. 

Ex. 3. The equation to a surface is of the form 
+ ... 4'W„=0. 

Prove that there is a unode at the origin, that the section of the 
surface l\y the j^lane . 2=0 has a triple point at the origin, and that the 
three tangents there, counted twice, are the tangents to the surface 
with four-point contact 
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Ex. 4. The equation to a surface is of the form 

Shew that the section of the surface hy any plane through OZ has 
a cusp at the origin. 

Ex. 5. Pol" surface 

.ry -f 5 (ax'^ + 2hxy + hf) + z%c.v + cly) = 0, 

prove that the origin is a binode and that the line of intersection of 
the biplanes lies on the surface. Shew that the plane €x-i-d?/^0 is a 
tangent pjane at any point of OZ. 

Ex. 6. Find and classify the singular points of the sujiaces 

(i) - 'l)hf‘~z\G - z\ 

(ii) xyz — ax^-^^hy^-Ycz^^ 

( iii ) X (.r 3 + 3y2 + 3^2) 3^ (,^,2 _ ^2 _ ^2)^ 

(iv) xyz~a%v-\-y-\-z) + 2a^^0. 

Ans. (i) (0, 0, 0) is binode ; (ii) ( 0 , 0 , 0 ) is conic node ; (iii) ( 0 , 0 , 0) 
is conic node, (the surface is formed by I'evolution of the curve 
x(x^-\-3y^) — Sa(x‘'—y'^)^ 2 — 0, about OX) ; (iv) (a, a, a) is a conic node. 

Ex. 7. Find the equation to the surface generated by a variable 
circle passing through the points ( 0 , 0 , ± c) and intersecting the circle 
s= 0 , x^+y^=^cix, and shew that the tangent cones at the conical 
points intersect the plane 2=0 in the conic 

(c^ - 4a^) x^ + c^y^ — 4a(p-x. 

Ex. 8 . If every point of a line drawn on a surface is a singular 
point, the line is a nodal line. Find the nodal lines of the surfaces 

(i) z{oy^^}f)^2axy, 

(ii) +y^)^ = Cbh\aP‘ - y‘^\ 

(iii) (y 2 4 - {{ 2 x- yf + 4 ^ 2^-2 

Alls, (i) x=y~0] (ii) x~y~0\ (iii) y= 2 = 0 , y — 2 .i’= 2 = 0 . 

Ex. 9. Prove that the 2 -axis is a nodal line on the surface 
2xy -(- 4 - ^hx'^y + Srry ^ q. dy ^ + * ( px‘^ -h ^qxy + ry-) = 0, 

any point (0, 0, y) being a binode at which the tangent i^lanes are 
2xy + y ( px'^ + 2qxy + ry-) = 0. 

Prove also that if r and p have the same sign there are two real 
u nodes lying on the nodal line. 

Ex. 10. For the surface 

2xy 4-01^- Zxhj - Zxif ^ + y ^ + s {pc^ - ‘^y + 'f) = 0, 

prove that the 2 -axis is a nodal line with unodes at the points (0, 0, - 2), 
( 0 , 0 , §). 

183. Singular tangent planes. We have seen that the 
tangent plane at a point P of a surface meets the surface 
in a curve which has a double point at P. The curve may 
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have other double points. If Q is another double point, 
the plane contains the inflexional tangents to the surface 
at Q, and is therefore the tangent plane at Q, A plane 
which is a tangent plane at two points of a surface is a 
double tangent plane. We may likewise have planes touching 
at three points of the surface or triple tangent planes, and 
tangent planes touching at four or more points of the 
surface. 

Or we may have a tangent plane which touches the 
surface at all points of a curve, as the tangent plane to a 
cone or cylinder. Such a plane is a singular tangent plane or 
trope.* 

Ex. 1. For the cubic surface the planes 

^ 2 = 0 , are triple tangent planes. 

The intersection of the plane u = 0 and the surface is the cubic curve 
consisting of the three straight lines u = 26 j = 0, 

These lines form a triangle and the three vertices are double points, 
so that the plane •m= 0 is tangent plane at three points. 

Ex. 2. Find the singular point on the surface 
(,3;2 4.^2 4. ^2)2 = 4 a%v 2 +y), 

and shew that the planes z= =h a are singular tangent planes. 

Ex. 3. Sketch the form of the cone 

and shew that the jilanes ±az each touch it along two 

generators. 

The sections by planes parallel to XOY are lemniscates. 

Ex. 4. Prove that the planes 2 = i c are singular tangent planes to 
the cyliiidroid = 


THE ANCHOR-RING. 

Ex. 5, The surface generated by the revolution of a circle about 
a line in its plane w^hich it does not intersect is called the anchor-ring 
or tore. 

If the straight line is the s-axis and the circle is y— 0, 

(a> h\ shew that the equation to the surface is 
(pr- -f-y“ + 

Prove that the planes z=±h are singular tangent planes. 

*For an adequate discussion of the singularities of surfaces the student 
is referred to Ba.-s-.-C.- of Siufaces. An interesting account of 

the properties of i, 'i-." i :: methods for the construction of models 

is given in Giibic Surfaces^ by 'W, H. Blythe. Kummer^s Quartic Surface 
(Hudson) contains an exposition of the properties of various quartic 
surfaces. 
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Ex. 6. Prove that the polar equation of the curve of intersection 
of the surface and the tangent plane a; = a-6, referred to a line- 
parallel ^OY as initial line, is r2=:4a2sin («.- t?)sin where 

sin cc==>r^<^/^- 

Ex. 7. Prove th^_the inflexional tangents at (a -5, 0, 0) are 
rc=^a-h, ys/5=: ±zsja-b. 

Ex. 8. The tangent plane which passes through OY is .r tan ex, 
where sin cL — bja and it touches the surface at the two points 

(a cos-oL, 0, a cos cl sin a), (-a cos V, 0, -a cos a sin a). 

Where it meets the surface we have 

a? sin a = ^ cos a, 4-^2 ^ ^2 .j, ^2 _ ^2 j2 _ 4 ^^ ^ . 

therefore 

cos2a)^ = 4a%r2 + ?/2)-4a2(A‘2+;y2-i./-) cos^a, 

= 4a2(j;2 _ 4^2^2 cQsV, 

= 4a2j/2sin2oL. 

Hence 

Therefore the curve of intersection of the surface and the tangent 
plane consists of two circles which intersect at the points of contact 

(acos^a, 0, a cos o. sin a), (-acosV, 0, - c? cos a. sin a). 


THE WAVE SURFACE. 


If N'ON is normal to any central section of the ellipsoid 




and lengths OA, OA' ; OB, OB^ equal to the axes of the section are 
measured along ON and ON', the points A, A', B, B' lie upon a surface 
of the fourth degree, which is called the wave surface. Since the axes 
of the section by the plane lx-\-my’^nz~0 are given by 


aH^ hhn^ chi^ _ . 
^^2 + ^372 + ^2372-^1 


the equation to the wave surface is 

^37:2 + ^37 


+ 




= 0 , 


where The equation, on simplification, becomes 

(.r2+y3q.^2)(^2^2+ 4. ^2/2) _ «2(^2 q. ^2)^2 ^ ^,2(^2 4. ^2) ^2 „ c2(«24- 2,2) .2 

If the plane of section of the ellipsoid passes through one of the 
principal axes, that axis is an axis of the conic in which the plane cuts 
the ellipsoid. Thus one of the axes of a.ny section through Y'OY is 
equal to h. The remaining axes of such sections coincide in turn with 
the semi-diameters of the ellipse ?/==0, Hence the 

points A, A', B, B', corresponding to sections through Y'OY, describe 
a circle of radius h and an ellipse which is simply the above ellipse 
turned through a right angle, and whose equations are therefore y— 0, 
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The circle and this ellipse clearly form the inter- 
section of the wave surface and the plane y = 0. 

The result can be immediately verified by putting y equal to zero 
in the equation to the surface, when w^e obtain 

(f + - m) (c%2 + aV- - c^aP) = 0. 

Similarly, the sections of the surface by the planes a’= 0, ^=0 are 
the circles and ellipses given by 

X = 0, (y H ^2 - a^) (£2^2 ^ ^2^2 _ 2)2^2) Q . 

2 = 0, — c^){oPx^ -1- ~ QplP) = 0. 

Pig. 53 shews an octant of the wave surface. 

If a >h> c, the only two of these circles and ellipses which have 
common points lie in the plane y—0, and the i3oints are given by 

ax y GZ ^ ac 



The wave surface consists of two sheets, one described by points 
such as A and A', the other by points such as B and B'. The sheets 
will cross only w^here the axes of the central sections are equal. 
Hence since there are only two real central circular sections, and the 
radius of each is the only four points common to the two sheets lie 
on the normals to the central circular sections, and are at a distance h 
from the centre. They are given by 

_ 6 ±ac 

\ la ^ — })^ /ct2_52 52_g2 s / aP -^ c - 

and are thus the points of intersection of the circle and ellipse in the 
plane ?/=0, as clearly should be the case. 

If P is one of these four points, the section of the surface by the 
plane y = Q has a double point at P, and the plane y—Q is not a 
tangent plane at P. This suggests that P is a singular point on the 
wave surface. Change the origin to P, (f, f), noting that 

The equation becomes 

+ +<) -y\aP - 62 )( 62 .., ^2) + ... =0, 
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and hence P is a conical point. Thus the wave surface has four 
conical points, and they are the points of intersection of the circle and 
ellipse which form the section of the surface by the plane ?/ — 0. 

Since any plane section of the surface is a curve of the fourth 
de'oree, if the surface has a singular tangent plane, the intersection 
of 'the tangent plane with the surface will consist of two coincident 
conics, or the plane will touch the surface at all points of a conic. 
Any plane will meet the conic in two points Q and R, the singular 
tancrent plane in the line QR, and the surface in a curve of the fourth 
deo-ree which QR touches at Q and R. Considering, then, the sections 
of 'the surface by the coordinate planes, we see that any real singular 
tam^ent plane must pass through a common tangent to the circle and 
ellipse in the plane ?/ = 0. Their equations are 

y=0, = ch--\-ahj-~c-a% 

and the common tangents are easily found to he given by 

i/=0, ± 

or by ^=0, 

where (A t;, 0 is one of the singular points. 

If the equation to the surface is /(a-, y, z)^0, when ^=0, 

and hence the tangent plane at any point of the £.r-plane is parallel 
to OY, and therefore the plane 

ax^-\-C2^~ahc 

is at least a double tangent plane. Now the equation to the surface 
can be written in the form 

62(r2 ^ (,,2 ^ o2) + (a2 - bW^ - - c3)(r2 - «2),2 = q, 

or {6(r2 - cfi)+^(a‘^ - c^)}{b {r^ - c^) - J(a' - c"')} 



Therefore the plane a.v^ + cz^=ahc meets the surface at points lying 
on one of the spheres 

b (r2 - ^ (a2 - c2) = 0, h (j-s - (?) “ ^ - «’) = 0- 

But, subtracting, we see that the common points of these spheres 
lie in the plane , . 

C CL 

or ax^^-cz^—ahc. 

Thus the plane meets both spheres in the same circle, or the section 
of the surface by the plane consists of two coincident circles, and 
therefore the plane is a singular tangent plane. The wave surface 
has therefore four singular tangent planes. 
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184. The indicatrix. I£ the tangent plane and normal 
at a given point of a surface be taken as the plane 0 = 0 
and the 0 -axis, and the equation to the surface is then 
0 —fix, y), this equation may be written 

0 =zpx+qy + 1 (rx^ + ^sxy + ty^) + . . . - 
where p, q, r, s, t are the values of 

00 ^ ^ 0^0 0% 

'bx 0y’ 003“' 003 0y' 0?/*^ 

at the origin ; or, since p^q^O, 

2z — rx^-\-2sxy-\-ty^+ — 

Hence, if we consider x and y in the neighbourhood of 
the origin to be small quantities of the first order, 0 is 
of the second order, and therefore, if we reject terms of the 
third and higher orders, we have as an approximation to 
the shape of the surface at the origin the conicoid given by 
2z = Tx-+2sxy + iy^. 

This conicoid is a paraboloid if and a parabolic 

cylinder if Tt = s\ In the neighbourhood of the origin the 
sections of the surface and conicoid by a plane parallel to 
the tangent plane, and at an infinitesimal distance h from 
it, coincide ; the section of the conicoid is the conic given by 

0 = /t, 2h = + 2sxy 4- ty^, 

which is called the indicatrix. The inflexional tangents are 
given by 2 = 0, + 2sxy +tif = 0, 

and are clearly parallel to the asymptotes of the indicatrix. 
Hence if the inflexional tangents are imaginary, the indi- 
catrix is an ellipse, and the origin is an elliptic point on the 
surface; if they are real and distinct, the indicatrix is a 
hyperbola, and the origin is a hyperbolic point ; and if they 
are coincident, the indicatrix is two parallel straight lines, 
and the origin is a parabolic point. 

At an elliptic point the shape of the surface is approxi- 
mately that of an elliptic paraboloid, and therefore the 
surface lies on one side of the tangent plane at the point. 
It is said to be synciastic in this case. At a hyperbolic 
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point the shape is approximately that of a hyperbolic 
paraboloid, and the surface lies on both sides of the tangent 
plane. At such a point it is said to he anticlastic. 

Ex. 1. Every point on a cone or cylinder is a parabolic point. 

Ex. 2. Eind the locus of the parabolic points on tbe surface 

The direction of the inflexional tangents through (j7, y, z) are given 
by ^Fa:+mF2,'f^iF;j=0, 

Z2Fj:x -f w^F^^ + + 29)inF^2 -h H- = 0. 

Hence the inflexional tangents coincide if 


- 0 . 


..( 1 ) 


2Z 5 ^ ^23 } 

F,, F„ F,, 

But Far is a homogeneous f unction of o;, y, z, t, of degree (« - 1), and 
therefore + zF^cz + iF:>:t — {n-1) F^^ etc., 

by means of which equation (1) can be reduced to 
F XX ) F^ry , Fxz , Fxt I — 0. 

Fj/arj 3 F^, , Fyt 

Fza;, Fgy, Fg2j Fgt 
Ffa; } Fcy^ Ffj 5 Ftt 

This equation determines a surface whose curve of intersection with 
the given surface is the required locus. 

Ex. 3. Prove that the points of intersection of the surface 

+ = 

and the coordinate planes are parabolic points. 

Ex. 4. Prove that the parabolic points of the cylindroid 

lie upon the lines jr— y=0, 0 =c ; x-Fy—O^ 2 = — c. 

Ex. 5. Prove that the indicatrix at a point of the surface z-f{x^y) 
is a rectangular hyperbola if (1 if 4- (1 — 2/1^5 = 0. 

Ex. 6. Prove that the indicatrix at every point of the helicoid 

-=tan-i^ is a rectangular hyperbola. 
c X 

Ex. 7. The points of the surface xyz-a{yz^-zx^xy)^<^^ at which 
the iiidiktrix is a rectangular hyperbola, lie on the cone 
+ 2 ) +y) = 0. 


185. Representation by parameters. If a), y, z are 
functions of two parameters u and v and are given by the 
equations 

^ =f\ ^). y ^ =/s (“> ^)> 



272 


COOEDINATE GEOMETEY 


[CH. XIII 


the locus of the point {x, y, z) is a surface. For u and v 
can be eliminated between tlie three equations, and the 
elimination leads to an equation of the form F(:r, y^ -^) = 0. 

The tangent plane. To find the equation to the tangent 
plane we may proceed thus. The equation is 

But since x, y, z are functions of tc and v, 

F^Xu "b Fyy<ii -f* F^z^ = 0 

and F jjjCc 0 “f* F yfy ■}, *4“ F 2 '^'^ = 0. 

Therefore ^ — - = ^ ^ . 

yu^v 0 ZuXy — " Xy^Zi) x^y 0 — yvPOv 

These give the direction-cosines of the normal. 

The equation to the tangent plane is 

i-x, n-y, f-s 1=0. 


Ex. 1. Find the tangent plane at the point “w, 0” on the helicoid 


for which 


?^cos^, y~ 2 isin z~cO. 


Ex. 2. Find the tangent plane at the point Uy 0 ” on the cylindroid, 
f 01 which y = u sin 0, 2 : — c sin 2 

and prove that its intersection with the surface consists of a sfcraio-ht 
line and an ellipse whose projection on the plane 2=0 is the circle " 

(vi'2 + y-) cos 2 ^ (a* cos 0 - y sin ^) == 0. 

Ex. 3. Prove that the normals at points on the cylindroid for 
which 0 is constant lie on a hyperbolic paraboloid. 

Ex. 4. Prove that the equations 

x^a^X + \iL^c^X{iy = «2/\ -h \\L + + e^X^ 

determine a hyperbolic paraboloid if A 9 ^= 0 , and a plane if A=0, 
where 


^'2) 


Ex. 5. If A =f 0, prove that the equations 

x=^a^X^+b^Xy.-^ c^ix\ 7 / = z = a^X- + h^Xp. + 

determine a cone whose vertex is the origin and which has as 
generators the lines 

^/“l=y/«2=^/“3l ^/Cl=y/C2=V<’s- 
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Examples X. 

1. Prove that the surfaces 

"ixyz — 4- 1 = Oj 

ziyP- -1-^2 _ ^2 + 1 ) = ^xy 
have each four conic nodes whose coordinates are 

(1,1,1), (1, ~1, -1), (-1, 1, ^1), (-1, -1, 1). 

2. Prove that the surface 

{x‘\-y-\:>z-af^xyz 

has binodes at the points (a, 0, Q), (0, a, 0), (0, 0, a). 

3. Prove that the line 2^=a, 2 --O is a nodal line on the surface 

A.cz\x -~(i)-\-hy{^x- cCf — 0, 

and that there is a unode at the point where it meets the plane y~0. 
Prove also that the section of the surface by any plane through the 
nodal line consists of three straight lines, two of which coincide with 
the nodal line. 

4. Prove that the surface 

(^2 _)_ ^2^ ^ _ 4^2 

contains an infinite number of straight lines. Examine the nature of 
the sections by planes through the line ^=3^ — 0=0. 

6. Prove that the equation 

a (y - 6)(0 - c)2 - - a)(24-c)2 = 0 

represents a conoid which is generated by line.s parallel to the plane 
XOY which meet the line x=a^ y = h. Shew also that the normals to 
the surface at points of the generator xja^ylh, z—0, lie on the hyper- 
bolic paraboloid 

4:ah{hx - ay) {ax -^•hy-o?'- W) = cz {o ? -f }y^'f, 

6. Shew that the equation 

o(^ _ %xyz ~ 

represents a surface of revolution, and find the equations to the 
generating curve. 

7. Prove that the perpendiculars from the point (ol, /?, y) to the 
generators of the cylindroid 

a7=wcos^, y=UB\Tid^ 0=csin2^ 
lie on the conicoid 

7 (^ - o«.)2 -H y (y - y8)2 -1- 2c(a7 - (x.)(^ - jS) - (0 “ y )(£X-r + - a2 - /?2) = 0. 

8. Prove that the only real lines lying on the surface 

x—a, y-\~z~0\ y — a, z-{-x = 0; z=a, x+y—0. 

Shew also that the section of the surface by a plane through one of 
these lines consists of a straight line and a conic. Determine the 
position of the plane through the line x—a, y-\-z~0 which meets the 
surface in a conic whose projection on the y^-plane is a circle. 

B.a 8 
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9. Shew that an infinite number of spheres with centres on the 
a7^-plane cuts the surface + at right an^lp^ 

and find the locus of their centres. ® ^ 


10. Discuss the form of the surface 

+ %lcxyz + - ^^ak^^y = 0 . 

Shew that it is a ruled surface, and give a geometrical construction 
for the generator through a given point of the parabola in which it 
meets the .r^-plane. Prove also that any point on its curve of inter- 
section with the cylinder ■\-y‘''‘^%ay is given by 

X = 2a sin ^ cos 0, y^2a cos-0, z — k (sec 0 - tan B). 

11. P, P' are {a, h, c), {-a^ -h, -c); A, A' are {a, h, -A 
{-a, h, -c); B, B' are (~a, h, c), (-a, -6, c) ; and C, C' are 
(a, -6, e), {a, -6, -c). ^ Prove that the equation to the surface 
generated by a conic which passes through P and P' and intersects 
the lines A A', BB', CC' is 



Shew that this surface contains the lines, A A', BB', CC', PA PB 
PC, P'A', P'B', P'C', PP', Examine the shape of the surface at the 
origin. Shew that any point on PP' is a singular point, and that 
P and P' are singular points of the second order, (that is, that the 
locus of the tangents at P and P' is a cone of the third degree). 

12. If A, /X are the parameters of the confocals through a point P of 
an ellipsoid x- (a^ —I , centre O, prove that the points on 
the wave surface which correspond to the section of the ellipsoid by 
the diametral plane of OP are given by 

X(a 2 ~ 62 )(a 2 -c 2 )’ ^ A( 62 -a 2 )( 62 ^c 2 )> ^ A(c 2 -a 2 )(^ 2 _ 52 yi 

and the corresponding expressions obtained by interchanging X and/x. 
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CHAPTER XIV. 

CUEVES IN SPACE. 

186. The equations to a curve. The equations 

2 /. 2 ;) = 0 , f2{x,y,z):^0 

together represent the curve of intersection of the surfaces 
given by /^(cc, j/, 0 ) = O and y, z) = 0. If we eliminate 
first X, and then y^ between the two equations, we obtain 
equations of the form 

( 1 ) 

If, now, z be made to depend upon a variable t, z and t 
being connected by the equation z=(p^{t), the equations (1) 
take the form y ^ ^ 

Hence the coordinates of any point on the curve of 
intersection of two surfaces can be expressed as functions 
of a single parameter. 

Conversely, the locus of a point whose coordinates are 
given by x = 4>,(t). y = <^>S). 

where t is a parameter, is the curve of intersection of two 
surfaces. For the elimination of t leads to two equations 
of the form /^(a), i/)=0, f,(y, z) = 0, 

which represent two cylinders whose curve of intersection 
is the locus of the point. (Compare §§ 40, 41, 76, 165.) 

187. The tangent. To find the equations to the tangent 
at a given point to a given curve. 

Suppose that ir, y, z are given as functions of a para- 
meter t We shall throughout use the symbols x\ x'\ 
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etc. to denote unless where another meaning 

is expressly assigned to them. Let the given point, P, he 
,x « and let Q, + ai+oy, he a point on the 

curve adjacent to P. Then, i£ x-f{t)y 

xJr8x=f(t-\-St), 

- fit) + + . ■ • , 

St^ 

=:X + x'St+x"^+---> 


Similarly, i/ + oi/ = 2 / + 2/'^^ + 2/"j^+--- » 

St^ 

z+Sz-z+zSt + z''^+"-- 

The equations to PQ are 

J_-x jrzl — 




x'+x"^+- 2/'+2/"f+-" s'+^"f + - 

Now, as Q tends to P, St tends to zero, and the limiting 
position of PQ, that is, the tangent at P, is given hy 

' X y' ^ 

If the equations to the curve are 

f^{x, y, 2 :) = 0, 2 ) = 0, 


we have 


02; 


therefore 


X 


,0Fo , ,0F, 




r' = 0; 


3^ 35" Ba 31/ 33 Bai Bjb B3 ox 2iy dy dx 

whence the direction-ratios of the tangent are found. 

Oor. The tangent at a point P to the curve of inter- 
section of two surfaces is the line of intersection of their 
tangent planes at P. 
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Ex. 1. Find the equations to the tangent at the point “ on the 
x = aooBd, y = a sin 2 = led. 

Ex. 2. Shew that the tangent at a point of the curve of inter- 
section of the ellipsoid — \ and the confocal whose 

parameter is \ is given by 

y{r]~y) __ 

c^{a^-h‘^)(e^--X)' 

Ex. 3. Shew that the tangent at any point of the curve whose 
equations, referred to rectangular axes, are 

;2=2^^ 

makes a constant angle with the line 

y^z-x^O, 


188. The direction-cosines of the tangent. If the axes 
are rectangular, and P, {x, y, z) and Q, (x + Sx, y + Sy, z+Sz) 
are adjacent points of a given curve, Sr, the measure of PQ, 
is given by Sr^ = Sx^ -f Sy^ + Sz^. 

Let the measure of the arc PQ of the curve be Ss, Then 


Ltir=l} and therefore 
os 




+ 



or s^ = x'^ + y'^ + z'^, 

where x, y, z are functions of t and x' etc. Hence 


the actual direction-cosines of the tangent at P are 

x' y' z' dx dy dz 

— , --7, or 

s s s ds ds d8 


Ex. 1. For the helix cr = acos S, ?/=« sin s— tan ol, prove that 
^=aseccLy and that the length of the curve measured from the point 
where ^=0 is a0 sec cl. (Compare fig. 51.) 

Ex. 2. Prove that the length of the curve 

^=2a(sin“^^ + i!\/l - ^2), y—2afy z—Aaty 

between the points where and t^t^y is Shew also 

that the curve is a helix drawn on a cylinder whose base is a cycloid 
and making an angle of 45*" with the generators. 


189. The normal plane. The locus of the normals to a 
curve at a point P is the plane through P at right angles to 
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the tangent at P. If the axes are rectangular the equation 
to the normal plane is 

{i—x)x'+{r]-y)y'+(^-z)z' = 0. 


190. Contact of a curve and surface. If p, p^, p^, ... 
points of a given curve, lie on a given surface and P^, P^, . . . 
tend to P, then in the limit, when Po, ...P^ coincide 
with P, the curve and surface have contact of the order 
at P. 

To find the conditions that a curve and surface should 
have contact of a given order. 

Let the equations to the curve and surface he 

^=^3(0; 

and let 03(0}- 


Then the roots of the equation F(t) = 0 are the values of 
t which correspond to the points of intersection of the curve 
and surface. If the curve and surface have contact of the 
first order at the point for which t — the equation 
P(^) = 0 has two roots equal to f, and therefore 

rJp 

F(ii)=0 and ^=0, 


and clearly 


dt^~'dxdt^ 'by d\ bz dtf 


If the contact is of the second order, the equation F(i^)=0 
has three roots equal to t^, and therefore 


dF 


d^F 


m-o, ^= 0 , ^^= 0 . 




And generally, if the contact is of the order, 


Ex. 1. Find the plane that has three-point contact at the origin 
with the curve 


Ans, 3d!-8y+6z^Q. 
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Ex. 2. Determine o., /e, h so that the paraboloid ^z^ax^-\’’^hxy-\-hy^ 
may have closest possible contact at the origin with the curve 

What is the order of the contact ? 

Ans, al^h—hj Fourth. 


Ex. 3. Find the inflexional tangents at on the surface 

yH^A.c.x. 

The equations to a line through (j?i, ^/u ^i) written 

x=Xi-hlt^ y=yi'^'f^t, z=Zi-hnt. 

The inflexional tangents are the lines which have three-point contact 
with the surface where ^ = 0. For all values of t, ’we have 


dx_y 



dt 


—n. 


Hence for three-point contact at we have 

(i) = 

(ii) -4c^+2yi2im-f-y 1-71 = 0, 

(iii) 2i??i2 + 2yiTO?i = 0. 

rr» c I m n I m n 

yj2-0‘-4o 

(Compare § 181, Ex. 2.) 

Ex. 4. Find the lines that have four-point contact at (0, 0, 1) with 
the surface 

x^ -f 3xyz -f- — ?/2 - 2:2 + 2yz -3xy-2y + ^z—l. 

Ans. The direction-ratios satisfy hmi — Q, P~m“-n^-\-27nn^0. 


Ex. 5. Prov^e that if the circle lX'\-my-\-nz=0, x^-\-y--\-z^—2cz 
has three-point contact at the origin with the paraboloid 


Deduce the result of § 88, Ex, 5. 


^ hP + anP ' 


191. The osculating plane. It* p, q, r are points of a 
curve, and Q and R tend to P, the limiting position of the 
plane PQR is the osculating plane at the point P, 

To find the equation to the osculating plane. 

Let the coordinates be functions of a parameter t and P 
be (x, 2/, z). The equation to any plane is of the form 
a^Ar "h ~ 0. 

If this plane and the curve have contact of the second 
order at {x, y, z), we have 

ax+hy ^cz+d — ^. 
ax' + l^y' + cz' =0, 
ax" +by" +cz" =0. 
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Therefore, eliminating a, b, c, d, we obtain the equation 
to the osculating plane, 

f-oj, 7]-y, ^-z\ = 0. 

x\ y\ z 

y\ 

Ex. 1. Eind the osculating plane at the point “0” on the helix 
.r— acos y=asin 2—19. 

J?i5. lc{x^mB-y(^o%d-aQ)-^az-0, 

Ex. 2. For the curve shew that anj plane 

meets it in three points and deduce the equation to the osculating 
plane at A?i5. 

Ex. 3. Prove that there are three points on the cubic x = at^-\-h 
y-Zct-'\-Zdt.,z—Zet-{’f, such that the osculating planes pass through 
the origin, and that the points lie in the plane + 

Ex. 4. P and Q are points of a curve and PT is the tangent at P. 
Prove that the limiting position of the plane PQT as Q tends to P is 
the osculating plane at P. 

Ex. 5. Normals are drawn from the point (ol, /?, j) to the ellipsoid 
x-ld-+y*lb^ + z-lc- — l. Find the equation to the osculating plane at 
(oL, P, y) of the cubic curve through the feet of the normals. 

ch 

(c2 - a^)(a^ - b-^)a.^{a^ - b^Xb'^ - c^) /? +(p3^2)(^2r^ + 1 = «■ 

Ex. 6. Shew that the condition that four consecutive points of a 
curve should be coplanar is 

' y\ 2' =0. 

x\ ?/", /' 

.V", y''\ z'" 

Ex. 7. Prove that the equations 

X = + 2 bit + Cl , y = -I* 263^ + Cs , 2 == -j- + Cg 

determine a parabola, and find the equation to the plane in which it 
lies. 


Ex. 8. Shew that the curve for which 

.tzl 

c — d '' a — d b — t 
is a plane curve which lies in the plane ax+hy+cz—Q, 

192. To find the osculating 'plane at a point of the curve 
of intersection of the surfaces f{^, ? 7 , ^) = 0, rj, 

The equations to the tangent at (x, y, z) are 

(f —») + ()? — ?/) + (f— = 0, 
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and therefore the equation to the osculating plane is of 
the form 

X {{^- *)/»+(»/- 2/)/!/ + (^ - 

That this plane should have contact of the second order 
with the curve, we must have 

X {aj'/a; + y'fy + ^'fz] = y- + y'<py + (1) 

and X{o!^'%+y'yy'^^'%} — y-W^x'^y^'<j>y + ^"(pz}* ...(2) 

But x%+y'fy+ 2 ^% — 0 and x^^+y'(f>y+z'(pz — 0, ...(3) 

and therefore equation (1) is an identity. This is to be 
expected, since any plane through the tangent to a curve 
has contact of the first order with the curve. Differenti- 
ating the equations (3), we obtain 

X%x + y'%jy + ^'Jzz+ '^y'^'fyz+ 22:V/,:^+ "^Xyjxy 
^^{xj,+yjy+z'%\ 

x'^cpxx + y'^^yy + ^'^(pzz + ^y'^'<pyz + 2z'x'<p;i>x + ^x'y'(f}^y 
= —(x"<px + y"<py + !^"<pz)7 

whence by (2) the equation to the osculating plane is 

x)fx + (^ -- 2/)/y + (^ ~“ ^)fz _ + ( >; ~ <j>z 

X%x • • ‘ + '^y^Jyz + • • • X^c^xx • • . + + • • • 

Ex. 1. Prove that the osculating plane at 7/i, z-^ on the curve 
of intersection of the cylinders is given by 

XX'^ “ zz^ — cP y^i — zz-^ — 

Ex. 2. Find the osculating plane at a point of the curve of inter- 
section of the conicoids 


5^2_^^2:2-1=0, <^=cuP-\- Py^-\-yz^~-l=0. 

W e have axx' + hjy' + czz' = 0 , 

cLXx' + /5y/ + -^zz' = 0, 

, XX* yi/ zz' 

whence 

where A = hy — cP, B=a(x.—ay, CsajS—ba^ 

Again, /:a,=2a, fsu-9h, f„=’io-, /yz=fM=/»y=0 ; ^„=2a, etc. 

Therefore the required equation is 
(f - x)ax + (17 - ?/) hy + ( ^z) cz {^-x)ixjx+{r)-y)liy+{t- z) yz 
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The equation may be further transformed. 

We have = Cy‘2-(a'~a) = 0, etc. 

Hence the equation may be written 

- a) = 2x^B0{Bz^- - Cf^), 

= - (Bz^ - Cf){Cx^^ - Az^){Ay^ - 
= -(a-a)(I^~5)(7-c), 

BCjA^ , , ABz’^^ 


W - &)( V - c) {y -c)(a.-a)'^ (a. -aX(i-b) 

Ex. 3. Shew that at (x', y\ /), a point of intersection of the three 
confocals, 


+ 1 =0. 




^ 6“ ' C" ’ a^ + A. 6"-f*A c“ + A ’ 

the osculating plane of the curve of intersection of the first two 
is given by xx'{a- + /x) yy'jb- 4- fi) Z 2 '(c^ + /x) _ 

+ A) 6-(6- + A) c^{c^A- A) ~ 

Ex. 4. Prove that the points of the curve of intersection of the 
sphere and conicoid 

7\v^ + ry'^A‘rz‘^ = '^, ax^A-hy'^‘hcz‘^ = l, 
at which the osculating planes pass through the origin, lie on the cone 


r 


r=D 


-+■ 


r 


A , ^ — A, 

— .rH t/H- 

b-c c-a'^ 


a — h' 


^ = 0. 


193 . The principal normal and hinormal. There is an 
infinite number of normals to a curve at a given point, A, 



on it, and their locus is the normal plane at A. Two of the 
normals are of special importance, that which lies in the 
osculating plane at A and is called the principal normal, and 
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that which is perpendicular to the osculating plane and is 
called the binormal. In fig. 54 AT is the tangent, AP the 
principal normal, AB the binormal; the plane ATP is the 
osculating plane, and the plane ABP is the normal plane. 
The plane ABT is called the rectifying plane. 

We shall choose as the positive direction of the tangent 
at A the direction in which the ai-e increases, and as the 
positive direction of the principal normal, that towards 
which the concavity of the curve is turned. We shall then 
choose the positive direction of the binomial so that the 
positive directions of the tangent, principal normal and 
binormal can be brought by rotation into coincidence with 
the positive directions of the cc-, y-, and 2 -axes respectively. 

Let us throughout denote the direction-cosines of the 


tangent by Zj, mj, vij; 

principal normal by Z,, ; 

binormal by Zj, mg, ng. 


Then, (§ 188), 


7 


771 . 


= 4-^ 

^ds’ 


n, 


_ dz 


Again, (§ 191), 


1. 


m.. 


Tlo 


yz —zy zx —xz xy —yx 


where x' = etc., 


_ ±1 

y '^ + z''^){x "^ + y"'^ + z"^) - {x'x" + y'y" -f z'z'f' 
(by Lagrange’s identity). 

But, (§ 188), x'^+y^^+z'^=:^s'\ 

and therefore x'x" + y'y" + z'z" = a's", 

y'z" •-z'y"'^ z'x" — x'z"'^ x'y" — y'x" 

+1 

s'^x"^^ + y"^+z"^-8"^^ 


We have also 
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Therefore 

7 _ ■ - y'^") 

" ^ sVa;''H2/""+2''^-s"" 

_ x"(x'~ + y'^ +z'^)-x {x'x" + y'y " + z'z") 

sVx"-^+y''^+z''-^-s"-^ 
x"s'—x's'' 

- * sV «"2 + 2/"2 + 2 " 2 _ s " 2 ’ 
and similarly, 

y"s '-y'a'' n,= ±-~ 

Ex. 1. Prove that the parallels through the origin to the binormals 
of the helix y = a sin 2 = kO 

lie upon the inght cone a\x^-ky‘^) — kh'^. 

Ex. 2. Prove that the principal normal to the helix is the normal 
to the cylinder. 


194. Curvature. If and Ag are points of a given 
curve so that the arc A^A .2 is positive and of length and 
the angle between the tangents at A^ and A 2 is ^\/r, the 


ratio ^ gives the average rate of change in the direction 

05 

of the tangent over the arc A^A^. The rate of change at 

is measured by the Lt that is by and is called the 

curvature of the curve at A. It is denoted by 1/p, and p 
is called the radius of curvature. 


195. Torsion. The direction of the osculating plane at 
a point of any curve which is not plane changes as the 
point describes the curve. If Sr is the angle between 

the binormals at A^ and A 2 , the ratio ^ gives the average 

rate of change of direction of the osculating plane over the 

0 

arc A^Ao. The rate of change at A^ is measured by the Lt 
dr . 

that is by and is called the torsion at A^. It is denoted 
by l/o-, and cr is called the radius of torsion. 
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196. The spherical indicatrices. The formulae for 
curvature and torsion are readily deduced by means of 
spherical indicatrices, which are constructed as follows. 
From the origin, O, draw in the positive directions of the 
tangents to the curve, radii of the sphere of unit radius 
whose centre is O. 'Fhe extremities of these radii form a 
curve on the sphere which is the spherical indicatrix of the 
tangents. Similarly, by drawing radii in the positive 
directions of the binormals, we construct the spherical 
indicatrix of the binormals. 

197. Frenet’s formulae. In figs. 55, 56, let Ag, Ag, ... 
be adjacent points of a given curve, and let Oio, ... 
be drawn in the same directions as the tangents 

^ 3 *^ 3 ’ » 

and Ohp Ob^, Oh ^, . . . , in the same directions as the binorraals 

^ 1 ^ 1 ’ ^ 3 ^ 3 > *'• * 

Then ... are adjacent points on the 

indicatrices of the tangents and binormals. 



Fig. 55. 


Since and Ot^ are parallel to adjacent tangents to the 
curve, the limiting position of the plane ^^ 0^2 parallel to 
the osculating plane of the curve at Aj^. Hence the tangent 
at to the indicatrix , being the limiting position 

of is at right angles to the binormal at A^. And since 
it is a tangent to the sphere, it is at right angles to the 
radius and is therefore at right angles to the tan- 
gent AjT-. Therefore the tangent at t-^ to the indicatrix 
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ttt ... is parallel to A^Pi, the principal normal at Aj. Let 
us^like as the positive direction of the tangent to the in- 
dicatrix, the positive direction of the principal normal. 



Since the sphere is of unit radius, the measures of the 
arc t f„ of the great circle in which the plane tfiU cuts 
the spLre, and of the angle tfit, are equal, and hence the 
measure of the arc is S'p-- Let So. measure the arc of 

If we take the arcs 


the indicatrix. 


Then Ltyy=±l. 

oy 


of the indicatrix and great circle through in the same 
sense, the limit is +1, and since we have fixed the positive 
direction of the tangent to the indicatrix at we tlius fix 
the sign of &\(^. Hence we have, in magnitude and sign, 

,.-uA=LtA.* 


•( 1 ) 


'‘^r~“"8arda. 

Again, is the point (ij, and therefore, by § 188, 

the direction-cosines of the positive tangent at to the 


indicatrix are 

dl^ dm^ dn^ 
dcL dcL ’ d(x 

Whence 

, dL dm. dn^ 

da.’ 

or, by (1), 

m^_d^ 2!3 = ^. 
p ds’ p ds ’ p ds 


Further, if we consider Ot^, Ot,^, Otg to be generators of a 
cone of the second degree, the planes t^Ot^ are ulti- 

mately tangent planes, and therefore their normals Ob^, oh^ 
are generators of the reciprocal cone. Hence the limiting 



FEENEPS FOEMULAE 


287 


§197] 


position of the plane i.e. the tangent plane to the 

reciprocal cone, is at right angles to and the limiting 
position of the tangent at to the indicatrix 

IS at right angles to Besides, the tangent at 

\ is a tangent to the sphere, and is therefore at right angles 
to Therefore the tangent at 6;^ to the indicatrix . . . 
is parallel to A^Pj, the principal normal at Suppose 
that its positive direction is that of the principal normal 
If the measure, with the proper sign, of the arc 
the indicatrix is <J/3, then the measure of the arc of the 

oreat circle in the plane b-^^Obo is ^r, and Lt^=+1. If 
® or 

we take the arcs in the same sense so that the limit is + 1, 

since we have assigned a positive direction to the tangent 

at to the indicatrix, we fix the sign of Sr- Hence we 

have, in magnitude and sign, 


j Ss ds 


•( 2 ) 


Again, the coordinates of b^ are and hence the 

direction-cosines of the positive tangent at b-^ to the in- 


dicatrix are 


dl^ dm^ 
d^' d^ 


dn^ 


dL 


Therefore h — = 


dm.. 


Or, by (2), 

u 

We have also, 
Hence 


J/fj d/1/^ 


m.3 _ dm^ 

ds' cr ds ' cr 


diio 


__ dii^ 


ds ' 




ds^ "^ds 
Therefore, by (a) and (b), 


.(B) 


dlfs) Zjj 

ds p cr 


% 


Similarly, ^==- 

''as p cr as p cr 

The results (a), (b), (c) are exceedingly important. 

are known as Frenet’s Formulae. 


....(c) 

They 
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198. The signs of the curvature and torsion. We 

have agreed that the positive direction of the tangent at 
to the indicatrix y.2'^3 . • • is that of the principal normal. 
But if the positive direction of the principal normal is that 
towards which the concavity of the curve is turned, the 
direction at ij of the arc is that of the positive direction 
of the principal normal, (see figs. 55, 56). Therefore, 6a., 
S'fp' and p are always positive. 

We also agreed that the positive direction of the tangent 
at 61 to the indicatrix ... was the positive direction of 
the principal normal. The direction at of the arc bjb^ is 
the positive direction of the principal normal for a curve 
such as that in fig. 55, hut is the opposite direction for a 
curve such as that in fig. 66. For the curve in fig. 55, the 
apparent rotation of the principal normal and binormal as 
the arc increases is that of a left-handed screw, and such 
curves are therefore called sinistrorsum. For such a curve 
6^, St and cr are positive. For the curve in fig. 56, the 
apparent rotation is that of a right-handed screw, and such 
curves are said to he dextrorsum. For this class of curve 
Sj3, St and cr are negative. 


199. To find the radius of curvature. 

From (a), § 197, by squaring and adding we obtain 




But 


Hence 



dll 

ds s 


y"^'-s"xy 


•( 1 ) 




Thei'efore^ since == and Scc'aj" = 
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Cor. If the coordinates are functions of s, the length of 
the arc measured from a fixed point, so that t = s, then 
s'=l, s" = 0, and 


/ UsV ~^\dsy w* 

The student should note the analogy between these formulae and 
those for the radius of curvature of a plane curve. 

Ex. Deduce equation (1) from the result of Ex. 10, § 23. 

200. To find the direction-cosines of the princijxd 
normal and binormal. 

From equations (a), § 197, 

, fdl,\ x"s'^s"x' 

1 y"s'-s''y' a'V-sV 

Similarly, = n^ = p — . 

v' z' 

Again, since = k = m^n,-m^n^. 


Q- *1 1 zx" — x'z" x'f' — y'x' 

Similarly, m,^ = p ^^,3 , -7^3 = 3^ 

Compare § 193. 

Cor. If i = s, we have. 

, d^x d^y dH 

, fdy dh dz d?y\ 

201. To find the radius of torsion. From Frenet’s 

dl I 

formulae, (b), we have = and from § 200, 

k = -^(y'z"-z'y"), or l/^ = p(y'z"-z'y''). 

Differentiating with respect to t, we obtain 

^ + SZsS'V = p(y'z'" - z'y'") + p{y'z" - z'y"), 

= p(^y'z'"-z'y-)y^ ( 1 ) 

P 



290 


COOIiDINATE GEOMETEY 


[CH. XIV, 


Similarly, = ...(2) 

and !V!+3VV' = p(cc'y"'-yV'0+^*. ...(3) 

Multiply (1), (2), (3) by respectively, and add. 

and we have 

- = P {«o(y V" - z'y "') + m 2 ( 0 'a;'" - x'z"')+n^{xY' -y'x"')}, 

O’ 

x"s' — s"x' 

which, on substituting p -tj for etc., becomes 

o 


1 £ < y', z' 

<7 s'® x", y", z" 

x'’\ y"\ 0 "' 


Ex. 1. Find the radii of curvature and torsion of the helix 
a7=acos^, 3 / = asin0, z=a0t‘dncL. 

We have :r'=-asin^, y=acos^, s'^atana.. 
Therefore s'^ — 4- = cfi sec^ou 

Hence y' = - a cos y" = - a si n z' — s" = 0, 
and x"' = a sin = - a cos d, = 0. 

0 ^ 5 '^ sec^cx.’ 

— asin^, acosd, a tana. tana. 

— a cos Oi —a sin 0, 0 sec®a ’ 

a sin Oj —a cos 6, 0 

whence a = - a/sin a cos a. 


Therefore 
and 


_L 

p-o- 


Ex. 2. For the curve x—St^ ^ = z = prove that 

Ex. 3. For the curv e jg= 2a(sin~^y\. + A\/l — A.^), ^ = 2aX^, z—Aa\, 
prove that p== -cr- = 8a\/l — k^. 

Ex. 4. For a point of the curve of intersection of the surfaces 
?/ = a?tanh^5 p=— cr=?^. 

(^’ = ccosh^j ?/ = csinh^, z^ct) 

Ex. 5. For the curve x—sl^ak^^ ^(l + SX^), ^=\/6aA, prove 
that cr^y'^la. 

Ex. 6. Find the radii of curvature and torsion at a point of the 
curve — x^—y'^—az, 

9 ( 5 a 2 — 432^3 5a^-hl2z^ 

Am. 

Ca: = acos^, 3/ = asin^j 2=acos20.) 
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202. If the tangent to a curve makes a constant angle a 
with a fixed line a — ±p tan a. 

Take the fixed line as 0-axis. Then 

TO^ = cosa., and ^=^^ = 0, (§197, (a)). 

Therefore n^ = 0, and Wg = ± sin a. 

Again, J + l-= - W = 

Therefore a* = + /!> tan oc. 


Ex. 1. For the curves in Exs. 2, 3, 4, § 201, shew that the tangent 
makes an angle of 45° with a fixed line, and hence that /)= rtcr. 

Ex. 2. If a curve is drawn on any cylinder and makes a constant 
angle a. with the generators, p = /Jq cosec’^a, where 1/p and 1/pQ are the 
cuiwatures at any point P of the curve and the normal section of the 
cylinder through P. 

Take the 2 -axis parallel to the generators of the cylinder. Then 
if 5s, are infinitesimal arcs of the curve and normal section, 

^'=sina., ^=cos a and ^=0. If P is (x, y, z), 


Whence the result immediatel}^ follows. 

Ex. 3. Apply Ex. 2 to shew that the curvature of the helix 
x=acQs6^ ^ = asin^, 2=(2^tanoL, 


then deduce that the torsion is db 


sin CL cos OL 


Ex. 4. If p/o' is constant the curve is a helix. 

Since and dli=]cdl^. 

p ds cr ds ^ 

Therefore where is an arbitrary constant. 

Similarly, /n-^=^k7n^ + i' 2 ) 

Multiplying by , mj , Wj , and adding, we obtain -j- k 2 'mi + I'gWj = 1 . 
Hence, since and therefore /ci, k^^ I'g, cannot all 

be zero, the tangent to the curve makes a constant angle with the 
fixed line jr y 0 

^3 

Parallels drawn through points of the curve to this line generate a 
cylinder on which the curve lies, hence the curve is a helix. 

Ex. 5. If p and o- are constant, the curve is a right circular helix. 

Ex. 6. A curve is drawn on a parabolic cylinder so as to cut all 
the generators at the same angle. Find expressions for the curvature 
and torsion. 

Ans> If the cylinder is ic—at\ y—%at^ and the angle is ot, 
p=2(x(l -f J{^)^/sin^oL and cr=2a(l + ^^)^/sinacosa. 
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203. The circle of curvature. If p, Q, R are points of 
a curve, the limiting position of the circle PQR as Q and R 
tend to P is the osculating circle at P. 

From the definitions of the osculating plane and the 
curvature at P, it follows immediately that the osculating 
circle lies in the osculating plane at P, and that its radius 
is the radius of curvature at P. It also follows that the 
centre of the circle, or the centre of curvature, hes on the 
principal normal, and therefore its coordinates are 

cc + hP’ y + '^hP> ^ + '^2P- 

We can easily deduce the radius and the coordinates of 
the centre by means of Frenet’s formulae. If (oc, /3, y) 
is the centre and r the radius of the circle of curvature, 
the equations 



+ + = (2) 

may be taken to represent it. Since the sphere (2) has 
three-point contact with the curve at {x, y, z), difterenti- 
ating twice with respect to s and applying Frenet’s 
formulae, we have 

(a: - a)2 -f (1/ - /3)H (2 - y)'^ = ^> (3) 

- a) + mi( 2 / - ;8) + - y) = 0, (4) 

- a) -f moSy - IS) + noSz -y)=-p -(5) 

And since the centre (a, /3, y) lies m the osculating 
plane, (1), l^(;x-a.) + m^(y — IS) + 'n^{z — y) = 0 (6) 

Square and add (4), (5), (6), and 

(a: - a)- +(y- /3)°' + (s - y)‘^ = p“- 

Therefore, by (3), r = p. 

Multiply (4), (5), (6) by k respectively, and add, and 
33 — 0.= — f'2P- 

Similarly, y - /3 = - m^.p, z-y=- n.y}. 

Therefore OL=x+lop, fi^yS-m^p, y=z+n^j>. 

204. The osculating sphere. If p> Q. s are points 
of a curve, the limiting position of the sphere PQRS as Q, R 
and S tend to P is the osculating sphere at P. 
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To find the centre and radius of the osculating sphere. 
Assume that the equation is 

Then, for four-point contact at (a;, y, z), we have on differ- 
entiating three times with respect to s, 

(x-a.f+(y~/3f+{z-yf=R^, (1) 

lfx-a)+mfy-^)+nfz-y)=0, (2) 

Ifix nfiz ~y)=-p (3) 

or, by (2), lfix-a.)+m^{y-^)+nfz-y)=:(Tp', (4) 

where p' = 

Whence, as in § 203, we deduce 

i22=pHp'V, 

and 

cL-x+l^p — 1^(7 p\ ^ — y + '?^2P "* y = z+ n.2p — n^(Tp\ 

These shew that the centre of the osculating sphere, or 
centre of spherical curvature, lies on a line drawn through the 
centre of circular curvature parallel to the binormal, and is 
distant — crp' from the centre of circular curvature. 

Cor, If a curve is drawn on a sphere of radius a, R = a, 
a? — 

and therefore cr^ = — Hence, if p is known, a can be 

deduced. Further, if we differentiate 

eliminate the constant a and obtain a differential equation 
satisfied by all spherical curves 

P+^=o. 


Ex. 1. A curve is drawn on a sphere of radius a so as to make a 
constant angle ol with the plane of the equator. Shew that at the 

point whose north-polar distance is d, p — «(1 - sec V cos^^)^. 
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We have, by § 202, cr = p cot cl. 

Also = and ^ = sina. 


But 


s—dcos d, therefore 


ds 


- a sin 6 -T-- 
ds 


Whence 


pdp sin 0 dO 

fa^-— p^ ^ 


Integrating, we obtain 

sld^-p‘^— -acos ^seca+6, 


where h is an arbitrary constant. 
li p— a when ^=7r/2, 6=0, and then 

p-a{\- Qos^O secV) 


Ex. 2. Find the equation to the osculating sphere at the point 
(1, 2, 3) on the curve 

.'r=2<f + l, y=:3^2 + 2, = 

A ns. + %“ + 3^- - 6:r — 1 — 1 80 -j- 50 = 0. 


Ex. S. Find equations to represent the osculating circle at (1, 2, 3) 
of the curve in the last example. 

d?2s. The equation to the sphere and ^=3. 


Ex. 4. Prove that at the origin the osculating sphere of the curve 
.r= -{- 3cjZl, ?/ = "h 3^2^^ “I 3 c 2?, 2 = tt3Zl^-f-353i{^4-3c2^, 


is given by 

2.27, 


p) 

Ivj 

II 

.0 


9 (d^Ci-h 62^2 +^3^3)5 

^25 

03 


3(t''i^+C2^ + C32), 261, 

2^2, 

263 


o' 

C2. 

C'} 


Ex. 5. Find the curvature and torsion of the spherical indicatrix 
of the tangents. 

The direction-cosines of the tangent are ^2> (§ 1^7), and if 

do. is an infinitesimal arc, Lt 5~r==l. 

b\jr 

Hence, if the curvature is — , 

Po 


If the torsion is 
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Whence we easily find 

where = J and <r' = g. 

Ex. 6. Prove that the radii of curvature and torsion of the spherical 

indicatrix of the binormals are and — .. P . t°' , 

+ cr(crp— trp) 

Ex. 7. ^ curve is drawn on a right circular cone, semivertical 
angle ol, so p to cut all the generators at the same angle /?. Shew 
that its projection on a plane at right angles to the axis is an equi- 
angular spiral, and find expressions for its curvature and torsion. 



Take the vertex of the cone as origin and the axis as 5:-axis. Let C, 
fig. 67, be the projection of P, the point considered, on the axis, and 
CP and OP have measures r and R respectively. Then if CP makes 
an angle ^ with OX, r, 0 are the polar coordinates of the projection of 
P on any plane at right angles to the axis. 

From fi^. 58 we obtain 

= sin a=ci?5;tana, qx 

dR —ds cos I3=^rd6 cot /?. j 
dr 

Whence — — cot sin a. d6^ 

which is the differential equation to the projection and has as integral 

where k^cotjS sin a and ^ is arbitrary- 
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Again, from (1), ^ = cos OL cos /G, and therefore the tangent to the 
curve makes a constant angle y with the ^-axis such that 
cos y = cos CL cos /?. 
dh 

We have therefore (r=/)tany. 



Now cos y = r sin 

and, using dashes to denote differentiation with respect to s, by (1), 
t’ = sin (L cos /?, and tB' == sin 

Therefore 

X* = r' cos 0- sin [3 sin 0, y' — r' sin ^ + sin ^ cos ^ ; 

= - (r' sin 6 + sin (3 cos 9) 0\ y” = (r' cos 9 - sin (3 sin 9) & \ 

1 = + sinS/3) = . 

P ^ 

Hence p— ~ — q - . - , and cr = ptany =-. — ^ . 

^ sin fj sill y r / ^ gQg ^ 

Ex. 8. Deduce equations (1), Ex. 7, by differentiating the equations 
ap _ 22tan2a, a’- +y^ + z^= R^, + y- = 

a nd applying -b yy' -\-zz' — R cos /?. 

Ex. 9. The principal normals to a given curve are also principal 
normals to another curve. Prove that the distance between corre- 
sponding points of the curves is constant, that the tangents at 
corresponding points are inclined at a constant angle, and that there 
must be a linear relation between the curvature and torsion of the 
given curve. 

If O, (.r, y, z) is a point on the given curve, O', the corresponding 
point on the second curve has coordinates given by 

r]=y->rm^r, 
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where OO' is of length r. If we take O for origin and OT, OP, OB 
the tangent, principal normal, and bi normal as coordinate axes, 

^^ = 1 , = 12 = 712 =^ 0 , ^2 = 1 ; ^ 3 = 9723 = 0 , 71 ^^=^!; 

and O' is (0, r, 0). The tangent to the second curve is at right angles 
to OP or OO', and therefore ^=0 ; ie. 


Hence, since Wl = ?7^; 

ds 


■ 3 = 0 , ^ is constant. 


It r, 

)+m,j=Q. 


Again, if etc., we have 


therefore, at the origin, 

^' = (l-r/p), •(]' = 0, ^=-rl<T, 

and the tangent to the second curve makes an angle 6 with OT such 
that tan 


-rip 


+4^ , etc. i 

cr- 


r ;.//_rcr 

O*"^ a g-'i. * 


therefore, at the origin, 

^ ^ p p^ 

But the binomial to the second curve is at right angles to OP, and 

rr-"CT=o, 

rp' T(t' 
r 


therefore 


1-^ 


Integrating, we obtain 


log^(l-0=log^, 


where A is an arbitrary constant, 




and thus there is a linear relation between the curvature and torsion. 
Again, tan 6 = 


-= A, and therefore Q is constant. 
l-rjp 


This problem was first investigated by Bertrand, and curves which 
satisfy the conditions are on that account called Bertrand curves. 


Ex. 10. A curve is projected on a plane the normal to w^hich 
makes angles a. and /5 with the tangent and binormal. If pi is the 

radius of curvature of the projection, prove that 
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Let P be a point of the curve and Q and R the points of the curve 
distant Ss from P. Then, if the area of the triangle PQR^ is denoted 

by A, Similarly for the projection -=Ltg^, where A', 

Ss' are the projections of A and Ss. But A' = A cos and Ss' = 8s sin a, 
wlience the I’esult. 


205. GcomBtrical investigation of curvature and tor- 
sion. The following geometrical investigation of the 
curvature and torsion of a curve is instructive. 

Let A , A,, Ag, ...» (% 59), be consecutive vertices of an 
equilateral polygon inscribed in a given curve, and let 



Pig. 59. 


Ml, Mg, Mg, ... be the mid-points of the sides. Planes 
MjCiSp M 2 C 2 S 2 , ... are drawn through Mj, Mg, ... normal to 
the sides. MiCj, MjCj are the lines of intersection of the 
planes MiCiSp and the plane similarly, MgCj 

and MgCj lie in the plane AgAgA^^, and so on. 

Then is the centre of the circle through the points 
Aj, Ao, Ag, and its limiting position when Ag and Ag tend 
to Ai is the centre of curvature at A^. Let p denote the 
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radius of the circle of curvature at Aj^. 

quadrilatei’al C]^MjA2M2> 


From the cyclic 


2smi-M,aM 


Cj^Ag. 


But since the limiting positions of A^Aj and A^Ag are 

tangents, 

2 sin j ~ dxf/ 

Therefore, since the limiting value of C^Aj is p, 

_ ds 

and the curvature where p is the radius of the 

circle of curvature. ^ 

Since the planes are at right angles to 

the plane their line of intersection is normal 

to the plane A^AgAg. Therefore, in the limit, is parallel 
to the binormal at A^ . But since is the locus of points 
equidistant from the points A^, A^, Ag, and 0.23^ is the locus 
of points equidistant from A^, Ag, A^, is the centre of the 
sphere through A^, Ag, Ag, A^, and the limiting position of 
Sj is the centre of spherical curvature at A^^. Therefore^ 
the centre of spherical curvature lies on the line drawn 
through the centre of circular curvature parallel to the 
binormal. 

Since the limiting positions of and 028;^ are parallel 
to consecutive binormals, we may denote the angle O^S^Co 
by (St. If ^2^1 ii^t^i'sect at K, then C^K — Cj^S^St. 

But C^K differs from — CgMo by an infinitesimal of 
higher order, and therefore 

Lt CiSi = Lt ^ = Lt 

^ ^ St , dr 

Hence, if R is the radius of spherical curvature at A^ , 

= Lt(MiCi^ + c^Si’-) = pH (^2)'. 

By our convention of § 193, the positive direction of the 
binormal is that of S^C,. . In our figure the curve ’ 
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dextrorsum, and or is therefore negative. Also Sp is 
negative, so that Sp/Sr is positive. Hence, if the co- 
ordinates of are x, y, z, and those of the limiting 
position of are Zq, 


— = projection of MiCj^+projection of on OX, 


— pU — 


ipj 


or 


(€g = X + pk- 


dp 


Similarly, 

Vo'- 


■ 

--y+pm^-^m, 






The points Sj^, Sg, S3, ... are consecutive points of a curve 
which is the locus of the centres of spherical curvature, 
and S^So, S0S3, ... are ultimately tangents to that locus. 
The plane or M3CoS^ is ultimately an osculating 

plane to the locus, and hence the osculating planes of the 
locus are the normal planes of the curve. Therefore, if 
S\j^, St are the angles between adjacent tangents and bi- 
normals to the curve and Sti are the angles between 
adjacent tangents and binormals to the locus, 


Lt^i = l, and Lt|^ = l. 
or 

Hence, if infinitesimal arcs of the curve and locus are 
denoted by Ss and and the curvature and torsion of 
the locus by Ijp^ and 1/crp 


^ ( 5 s ( 5 s^ j Ss Ss. 


The limiting positions of C^S^, ... are the generators 
of a ruled surface which is called the polar developable. 
Since CjS^ and CoS^ are ultimately coincident, the plane 
touches this surface at all points of the generator 
and hence the normal planes to the curve are the 
tangent planes to the polar developable. 
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Ex. 1. Shew that if ds^ is the differential of the arc of the locus of 
the centres of spherical curvature, 

. Rdll 

If (^, jy, f) is a point on the locus, and = 

Therefore, by EreneFs formulae, and since sJW^^=crp'^ 

dsi RR' 


ds 

Ex. 2. Obtain the result from fig. 59. 

Ex. 3. Prove that pi = B~, 

dp o- dp 

and verify that ppj^=<Tcri. 


206. Coordinates in terms of s. If the tangent, prin- 
cipal normal and binormal at a given point O of a curve are 
taken as coordinate axes, and s measures the arc OP, we 
may express the coordinates of P in terms of s. We have 

a==/(s)=/(0)+s/(0)-f ^/"(0)+~/"(0) ... , 

g‘2 g3 

~h ^0 d" ^0 “h ' • • ; 

where x^', . . . are the values of x\ xJ\ x"\ ... at the 

origin. Similarly, 

^i3 

0 = SZq + -g- + -g Zq" + . . . . 

We have therefore to evaluate x^, etc. 

Since the tangent is the a)-axis, 

< = V = ^* 

Since the principal normal is the ^/-axis, 

PXq" = 0, p?/o'' = 1, p2;q" = 0. 
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Again, by Frenet’s formulae, 




di, 

'd.' 




-{py"'+p<f)> ~+- = -(ps"'+pVi 

p cr p or ' - 

Therefore Xq"' = — 4, , 2/o' ' ” “ 4, , = — 4. 

p-^ P" po* 

Therefore, as far as the terms in we have 


x = s — 




y= 


2p Qp^ 



Ex. 1. Shew that the curve crosses its osculating plane at each 
point. 

Unless l/o- is zero, 0 changes sign with s. If, at any point, 1 /(t= 0, 
the osculating plane is said to be stationary, ’ 

Ex. 2. Prove that the projection of the curve on the normal plane 
at O has a cusp at O. What is the shape at O of the projections on 
the osculating plane and rectifying plane ? 

Ex. 3. If and higher powers of s can be rejected, shew that the 
direction-cosines of the tangent, principal normal, and binomial at P 
are given by 

h _ ^ ^2 m-j ^ W 2 4 W2,3 Wg 

1 sip 0 “S/p l~3sp7p -'S/o'/ 0 "“fi/o-"” 1 - Ssp'/p’ 

In the following examples O and P are adjacent points of a curve, 
and the arc OP is of length s. ’ 

Ex. 4. The angle between the principal normals at O and P is 
«(p-24-<7'2)i 

Ex. 5. The shortest distance between the principal normals at O 

and P is of length -i^£==, and it divides the radius of the circle of 
vp-+o-2 

curvature at O in the ratio p^ ; <7®. 

Ex. 6. The angle that the shortest distance between the tangents 
at O and P makes with the binormal at O is 5/2cr. 

Ex. 7, Prove that the shortest distance between the tangents at 
O and P is s^/ISpcr. 

Ex. 8. The osculating spheres at O and P cut at an angle 
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Examples XI. 

1. Sliew that the feet of the perpendiculars from the origin to the 

taneents to the helix x — y = o:siii^, s = c(9j lie on the hyper- 

boloid 

2. A curve is drawn on the helicoid z — c\jQjr'^ylx so as always to 
cut the generators at a constant angle cl. Shew that by properly 
choosing the starting point it may be made to coincide with the inter- 
section °of the helicoid with the cylinder 2r = c(e^cota_g-flcota)^ Q 
being ordinary polar coordinates. Find the equations to the prin- 
cipal normal at any point. 

3. Find f{Q) so that x^acosO, y^asind, z~f(6) determine a 
plane curve. 

4. If the osculating plane at every point of a curve pass through 

a fixed point, the curve must be plane. Hence prove that the curves 
of intersection of the surfaces + — are 

circles of radius a. 

5. A right helix of radius a and slope a has four-point contact 
with a given curve at the point where its curvature and torsion are 
1/p and liar. Prove that 

a = and tana = -. 

6. For the curve x~atsin9, y — acotOy z-\/2a\ogta.n d, 

2\/2a 


7. Shew that the osculating plane at (Xy y, z) on the curve 

x^’l‘^ax^y‘^ + 2hy=z^-i-2cz 

has equation 

(52- c2)(^-.r)(.r + a)3-p(c2- a2)(^_y)(y + 5)3^(^ - h^^)(C~z)(z+cf=0. 

8. Shew that there are three points on the cubic 

X = -b + 3ci^ -1- y- 

z — -b Sb^i'^ + + d^, 

the osculating planes at which pass through the origin, and that they 
lie in the plane 

31 



Z 

= 



z 


h 



a.yy 

«3 

Cj, C2, 

03 


d^y 

d,^y 



9. If p, Pii p 2 , p 3 are the radii of curvature of a curve and its 
projections on the coordinate planes, and a, /?, y are the angles that 
the tangent makes with the coordinate axes, prove that 

sin® a, sin® /3 sin® y 

sin®0LCOS0L ^ sin® yG cos P ^ sin^ycosy ^^ 

Pi P2 Pa 
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10 Prove that, at the point of intersection of the surfaces x®+!/2=22, 
j=aUn-'3//a', where y^xt&ad, the radius of curvature of the inter- 

. a(2+02)^ 

section IS 1 -r- 

( 8 + 5^2 + 

11 A catenarjn constant c, is wrapped round a right circular 
cylinder radius a, so that its axis lies along a generator. Shew that 
the osculating plane at a point of the curve so formed cuts the tangent 
plane to the cylinder at the point at a constant angle tan-‘c/a. 

“ ctO \ 

(^x=aeos9, y=asm9, z=ocosh— .j 


Prove also that p = 


' a?? 


or 


Csjz--<P‘ 


12 If a curve is di’awn on a right circular cylinder so that its 
osculatincr plane at any point makes a constant angle with the tangent 
plane at the point to the cylinder^ then when the cylinder is developed 
into a plane, the curve develops into a catenary. 

13 For the circular helix prove the following properties : the normal 
at P*to the cyhnder is the principal normal at P to the helix ; the bi- 
normal at P makes a constant angle with the axis of the cyhnder ; the 
locus of the centre of circular and spherical curvature is a helix ; if P' 
is the centre of circular curvature at P, P is the centre of circular 
curvature at P' for the locus, 

14. A curve is drawn on a sphere of radius a, and the principal 
normal at a point P makes an angle d with the radius of the sphere 

^ 1 cio 

to P. Prove that p =a cos 

15. If O, P are adjacent points of a curve and the arc OP=s, shew 
that the difference between the chord OP and the arc OP is 8^l24.p\ 
powers o: s higher than the third being neglected. 


16. Prove that 







where dashes denote differentiation with respect to s. 


17. If from any point of a curve equal infinitesimal arcs of length s 
are measured along the curve and the circle of curvature, the distance 
between their extremities is s^A/6pV. 


18. Tii shortest distance between consecutive radii of spherical 


curvature divides the radius in the ratio 


(f)’ 


19 A curve is drawn on the paraboloid making a con- 

stant angle o. with the «-axis. Shew that its projection on the plane 
2=0 is given by ,cj 

0= cos-'-, 

a r 

where aspect a, and find expressions for its curvature and torsion. 



EXAMPLES XI. 


305 


CHAP. XIV.] 

20 A curve is drawn on a sphere, radius a, so as to cut all the 
meridians at the same angle oc. Shew that if 0 is the latitude of 
any point of the curve, 

cecos 6 tan a. 

^ Vl - sin-^ cosW cos^a) 

21. A point Q is taken on the binomial at a variable point P of a 
curve of constant torsion 1/cr so that PQ is of constant length c. 
Shew that the b inomial of the curve traced by Q makes an angle 
tan"^c/)/or\/c“+o“^ with PQ. 

22. A point moves on a sphere of radius a so that its latitude is 
equal to its longitude. Prove that at (.r, z) 

a(aa^-3z^)y 

23. A curve is drawn on a right cone so as to cut all the generators 
at the same angle. Shew that the locus of its centres of spherical 
curvature satisfies the same conditions, 

24. A curve is drawn on a paraboloid of revolution, latus rectum c, 
so as to make an angle 7r/4 with the meridians. Investigate the 
curvature and torsion at any point in the forms 

tan2(^(l + 3 sin^c^ — sink/) - sin®^), 

(p/p-o - = sin <p tan^c/) (l4-4sin-^-6 + 4 siii^"^ + sin®^), 

^ being the angle which the tangent to the meridian through the 
point makes with the axis. 

25. The normal plane at any point to the locus of the centres of 
circular curvature of any curve bisects the radius of ■ pherical curvature 
at the corresponding point of the given curve. 

26. A curve is drawn on a right circular ccne of semi vertical 
angle cl so as to cut all the generating lines at an an^ e /3. The cone 
is then developed into a plane. Shew that 

p : pQ — sin cl: ^Jsin^cLcos^/3 + sin-p, 

where p, pQ are the radii of curvature at a point of original curve 
and of the developed curve respectively. 

27. The coordinates of a point of a curve are functions of a para- 
meter L Prove that the line drawn through any point (d?, y, z) of the 

curve, with direction-cosines proportional to lies in the 

osculating plane at the point and makes with the principal normal an 

angle 

28. A curve is drawn pn a cylinder of radius a and the cylinder is 
developed into a plane. If p be the radius of curvature of the curve 
and Pi the radius of curvature of the developed curve at corresponding 

points, where </> is the angle that the tangent to the 

curve makes with the generator of the cylinder through the point. 


B.a. 


V 
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9 q A leiK'tli equal to the radius of torsion, _ o-, being marked off 
along the biSorinals to a curve of constant torsion, prove that p„ the 


radius of curvature of the locus so formed, is given by 


Pa‘ 

Prove also that the direction-cosines of the binormal to the locus 
referred to the tangent, principal normal and binormal of the ongmal 
curve as axes, are 

->j2poli<T, 

qn A leneth c is measured along the principal normals to a curve, 
Sh^ that the radius of curvature, po, of the locus is given by 


CP- -(T-ip- C) CWW + P(P-C)°~'P 

{c‘p‘^+a^{p-cff 


1 f cp'-cr- jp-e) y 

^“lcy-l-o-Kp-c)^t 


With any point of a curve as vertex is described the right 
circular cone having closest contact at the point. Shew that its axis 
Sn the plane containing the bmormal and tangent to the curve and 
that its seraivertical angle is tan ^Scrjip. 

%<> P is a variable point of a given curve and A a fixed point so 
fV,,t the arc AP=s. A point Q is taken on the tangent at P so that 
the tan vent at Q to the locus of Q is at right angles to the tangent 
at P to” the curve. Prove that PQ=a-s, where a is an arbitrary 
constant Prove also that if Ai, ^ 2 , ^ 35/3 are the 

direction-cosines of the tangent, principal normal and bmormal to 

■ah. etc.. A,=^„.etc; etc., 




VpHo-2 


and that its radii of curvature and torsion are 
(T{a - s) (p^-t-o’^)(a-s) 
n/^oHo--’ pH'-po-') ‘ 

33. Prove that the radius of curvature, pi, of the locus of the 
centres of circular curvature is given by 

1 pV(p2 -1- p'2) -f- p2(p2 -t- 2p'2 - pp7 

pH pKpHpt 


where 


^ ^ dr 


34 With any point of a cuiwe as vertex is described the paraboloid 
of revolution having closest contact at the point. Prove that its latus 
rectum is equal to the diameter of the osculating sphere. 
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ENVELOPES. 

207. Envelope of system of surfaces whose equation 
contains one parameter. The equation 

f(x, y, z, a) = 0, 

where a is an arbitrary parameter, can be made to repre- 
sent the different members of a system of surfaces by 
assiminc^ different values to a. The curve of intersection 
of the surfaces corresponding to the values a, ol+Sol, is 
given by 

f(x, y, 0 , OL) = 0, f(x, y,z,oL + Scl) = 0, 

or by 
that is, by 

f(x, y, z, a) = 0, y,z,(x+e So.) = 0, 

where 0 is a proper fraction. 

Hence, as Sol tends to zero, the curve tends to a limiting 
position given by 

■0 

f{x, y, z, a) = 0, y, zi, a) = 0. 

This limiting position is called the characteristic corre- 
sponding to the value oc. The locus of the characteristics 
for all values of a is the envelope of the system of surfaces. 
Its equation is obtained by eliminating a between the two 
equations ^ 

f{x, y, z, a) = 0, ^/(»> y, Z, a) = 0. 
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Ex. Find the envelope of spheres of constant radius whose centres 
lie on OX. 

The equation to the spheres of the system is 

where a is an arbitrary parameter and r is constant. The characteristic 
corresponding to a = a. is the great circle of the sphere 
{x — ol )2 ^ ^,2 

which lies in the plane jr = a, and the envelope is the cylinder 

208. The envelope touches each surface of the system at 
all points of the corresponding characteristic. 

Consider the surface given by a = a. The equations to 
the characteristic are 

f{x, y, z, a) = 0, fj^x, y, z, a) == 0. 

The equation to the envelope may be obtained by eliminat- 
ing a between the equations to the characteristic, and this 
may be effected by solving the equation fj^x, y, z, a) = 0 
for a, and substituting in f{x, y, 0 , oi)=:0. Thus, we may 
regard the equation f{x, y, z, ol) = 0, where a is a function 
of X, y, 0 given by f^(x. y, 0 , ol) = 0 as the equation to the 
envelope. The tangent plane at (x, y, 0 ) to the envelope is 
therefore 

+ f(/^+/c.^) + ^(/;+/c.^) = 0, 

where t is introduced to make the equations /= 0, /^ = 0 
homogeneous. But at any point of the characteristic 
/^ = 0, and the above equation becomes 

+ >7/2/ + f/2 + = 0 , 

•which represents the tangent plane at {x, y, 0 ) to the 
surface /=0. Hence the envelope and surface have the 
same tangent plane at any point of the characteristic. 

At any point of the chai’acteristic corresponding to a=a, we have 
+ fydy -\-fa,dcL =0 and /« = 0, 
and therefore f^dx-^’fydy-^-fjdz — O. 

But if (a?, ?/, 2 ) is a singular point on the surface f{po^ y, 0 , a)=0, 
fx~fy^ 4—0, and hence the characteristic passes through the singular 
point. The locus of the singular points of the surfaces of the system 
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therefore lies on the envelope. For any point of the locus the co- 
efficients in the equation to the tangent plane to the envelope are all 
zero and the proposition thus fails for such points. 

Consider, for example, the envelope of the right cones of given 
senhvertical angle oc, whose vertices lie upon OX and whose axes are 
parallel to The equations to the system and to the envelope are 

{x - aY + tan^ a., y‘^ = tan*-^ cc. 

The locus of the singular points of the system is OX, and the tangent 
planes to the envelope and surfaces are indeterminate at any point of 
the locus. 


209. The edge of regression. The equations to the char- 
acteristics corresponding to values a and a + (S(X of a are 




The coordinates of any common point of these character- 
istics satisfy the four equations, and therefore satisfy the 
equations 




( 




kO(L ^ a — a.-\- 6 




'' a ^a-\- 


^iSa '0(6 ''assa+02Sa 

where 0^^ and proper fractions. Hence, as So. tends 

to zero, the common points tend to limiting positions 
given by 

■(/=»)-• (*)...-» 0 ) 


These limiting positions for all values of a lie upon a 
curve whose equations are obtained by the elimination of ol 
between equations (1). This locus is called the edge of 
regression or cuspidal edge of the envelope. 


210. Each characteristic touches the edge of regres- 
sion. We may consider the equations 

/= 0 , /. = 0 , 

where a is a function of x, y, z, given by /aa = 0, to repre- 
sent two surfaces whose curve of intersection is the edge of 
regression, Tlie tangent at {x, y, z) to the edge of regression 
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is the line of intersection of the tangent planes to the 
surfaces. Its equations are therefore 


jK/.-aD-O- s^(/..+A.S)-o. 


At any point of the edge of regression we have /^-O, 
/aa==0, and the above equations become 

which represent the tangent at cc, y, 0 , to the curve 
y‘=0, /a = 0, i.e. to a characteristic. 


Ex. 1. Eind the envelope of the plane and shew 

that its edge of regression is the curve of intersection of the surfaces 
xy—z. 

Ex. 2. Find the envelope of the sphere 
(.37 — a cos + — otsin 

jUis, (x^ +y- + 22 + = 4 a%x'^ -\-y^)- 


Ex. 3. The envelope of the surfaces /(tt, y, z, a, h) = 0, where a and 
h are parameters connected by the equation (^(a, b) = 0, is found by 

* "f "f 
eliminating a and h between the equations /=0, <i=0, 4 ^= 4 ^. 

9a 9& 

Ex. L The envelope of the surfaces /(^, y, a, h, c)=0, where 
a, 6, c are parameters connected by the equation c^(a, h, c)=0, and 
f and </) are homogeneous with respect to a, c, is found by elimi- 

' • f f f 

Dating a, 6, c between the equations /— 0, cb — O, 

9a 96 (pc 

Ex. 5. Find the envelope of the plane i[a7-f ^ » 

al~ + bm^ + cn^ =0. A ns. 


Ex. 6. The envelope of the osculating plane of a curve is a ruled 
surface which is generated by the tangents to the curve, and has the 
curve for its edge of regression. 

The equation to the osculating plane is where 

hy ^^ 3 ? ^^ 3 ) h functions of s. A characteristic is given by 

E?2(^'-a7)=0, (Frenet’s formulae), 

or 

h 

which represent a tangent to the curve. 

A point on the edge of regression is given by* 

^l,{^~x)=0, 2Zi(^-^)=0, 

whence ^—x^ V~yi fhe points of the edge of regression are 

the points of the curve. 

Ex. 7. Prove that the envelope of the normal planes drawn 
through the generators of the cone ax^+by^b-cz^=0 is given by 

a^{b — efx^ + 6^(c — a)^y^ 4’ (a — 6)V=0. 
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211. Envelope of a system of sui'faces whose equation 
contains two parameters. The equation 
fix, y, z, a, 6)=0, 

where a and h are parameters, may also be taken to repre- 
sent a system of surfaces. The curve of intersection of the 
surfaces corresponding to values a., cl + ocl of a, and 
^+8,8 of b, is given by 

/(a, /3) = 0, /(a + da, ^ + d/?) = 0, 

or by /(«.. /8) = 0, 

So. ^/(a + ^ + d/3) + d/3 ^/(a., /3 + OoS/S) = 0, 

where and O 2 are proper fractions. If S/3 = \Sa, the 
curve of intersection is given by 

/(a, /3)-0, ^/(a+d,da, I3+S^)+X~f(cx., ^+d,S^) = Q, 
and the limiting position as Sol and S/3 tend to zero, by 
/(a, /3) = 0, ^+>^^=0- 

But Sol and S/3 are independent, so that X can assume 
any value, and the limiting position of the curve depends 
on the value of X and will be different for different values 
of X. The limiting positions, however, for all values of X 
will pass through the points given by 

g=0, 1=0. 

These are called characteristic points, and the locus of the 
characteristic points is the envelope of the system oP 
surfaces. The equation to the envelope is found by elimi- 
nating a and b between the three equations 

/(x, 2/, 0, a, &) = 0 , ia - 3^ - = 0 . 

Consider for example the system of spheres of constant radius 
whose centres are on the ,a? 2 /-plane. The equation to the system is 

where a and h are arbitrary parameters, and r is constant. Let 
P (oL, /?, 0) and P'(a -f Sa, f3 + S/3, 0) 
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be the centres of two spheres of the system. If the ratio S/I/Sol 
remains constant the direction of PP' is fixed. The limiting position 
of the curve of intersection of the spheres as P' tends to P along the 
line PP' is the great circle of the sphere, centre P, which is at rio-ht 
angles to PP'. But all the limiting positions pass through the ex- 
tremities of the diameter through P, whose equations are 
and these are the characteristic points. Their locus is the pair of 
planes 

212. The envelope touches each surface of the system at 
the corresponding characteristic points. 

Consider the surface f{x, y, z, ol, /3) = 0. The character- 
istic points are given by 

= /, = 0. 

The equation to the envelope may be obtained by elimi- 
nating CL and /3 between these three equations, and this 
may be effected by solving /^=:0, = 0 for a and /? and 

substituting in /=0. Hence, we may regard 
f(x, y, z, OL, /3) = 0, 

where a and (3 are functions of x, y, z, given by /^ = 0 and 
/ 3 == 0 , as the equation to the envelope. The tangent plane 
at {x, y, z) to the envelope has therefore the equation 

But if (^, T/, z) is a characteristic point, /^ = 0 and/^ = 0, 
and the equation becomes 

which represents the tangent plane at {x, y, z) to the 
surface. Therefore the envelope and surface have the 
same tangent plane at a characteristic point. 

Ex. 1. Find the envelope of the plane 

^cos ^sin <^-f'|sin ^sin <^-h”COs <^ = 1 
Ans. 1. 

Ex. 2. Find the envelope of the plane 

{ii-X)x (1 -I- V)y , (I - 

q. 

where A, and are parameters. 

Ams. x^j or 4- ?y2y Jp ~ == 1 . 
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Ex. 3. Prove that the envelope of the surfaces /(a:, y, 2 , a, 6, c)=0, 
where a, h, c are parameters connected by the equation cf)(a, h, c)==0, is 
found by eliminating ct, c between the equations 


/=0, <jS=0, 


<pa 4^b 4^c 


Ex. 4. Prove that the envelope of the surfaces /(or, y, z, a, 6, c, d) = 0, 
where a, 6, c, are parameters connected by the equation <^(«, 6, c, c^)= 0 
and / and (/> are homogeneous with respect to a, h, c, is found by 
eliminating a, 6, c, cs? between the equations /=0, <^=0 and 

4^d 


Ex. 5. Find the envelope of the plane ^ when 

(i) = aW + hhn^ + G^n\ (ii) aW + hhn^ + 2??jo = 0. 

Ans. (i) = 

Ex. 6. Find the envelope of a plane that forms with the (rect- 
angular) coordinate planes a tetrahedron of constant volume c^/6. 

Ans. %lxyz^(A. 


Ex. 7. A plane makes intercepts a, &, c on the axes, so that 

+ c“^ — ^'”2. 


Shew that it envelopes a conicoid which has the axes as equal con- 
jugate diameters. 

Ex. 8. From a point P on the conicoid 
perpendiculars PL, PM, PN are drawn to the coordinate planes. Find 
the envelope of the plane LMN. 

Ans. (a.r)^p(6y)^ + (cs)^ = 2^ 


Ex. 9. A tangent plane to the ellipsoid x^j a? z^jc^ — 1 meets 

the axes in A, B, C. Shew that the envelope of the sphere OABC is 

{ax)^ -{- {hy'Y + {cz)^— {x‘^ 


RULED SURFACES. 

213. Skew surfaces and developable surfaces. If, in 
the equations to a straight line 

x = az + oi, y = bz+^, 

a, 6, a, /3 are functions of a single parameter we can 
eliminate the parameter between the two equations and 
thus obtain an equation which represents a surface generated 
by the line as t varies. The locus is a ruled surface. 
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The two generators corresponding to values + of 
the parameter have for equations 

x-(X—SoL _ y'-^-^S B 
a h a + Sa h + Sh 

Therefore, If cl is the shortest distance between them, 

7 SaSb — S^Sa 

Jod^+Sb^ + {a8b--bSaf' 

St^ 

But a+Sct^a+a'St + ci" , etc., where dashes denote 

differentiation with respect to t Therefore, if cubes and 
higher powers of 6t are rejected, 

rl ^ -f ct'/B" - B'cc")Sm 

\fa'^ + b'^ + {ab' — ct'bf + (a' a' + . , . )St 

Hence d is an infinitesimal of the same order as St if 
a7/— ^V=5t0. But if cL'b' — ^'a' = 0, then we have also 
oih'' +b'oi'' -- Ci /i'' — l3'ct'' — 0, and therefore d is at least of 
the order of St^. If, therefore, St is so small that St^ and 
Sfi are inappreciable, cZ~0, or the two generators are 
coplanar. The result may be stated thus: if afb' ^ /S'a' — 0^ 
consecutive generators of the surface intersect, while if 
Oi'b' -- I3'cc'=j=0j consecutive generators do not intersect. 

If consecutive generators intersect the surface is a 
developable surface, if they do not intersect, it is a skew 
surface. The name developable arises in this way. If A 
and B, B and C, consecutive generators of a surface, inter- 
sect, the plane of B and C may be turned about B until it 
coincides with the plane of A and B, and thus the whole 
surface may be developed into a plane without tearing. 
Clearly cones and cylinders may be so treated, and are 
therefore developable conicoids. On the other hand the 
shortest distance between consecutive generators of the 
same system of a hyperboloid or paraboloid does not vanish, 
(§ 114), so that the hyperboloid of one sheet and the 
hyperbolic paraboloid are skew conicoids. 

Ex. 1. Shew by means of Exs. 5 and 7, § 206, that the tangents 
to a curve generate a developable surface and that the principal 
normals generate a skew surface. 
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Bx. 2. Shew that the line given by — f generates 

a developable surface. 

Ex. 3. Shew that the line -3^^), y= 

generates a skew surface. 

214 . The tangent plane to a ruled surface. We may 

regard the coordinates of any point on the surface as 
functions of two variables t and given by the equations 
f=a0 + (X, ri — hz + ^, 

The tangent plane at {t, z) has for equation 
a0~-OL, — 62; — / 3 , =0, 

a' 0 +a', Vz+^', 0 

a, h, 1 

or ^-a^-CL, ^-z =0, 

a'z+af, b'z+^', 0 

0 , 0 , 1 


ie- ii-a^~a.){b'z + (S') ~(r,~b^-^){a'z+a.')==0 ( 1 ) 

This equation clearly represents a plane passing through 
tlieline ^=af+a, ^ = 6^+/3, 

which is the generator through the point {t, z). 


a (x! 

If a'/ 3 ' — h'a! = 0 , or — ^ = /c, say, where k is some 
function of t, equation (1) becomes 


and is therefore independent of z. The equation then 
involves t only, and since when t is given, the generator 
is given, the tangent plane is the same at all points of the 
generator. 

If a'jS' '-b'oL'=^ 0 j the equation (1) contains ^ and t, so that 
the plane given by (1) changes position if t is fixed and 
5: varies, or the tangent planes are different at different 
points of a generator. 

Hence the tangent plane to a developable surface is the 
same at all points of a generator ; the tangent plane.s to a 
skew surface are different at different points of a generator. 

Cor. The equation to the tangent plane to a developable 
surface contains only one parameter. 
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215. The generators of a developable surface are 
tangents to a curve. If the equations 
x = az + a^, = 

x=(a-t a St) Z+OL+ oL'ot, y = (b+ h' St) z + /3 -f (3' St 
represent consecutive generators of a developable surface, 
their point of intersection is given by 

aa! n oc'__ /3' 


cT = oc — 


2/ = /3- 


b' 


These express the coordinates in terms of one parameter 
t, and hence the locus of the points of intersection of con- 
secutive generators of a developable is a curve. 

By differentiation, we obtain 




X = 




--hz\ 


and therefore the tangent to the curve at {x, y, z) has for 
equations — 

or £=a^-“a0 + x = af+a, 

rj = h^-^hz + y = h^^l3, 

which represent the generator through (cr, y, z). 


216. Envelope of a plane whose equation involves one 
parameter. We have seen that the equation to the tangent 
plane to a developable involves only one parameter, (§ 214, 
Cor.). We shall now prove a converse, viz., that the 
envelope of a plane wdiose equation involves one parameter 
is a developable surface. Let 

u = a^-{-br]3-c^-i-d = 0, 

where a, 6, e, d are functions of a parameter t, be the 
equation to the plane. A characteristic is given by 

— u' = 0, 

and therefore, since and u' are linear functions of f, rj, 
the characteristics are straight lines and the envelope is a 
ruled surface. Two consecutive characteri.stics are given by 
u — 0, u'^0; u+u'St — O, u'+u"St = 0: ■ 
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and these clearly lie in the plane ii+vJH = 0, and therefore 
intersecfc. Hence the envelope is a developable surface. 

The edge of regression of the envelope is given by 
^6 = 0, = = 

and hence, if (cr, is any point on the edge of regression, 
ax+hy^- cz + d = 0, a'x + b'y + cz + cV = 0, 

a'x + h"y + c" z + cl" =0 ( 1 ) 

But the coordinates of any point on the edge of regression 
are functions of t. Therefore, from (1), 

cix 4“ by' -{-cz — {a'x + b'y + c'z + d) = 0, 

and ax" + by" + cz" — + (a"x -|- b"y + d'z -h d') = 0, 

whence we see that the plane + +^ = 0 has three- 

point contact at (x, y, z) with the edge of regression, or is 
the osculating plane. Thus a developable surface is the 
locus of the tangents to, or the envelope of the osculating 
planes of, its edge of regression. 

Ex. 1. Find the equations to the edge of regression of the develop- 
able in Ex. 2, § 213. 

The point of intersection of consecutive generators is given by 

and these equations may be taken to represent the edge of regression. 

Ex. 2. Find the equations to the developable surfaces which have 
the following curves for edge of regression : 

(i) 

(ii) x~a cos y = a sin (9, z—cQ\ 

(iii) x — e^y y = 

Ans. (i) {xy - 9^)2 = {x^ - 12;/)(4y2 -Zzx) ; 

(ii) .37— a(cos A.sin ?/ = a(sin A,cos 0), 

where 0 and X are parameters. 

(iii) .37=e*(l-l-A.), y = e~%l — X)y z—\f2{t’i-X). 

Ex. 3. Find the edge of regression of the envelope of the normal 
planes of a curve. 

A normal plane is given by 

2?j(f-.37) = 0. 

And by Frenet’s formulae, we have for the edge of regression, 
T6d^-x)^0, ^l,(i-x)=py 
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Multiplying by Z 2 , Zg, and adding, we deduce 
^ ~ 0 ? + Z 2 P - Zgcrp', and similarly , 

+ m2P - ^== 2 + n^p - n^p-p'. 

Hence, the edge of regression is the locus of the centres of spherical 
curvature. The envelope is the polar developable, (§ 205). 


217. The condition that C=f(i< 'i) should represent a 
developable surface. If n) represents a developable 

surface, the equation to the tangent plane 

fi+q^l-i^px + qy-z 


involves only one parameter. Let (f>=px-\-qy — z. Then, 
if t is the parameter. 


P=A{t)’ 9'=/2lO. ^«>=/3(0. 

and hence, by the elimination of t, we can express p and (p 
as functions of q. Now if w and v are functions of x and 
y the necessary and sufficient condition that u should be a 

function of v - ^ = 0.^ 

y) 

Therefore for a developable surface, 


fz, 

Pv 

= 0 ; that is, 

r, s 

q-z. 

qy ! 

1 

s, t 


A necessary condition is therefore rZ— 5^ = 0. 


Again, 

•pz, 4>ij 


rx + sy, 8x -f ty 

— X 

1 r, s 


qx, qy 


s, t 


s, i 


Therefore, if — ^ is a function of q. Hence, the 

necessary and sufficient condition is — 0. 


* This may be proved as follows : 

If w=/(v), nx^V:cf{'^)i 

and 

and therefore UxVy - iiyVx = 0. 

”0 All <2’) 

Hence ^ — '.^O is a necessary condition. 

0{^j y) 

It is also sufficient. Eor if UxVy - w^'y*=0, 


Ux _ Uy __ qixdx + %ydy _ du 
'^x Vy Vxdx + Vydy ~~ dv ' 

Therefore cZij = 0 if iZtt=0, and hence the variation of u depends only on 
the variation of u, or u is a function of v. 
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Ex. 1. By considering tbe value of determine if the .^jurfaces 
xij-={z-cf are developable. 

Ex. 2. Shew that a developable can be found to circumscribe two 
given surfaces. 

The equation to a plane contains three disposable constants, and the 
conditions of tangency of the plane .and the two surfaces give two 
equations involving the constants. The equation to the plane there- 
fore involves one constant, and the envelope of the plane is the 
required developable. 

Ex. 3. Shew that a developable can be found to pass through two 
given curves. 

Ex. 4. Shew that the developable which passes through the curves 
^=0, 4a.27 ; x=0y y^~4hz is the cylinder y’‘^ = 4a.r + 46-2. 


Ex. 5. Prove that the edge of regression of the developable that 
passes through the parabolas 2 = 0, = .r=0, {ij-af^4az is the 

curve of intersection of the surfaces 


{a-\-yf==^Za{x-\‘y + z\ {a 4 -^)^ = 

Any plane which touches the first parabola is 

and if it touches the second, A = ?«-/(! -w). Therefore the equation to 
a plane which touches both is 

f{m) = am? — 'n?{a -^y) -\-m(x-\-y-^z)-X'==0. 


Eliminate m between 


/= 0 , 


dm ' 


dj 

d'ir? 


= 0 , 


and the required result is easily obtained. 


Ex, 6. Shew that two cones pass through the curves 
s = 0; ^ = 0, 2/^=4a(24-a) ; 

and that their vertices are the points 0, —2a), (-2a, 0, -2a). 


Ex. 7. Shew that the equation to the developable surface which 
passes through the curves 

2=0, 4a?y^^l?QV \ .'?y = 0, ^ah^ — hc^^x 


is {a^yz - hc^x)^ == 4a?{hzx + ay’^) {d^y + az^\ 

and that its edge of regression is the curve of intersection of the 
= 0 , a'^yz — bc^x = 0 . 


conicoids 


Ex. 8. Shew that the edge of regression of the developable that 
passes through the parabolas ,a;=0, z^—4ay ; x — a^ is given by 

3.y_y__ 2 

y z~'Z{a-x)' 

Ex. 9. Prove that the edge of regression of the developable that 
passes through the circles 2 = 0, .-17=0, lies on the 

cylinder . ^ j_U 

wj “VW ~w~by ■ 
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Ex. 10. Prove that the section by the .^^/-plane of the developable 
generated by the tangents to the curve 






is given by 




■ 62 

a2(a2 4-02) 52(52 + ^2) (cfc2_.^,2)2 

j : — _ 


r 


Ex. 11. An ellipsoid is surrounded by a 

luminous ring .r=0, — Shew that the boundary of * the 

shadow cast on the plane ^=0 is given by 

y2 y2. 

^2 _ ^ 2 * 


218. Properties of a generator of a skew surface. 

If A^Bp AoBg, A3B3 are any three consecutive generators 
of a skew surface, a conicoid can be described through 
A^Bp A2B3, A3B3. I’he conicoid will be a paraboloid if the 
generators are parallel to the same plane, as in the case of 
any conoid, otherwise it will be a hyperboloid. If p is any 
point on A^B.^j the two planes through P and A^^Bj, A3B3 
respectively, intersect in a straight line which meets A^Bj 
and A3B3 in Q and R, say. Now PQR meets the conicoid 
in three ultimately coincident points, and tlierefore is a 
generator of the conicoid. Hence the plane of A.^B2 and 
PQR is tangent plane at P to the conicoid. But PQR also 
meets the surface in three ultimately coincident points, 
and therefore is one of the inflexional tangents through 
P, the other being the generator Therefore the 

plane of PQR and A2B2 is also the tangent plane to the 
surface at P. Thus a conicoid can be found to touch a 
given skew surface at all points of a given generator. 

We can deduce many properties of the generators of a 
skew surface from those of the generators of the hyper- 
boloid. For example, it follows from §134, Ex. 10, that 
if two skew surfaces have a common generator they touch 
at two points of the generator; and from § 113, Ex. 1, tlr 
locus of the normals to a skew surface at points of a given 
generator is a hyperbolic paraboloid. 

Since the surface and conicoid have three consecutive 
generators in common, the shortest distance and angle 
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between the given generator and a consecutive g’enerator 
are the same for both. Hence the generator has the same 
central point and parameter of distribution for the surface 
and conicoid. Thus it follows that if the tangent planes 
at P and points of a given generator of a skew surface, 
are at right angles, and C is the central point, 

CP.CP'= 

where S is the parameter of distribution. 

The locus of the central points of a system of generators 
of a skew surface is a curve on the surface which is called 
a line of striction. 

Ex. 1. Prove that the paraboloid which touches the helicoid 
y/^=tan^/c at all points of the generator .r sin cos 0, z—cO is 

sin ^ - y cos 6) -Viz- cO) {x cos Q 4-y sin Q) ~ 0. 

Prove also that the parameter of distribution of any generator is c, 
and that the line of striction is the ^-axis. 

Ex. 2. Prove that the conicoid which touches the surface 
at all points of the generator = is y(x-i-S2)~2c(Sx+z), and 

that the normals to the surface at points of the generator lie on the 
paraboloid z^ — x'^ — Ac (y — 2c). 

Ex. 3. For the cylindroid 2(.r2-i-y2) = 2m.ry, prove that the para- 
meter of distribution of the generator in the plane sin ^=y cos ^ is 
27^1 cos 2d. 

Ex. 4. If the line x=az-\- 0 L, y=hz-\-l^, where a, &, a, /5 are 
functions of generates a skew surface, the parameter of distribution 
for the generator is + 

A- + {ah' — a'hf 

Ex. 5. If the line •^-77 (where + 712=1), 

imn 

generates a skew surface, the parameter of distribution for the 
generator is -^(dP+dm^+dn^). 

dl^ dm^ dn 
ly w, n 

Deduce the condition that the line should generate a developable 
surface. 

Ex. 6. Apply the result of Ex. 5 to shew that the binormals of a 
given curve of torsion l/cr generate a skew surface and that the para- 
meter of distribution for any generator is the corresponding value 
of cr. 

Ex. 7. Prove that the principal normals to any curve generate a 
skew surface, the line of striction of which intersects the normal at a 
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distance po-^Cp^+cr^) from the curve, and that if P, Q are any pair of 
points on a normal such that the tangent planes at P and Q to the 
surface are at right angles, CP . CQ= — p'^or“/(p^+(r-)^, where C is the 
point of intersection of the normal and the line of striction. 

(^PPly § ^06, Exs. 4, 5.) 

Ex. 8. Shew that a given curve is the line of striction of the skew 
surface generated by its binormals. 

Ex. 9. If the line x'^az + a, ?/ =hz-{-P 

generates a skew surface, the £:-coordiiiate of the point where the line 
of striction crosses the generator is 

a'oLjl + h-)-ah(al3' + h'aJ) + h'/3'(l'^a^) 

— a'by^ 

Ex. 10. Eor the skew surface generated by the line 
.r -^ 2 /^ =3^(1 + ^3), 3/ 4- 2^!? = ^2(3 -h 4^2), 

prove that the parameter of distribution of the generator is f(l-}-2^2)2j 
and that the line of striction is the curve 
^ — 2/ ==3^:3, 

Ex. 11. If the line 

-<x _ y - ^ _ z- y 
I ~ in n 


generates a skew surface, the point of intersection of the line of 
striction and the generator is 

(a + 6*, ^4- w?’, 7 + ?2 ?’), 


where 


S {m 7i' — m'n) {ii/3' - my') 


Ex. 12. Deduce the results of Exs. *7 and 8. 


Ex. 13. The line of striction on a hyperboloid of revolution is the 
principal circular section. 

Ex. 14. Shew that the distance measured along the generator 
^ — «cos^_?/-&sm^_ z 
a sin 61 ^ —h cos c 

of the hyperboloid from the principal elliptic 

section to the line of striction, is 

^ ^ ^(a^sin^^ 4- 

b-G^ 4- cos^O 4- 


Examples XII. 

1. O is a fixed point on the ^-axis and P a variable point on the 
.'ry-plane. Find the envelope of the plane through P at zight angles 

2. O is a fixed point on the 2 -axis, and a variable plane through 0 
cuts the ^?/-plane in a line AB. Find the envelope of the plane 
through AB at right angles to the plane AOB. 



EXAMPLES XIL 


323 


CH. XV.] 

3 . Find the envelope of a plane that cuts an ellipsoid in a conic so 
that the cone whose vertex is the centre of the ellipsoid and whose 
base is the conic is of revolution. 

4. Given three spheres S 2 , S 3 , and Sg being fixed and S 3 
variable and with its centre on Si. Prove that the radical plane of 
S 3 and Sg envelopes a coiiicoid. 

5 . The envelope of a plane such that the sum of the squares of its 
distances from % given points is constant, is a central conicoid whose 
centre is the mean centre of the given points. 

6 . Prove that the envelope of the polar planes of a given point 
with respect to the spheres which touch the axes (rectangular) consists 
of four parabolic cylinders. 

7. Prove that sections of an ellipsoid which have their centres on a 
given line envelope a parabolic cylinder. 

8 . Any three conjugate diameters of an ellipsoid meet a fixed 
sphere concentric with the ellipsoid in P, Q, R. Find the envelope 
of the plane PQR. 

9. A plane meets three intersecting straight lines OX, OY, OZ 
in A, B, C, so that OA . OB and OB.OC are constant. Find it.s 
envelope. 

10. Through a fixed point O sets of three mutually perpendicular 
lines are drawn to meet a given sphere in P, Q, R. Prove that the 
envelope of the plane PQR is a conicoid of revolution. 

11. Find the envelope of a plane that cuts three given spheres in 
equal circles. 

12. Find the envelope of planes which pass through a given point 
and cut an ellipsoid in ellipses of constant area. 

13. O is a fixed point and P any point on a given circle. Find the 
envelope of the plane through P at right angles to PO. 

14. Find the envelope of the normal planes to the curve 

— 1 , ^’2 q .^2 ^2 — ^ 2 ^ 

15. The tangent planes at the feet of the normals from (a, /?, y) to 

the confocals 900 

h^-A c^ — k 

envelope a developable surface whose equation is 

(90 - AB)2 = 4(3B - A3)(3AC - B2), 
where A, B, C are the coefficients in the equation in 
gjc Ry yz 

16. The normals from O to one of a system of confocals meet it in 

Q) R ; P '5 Q '5 R'- If the plane PQR is fixed and O and the confoeal 

vary, find the envelope of the plane P'Q'R'. 
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17. Prove that the polar planes of (^, 77, Q with respect to the 
confocals to x^la-{-y-lh-\-z^jc=^l are the osculating planes of a cubic 
curve, and that the general surface of the second degree which passes 
through the cubic is 

^ 3Q) + /x(RQ - 9P) + v(Q2 - 3RP) = 0, 
where P~ahQ-hcx^~cayr]-ahii^ R = 

Q = 6c + ca + c£ 6 - (6 + c) - (c + (x) 2/77 — (a + 6)^^. 

18. Shew that the coordinates of a point on the edge of regression 

of the rectifying developable, i.e. the envelope of the rectifying plane 
of a curve are given by ’ 

etc., etc., 

— (tan 0) 
as 

where tan 0 = p/(r. Prove also that the direction-cosines of the tangent 
and principal normal are proportional to etc.; etc., 

and that the radii of curvature and torsion are 


d 


s(-e)n^(tan0) 


and 


p-/— i— \ 

of(tan 6) 

\~di~I 


19. If the conicoids 

are confocal and a developable is circumscribed to the first along its 
curve of intersection with the second, the edge of regression lies on 
the cone „«o ooo 

(6^ - ^ zt s(a^ — ^ 

at ct 

20. A developable surface passes through the curves 

^=0, x^ — {a-h){2z-b); .r=0, y^={a-h){2z-^a) ; 

prove that its edge of regression lies on the cylinder 

4. (a — 5^1- ==: 0. 

21. Shew that the edge of regression of the envelope of the plane 

ot -f* A. 6 "h A 

is the cubic curve given by 

(g+Ay (6+A)3 




(c+X)= 


(c-a){b-ay ^ (c — b)(a — by (a-c){b-ey 

22. Prove that the developable surface that envelopes the sphere 
a’-+2/2_j.22 — and the hyperboloid meets the 

plane in the conic 
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23. A developable surface is drawn througb tbe curves 

= z=c; z~-€; 

shew that its section by the plane z=0 is given by 2^=sinoL+sin 
2y=:cos a+ A. cos /?, where tan a. = A tan (3. 

24. If the generator of a skew surface make with the tangent and 
principal normal of the line of striction angles whose cosines are A 

and /X, prove that —=^5', where p is the radius of curvature of the 
line of striction. P 


25. Prove that the line of striction on the skew surface generated 
by the line 

X — a cos 6 y - cl sin 0 z 

\ 1) . n b ' ‘ ^ 

cos d cos ~ sin 0 cos - sm - 
^ ^ A 


is an ellipse in the plane = whose semiaxes are a, and 
whose centre is 0, 0^. 
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CHAPTER XVL 

CUEYATURE OF SURFACES. 

219. We now proceed to investigate the curvature at a 
point on a given surface of the plane sections of the surface 
which pass through the point. In our investigation we 
shall make use of the properties of the indicatrix dehned 
in § 184. 

If the point is taken as origin, the tangent plane at the 
origin as normal as s^-axis, the equations 

to the surface and indicatrix are 

s = A 2h = Tx^ +• ^sxy + 



220. Curvature of normal sections through an elliptic 
point. If rid — s->0 the indicatrix is an ellipse, (fig. 60). 
Let C be its centre, CA and CB its axes, and let CP be any 
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semidiameter. Then, if p is the radius of curvature of the 

Cp2 

normal section OOP, P = therefore the radii of 

curvature of normal sections are proportional to the squares 
of the semidiameters of the indicatrix. Tlie sections OCB, 
OCA, which have the greatest and least curvature, are 
called the principal sections at O and their radii of curvature 
are the principal radii. If are the principal radii, and 
CA = a, CB = &, ..2 m 


If the axes OX and OY are turned in the plane XOY 
until they lie in the principal sections OCA, OCB respectively, 
the equations to the indicatrix become 


z = h, — 4 -^ = 1 , 


or s = - + ^ = 2 / 1 , 

Pi P2 

and the equation to the surface is 

_ 'iP 

20 = — +^4-... . 

P\ P2 

If CP = 'r, and the normal section OOP makes an angle 6 
with tlie principal section OCA, the coordinates of P are 
rcos 0, r sin 0, h. Hence, since P is on the indicatrix, 

2h cos^^ sin'^t^ 

Pi '^”pr^ 

« 1 cos^P , sin-0 

therefore = (- 

P Pi P2 

where p is the radius of curvature of the section OOP. 


221. Curvature of normal sections through a hyper- 
bolic point. If Tt — s^<^0, the indicatrix is a hyperbola, 
(fig. 61). The inflexional tangents are real and divide the 
surface into two portions such that the concavities of 
normal sections of the two are turned in opposite directions. 
If we consider the curvature of a section whose concavity 
is turned towards the positive direction of the 0 -axis to be 
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positive, then the positive radii of curvature are proportional 
to the squares of semidiameters of the indicatrix 

ih^rx^'^2sxy + ty\ {h>0\ ( 1 ) 

and the negative radii of curvature are proportional to the 
squares of the semidiameters of the indicatrix 

2 ; = — /t, - 2 ^ = + 2sxy + ty"^, (A > 0 ) ( 2 ) 



The normal section of algebraically greatest curvature 
passes through the real axis of the indicatrix (1), and the 
normal section of algebraically least curvature through the 
real axis of the indicatrix (2). These indicatrices project 
on the ;r 2 /-plane into conjugate hyperbolas whose common 
asymptotes are the inflexional tangents. As in § 220, the 
sections of greatest and least curvature are the principal 
sections. If the axes OX and OY lie in the principal 
sections the equations to the indicatrices are 


(1) z = lt, 




1; (2)0==-/., 




If Pp P 2 nieasure the principal radii in magnitude and 

and therefore the equations to the indicatrices are 


(1) 0=/i, ^+t^2h, (2) 0 = 

Pi P2 


.n, 

Pi Pi 
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and the equation to the surface is 

Pi P2 

The radius of curvature of the normal section that 
makes an angle 6 with the 2:x-plane is given by 
1 __cos^0^sin“d 
P Pi P2 

222. Curvature of normal sections through a para- 
bolic point. If rt — s^ = 0, the indicatrix consists of two 
parallel straight lines, (fig. 62). The inflexional tangents 



coincide, and the normal section which contains them has 
its curvature zero. The normal section at right angles to 
the section of zero curvature has maximum curvature. 
These two sections are the principal sections. If OX and 
OY lie in the principal sections, the equations to the 
indicatrix are ; = ^2 _ ^^ 2 ^ 

where a = CA. The finite principal radius is given by 

_Tf ^ 

Pi-bt^^. 

Hence the equations to the indicatrix and surface are 

27i = -; 2z = -+.... 

Pi Pi ^ 

If p is the radius of curvature of the section OOP which 
makes an angle 0 with the principal section OCA, 

l_cos^0 
P Pi 
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223. Umbilics. If r-t and s = 0, the indicatrix is a 
circle and the principal sections are indeterminate, since all 
normal sections have the same curvature. Points at which 
the indicatrix is circular are unxbilics. 


224. The curvature of an oblique section. The re- 
lation between the curvatures of a normal section and an 
oblique section through the same tangent line is stated in 
Meunier’s Theorem : If pq and p are the radii of cnrvatnre 
of a normal section and an ohliqne section through the 
same tangent, p = po cos 6, where 6 is the angle hehveen the 
sections. 

If the tangent plane at the point is taken as ocy-iplsixie, 
the normal as 0 -axis, and the common tangent to the 
sections as cc-axis, the equations to the indicatrix are 
z = h, 2h = rx- + 2sxy + ty^. 


and, (see fig. 60), 


Po = Lt 


CA2 

200 "”^ 


The equations to QQ' are 

y = h tan 6, 0 = h, 

and where QQ' meets the surface, 

2h = ro;- + 28xh tan 0 -f th^ tan- 0. 

But if X and y are small quantities of the first order, h is 
of the second order, and therefore to our degree of appi’oxi- 

2]i 

niation, hx and h^ may be rejected. Hence , and 

r 

T4.QV^ T4. ^ 

p — Lt-^r— = Lt^yl—^ — 2^— Po cos 0. 

^ 2ov 2Asec0 


The following proof of Meunier’s theorem is due to Besant. 

Let OT be the common tangent to the sections and consider the 
sphere which touches OT at 6 and passes through an adjacent and 
ultimately coincident point on each .section. The planes of the 
sections cut the sphere in circles which are the circles of curvature 
at O of the^ sections. The circle in the plane containing the normal 
is a great circle, and the other is a small circle of the sphere. If C,) 
is the centre of the great circle and C of the small circle, the triangle 
COCo is right angled at C, and the angle COCo is the angle between 
the planes. Hence the theorem immediately follows. 
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225. Expression for radius of curvature of a given 
section through any point of a surface. Let ot, the 
tano*ent to a given section of a surface through a given 
point O on it, have direction-cosines n^. Let the 

normal to OT which lies in the plane of the section have 
direction-cosines Then, since the direction- 

cosines of the normal to the surface are 

-V -q 1 

S, tlie angle between the plane of the section and the 
normal section througli OT, is given by 

Jl+p^ + q^ 

But pl-i^ + qm^ - = 0 ; 

therefore, by Frenet’s formulae, since 


and 


ds dx ds^dy ds 
do do dx , do dy , . ^ 

ai-S5'S+%-Ts=*'>+'’”” 


pl^^qmo-n.y 


— — {rl^^ + 2slpii^ + tm^^) 


or 


cos 0 __ rl^ -h 2sl{niy -h 
p Jl+p^-^-q^ 

Cor. When 0 = 0, p becomes p^, and Meiinier’s theorem 
Immediately follows. 

Ex. 1. Find the principal radii at the origin of the paraboloid 

2e = 5.27*^ + 4o:y -1- 2j/2. 

Find also the radius of curvature of the section Ans. 1, J ; 

Ex. 2. For the hyperbolic paraboloid 

22;=7jp2+6jry 

prove that the principal radii at the origin are i and - J, and that the 
principal sections are ^=3^, 3^= -y. 

Ex. 3. If p, p' are the radii of curvature of any two perpendicular 

normal sections at a point of a surface, J" + i is constant. 

P P : 
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Ex. 4. Prove tliat at the origin the radius of curvature of the 
section of the surface 

by the plane lx + '^ny + nz = 0, 

is (r- + 4- hV^) {p‘ + 

Ex. 5. The locus of the centres of curvature of sections of the 


surface 


2.=^-4r+... 
pi P2 


which pass through the origin is the surface given by 

^P2 Pl^ 

226. Principal radii at a point of an ellipsoid. Let p 

be a point on an ellipsoid, centre O. Take OP as ^-axis 
and the diametral plane o£ OP as ccy-plane. 1'hen take the 
principal axes of the section of the ellipsoid by the cc^z-plane 
as X- and ^-axes. Since the coordinate axes are conjugate 
diameters of the ellipsoid, its equation is 

where y = OP, and 2a. and 2/3 are the principal axes of the 
section of the ellipsoid by the plane through the centre 
which is parallel to the tangent plane at P. 

The equations to the indicatrix are z = y — ]c, where kh 
small, and 






y / y 

Therefore, if the axes of the indicatrix are a and 6, 
2ko} 

y 


a- = - 


Now let _p be the perpendicular from the centre to the 
tangent plane at P, and let U be the distance between 
the planes of the indicatrix and the tangent plane. Then 

kjt 

y~~v 

Therefore, if the principal radii are and pg, 


T X ^ 


CL^ 


,b^ /32 
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Ex 1 Prove that the principal radii at a point (.r, z) on the 
ellipsoid i are given by 


,2-P(.r 

v\ 


,62 + o2 


c2 + a2 _ 


a“4-&2\ aW 
-f- 


■ =0. (Use §86.) 


Ex. 2. If P*P tangent to a normal section at P on an ellipsoid, 
the radius of curvature of the section is where r is the central 
radius parallel to PT . 

Ex. 3. If A, jLt are the parameters of the confocals through a point 
P on the ellipsoid the principal radii at P are 

sj X^fJL \J XflJi}^ 
abo ’ abc ‘ 


Ex. 4. The normal at a point P of an ellipsoid meets the principal 
planes through the mean axis in Q and R, If the sum of the principal 
radii at P is equal to PQ + PR, prove that P lies on a real central 
circular section of the ellipsoid. 

Ex. 5. If P is an umbilic of the ellipsoid = 

prove that the curvature at P of any normal section through P is 
ac/6l (See §95, Ex. 2.) 


LINES OF CUEYATUEE. 

227. A curve drawn on a surface so that its tangent at 
any point touches one of the principal sections of the 
surface at the point is called a line of curvature. 1’here 
pass, in general, two lines of curvature through every point 
of the surface, and the two lines of curvature through any 
point cut at right angles. 

228. Lines of curvature of an ellipsoid. The tangents 
to the principal sections at a point P of an ellipsoid whose 
centre is O are parallel to the axes of the central section of 
the ellipsoid by the diametral plane of OP, (§ 226). But 
the tangents to the curves of intersection of the ellipsoid 
and the confocal hyperboloids through P are also parallel 
to the axes of the section, (§121). Therefore the lines of 
curvature on the ellipsoid are its curves of intersection 
with confocal hyperboloids. 

229. Lines of curvature on a developable surface. 

One principal section at any point of a developable is 
the normal section through the generator. Hence the 
generators form one system of lines of curvature. The 
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other system consists of curves drawn on the surface to 
cut all the generators at right angles. In the ease of a 
cone, the curve of intersection of the cone and any sphere 
which has its centre at the vertex cuts all the generators 
at right angles, and therefore the second system of lines of 
curvature consists of the curves of intersection of the cone 
and concentric spheres whose centres are at the vertex. 

230. The normals to a surface at points of a line of 
curvature. A fundamental property of lines of curvature 
may he stated as follows : 

// o and P are adjacent and ultimately coincident 
points of a line of curvature, the normals to the surface 
at O and P intersect ; conversely, if O and P are adjacent 
points of a curve drawn on a surface and the normals to 
the surface at O and P intersect, the curve is a line of 
ou,rvature of the surface. 

Let O be the origin and let the equation to the surface be 

= + 

Pi Pi 

P will lie on the indicatrix and will have coordinates 
r cos 0, rsin 0, h. The equations to the normal at P to the 
surface ai’e a;— rcosO y — rsin0 _ g — h- 

rcos 0 r sin 0 — 1 


Pi Pi 

Therefore, if the normal at P is coplanar with the normal 
at O, ia with OZ, . , 1\ ^ 


sin 0 cos 0 (— — —)= 0. 
^Pi Pi' 


If o and P are adjacent points of a line of curvature, 
sin 0 = 0, or cos 0 = 0, and the condition (1) is satisfied ; there- 
fore the normals at adjacent points of a line of curvature 


intersect. . 

If the normals at O and P intensect, cos 0 = 0 or sin 0 = 0, 
and therefore o and P are adjacent points of one of the 
principal sections, or the curve is a line of curvature. 

Ex. The normals to an ellipsoid at its points of intersection with 
a confocal generate a developable surface. 
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231. Lines of curvature on a surface of revolution. 

The normals to a surface of revolution at all points of a 
meridian section lie in the plane of the section, and therefore, 
by § 230, the meridian sections are lines of curvature. The 
normals at all points of a circular section pass through the 
same point on the axis, and therefore any circular section is 
a line of curvature. 

Let P, (fig. 68), be any point on the surface, and let PT 
and PK be the tangents to the meridian and circular sections 
through P. Let PN be the normal at P, meeting the axis 
in N, and let C be the centre of the circular section. Then 



TPN and KPN are the planes of the principal sections. The 
principal radius in the plane TPN is the radius of curvature 
at P of the generating curve. The circular section is an 
oblique section through the tangent PK, and its radius of 
curvature is CP. Therefore, by Meunier s theorem, if p is 
the principal radius in the plane KPN, 

CP = p cos 0, where 0 = z. CPN, 
or p = PN. 

Thus the other principal radius is the intercept on the 
normal between P and the axis. 

Ex. 1. In the surface formed by the revolution of a parabok- 
about its directrix one principal radius at any point is twice the other. 
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Ez. 2. For the surface formed by the revolution of a catenary 
about its directrix, (the catenoid), the principal radii at any point are 
equal and of opposite sign. 

(A surface whose principal radii at each point are equal and of 
opposite sign is called a minimal surface.) 

Ex. 3. In the conicoid formed by the revolution of a central conic 
about an axis one principal radius varies as the cube of the other. 

Ex. 4, A developable surface is generated by the tangents to a 
given curve. Prove that at the point Q on the tangent at P, where 

PQ-^, the principal radius of the developable is 

Let the plane through Q at right angles to PQ cut the consecutive 
generators in N and IVl, (fig. 64). Then N, Q, M are consecutive points 



of the principal section. But the angle between consecutive generators 
is and the angle between the planes PQN, PQM is the angle 
between consecutive osculating planes, and therefore is Sr. Therefore, 
if Pi is the principal radius, 

Ex. 5. Find the radius of curvature at Q of the line of curvature 
of the developable. 

Draw QL at right angles to the consecutive generator. Then N, Q, L 
are consecutive points on the line of curvature. Let QM, NQ, QL 
meet the sphere of unit radius whose centre is Q in c respectively. 
Then, if is the angle between consecutive tangents to the line of 
curvature, S\lr — ca, 8T==^ah, 

Therefore, since the triangle cab is right-angled at a, 

If pq is the radius of curvature of the line of curvature, we have 


Hence 




ana 


Po= 


Icr 
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Ex. 6. Shew that the radius of torsion of the line of 
the developable is 

p{arp' ~ pa-y 


curvature of 


where 



__d(T 


and 5 is the arc of the edge of regression. 

Ex. 7. Shew that the lines of curvature of the deveiopable 
generated by tangents to a helix are plane curves. 


232. The principal radii and lines of curvature through 
a point of the surface z=f{x, y). In §225 we have 
found that if are the direction-cosines of the 

tangent to a normal section of the surface through the 
point {x, y, z), the radius of curvature of the section is 
given by 1 _ rl,^+2sl,m, + tmy- 

P Jl+p'^+q^ 

We have also pl-y + qm-^^ — n-^ = 0, 

whence = 1 (2) 

Therefore, if we write k for J 1 -{-p^ + q^, we may combine 
(1) and (2) into 

(l + 2l^m^ (1 + = 0. ..(3) 


This equation gives two values of which correspond 

to the two sections through the point which have a given 
radius of curvature. If is a principal radius, these 
sections coincide, (cf. §85). Therefore the principal radii 
are given by 


(l +p2_^P) (l + ^'^- = {pq-ff, 


.(4) 


or 


(ri — s^) — /cp { (1 + ^2) + ( 1 4* 3^) r — %spq } + = 0. 

If equation (4) is satisfied, the coincident values of 

. tp 

j vq--r 

^ (5) 

m-, 




H' 


£p 

' k 


B.O, 


Y 
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Now if PQ is a straight line whose direction-cosines are 
and P'q' is its projection on the rr^/^plane, the 
projections of PQ and p'q' on the cc- and 2 /- axes are identi- 
cal, and therefore the gradient of P'q' wdth reference to the 
axes OX and OY is Hence, from (5), the differential 

equation to the projection on the crT/^plane of the line of 
curvature corresponding to the radius p is 


; I+P'-T 

^ + or 

doo „ sp 


dy , 


n- 


dx 




k 




=0. 


which may be written 

dx(l -y) + dy = 0 

or dx(pq-j^ + dy(l + q~-*-^'j = {). 

If we eliminate p/k between these equations, we obtain 
the differential equation to the projections of the two lines 
of curvature, viz., 

dx^{8{l + 'p'-) — rpq] +dxdy{t(l+'p^)‘-r{l + q-)) 

4- dy^{tpq - s(l + q^)} 0. 


Ex. 1. Shew that the principal radii at a point of the paraboloid 


— H-y = 2^ are given hj 


p^-kp{a-\’h + 2z) -p ablc^ = 0, 


where 




Ex. 2. Prove that at a point of the intersection of the paraboloid 
‘lP‘ ” ^ 

— hV =22 and the confocal 

a 0 a- A 


are h\, where Ic^ 


u , 
6-A" 
_ A(a4-&-P2g)-“ 
ah 


20 ->A, the principal radii 


Ex. 3. Shew that the projections on the jrv-plane of the lines of 

4* 'ip' 

curvature of the paraboloid + ^ =25 are given by 
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Ex. 4. Prove tliat when a—h this equation reduces to 
or 

dx X dx y 

whence y=Ax or where A and E are arbitrary constants. 

Shew that this verifies the results of § 231 for the paraboloid. 


Ex. 5. Prove that the integral of the equation in Ex. 3 is 


- Xx"^ = 


ah(a~-h)X 

b-^^ctX 


where A. is an arbitrary constant, and shew that this becomes 


if 


x^ ^ 

— 6(5 y) 


+ 1 - 0 , 


(x^X + 6 “ 

^^■^A+y 


Hence prove that^ the lines of curvature of the paraboloid are its 
curves of intersection with confocals. 


Ex. 6. Prove that the intersection of the surface 32 = cw73 + 6y3 
and the plane cw7=6y is a line of curvature of the surface. 

Ex. 7. Prove that the condition that the normal, 

^ Tj-y 

p ? -1’ 

to the surface z=f(x^y) at a point of a curve drawn on it should 
intersect the consecutive normal is 

dp __ dq 

dx-\-pdz~' dy-{-qdz^ 

and deduce the equation to the lines of curvature obtained in § 232. 
Apply § 48. Also dz—pdx^qdy^ dp^rdx+sdy^ dq~sdx-i-6dy. 

Ex. 8. If ?i, ^ 1 , are the dii'cction -cosines of the tangent to a 
line of curvature, and in, n are the direction-cosines of the normal 
to the surface at the point, 

dl_dm_d7i 
ll TUi Til ’ 

Ex. 9. Prove that at a point of a line of curvature of the ellipsoid 

and shew that the coordinates of any point of the curve of intersection 

of the ellipsoid and the confocal — -j, ^ f = 1 verify this 

equation. aHA^62-f A^c^+X 


Ex. 10. Prove that for the helicoid 2 =( 3 tan~^'~, 

X 




~5 where 
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Any point, P, on the surface is given by 

a;=wcos^, ;y=wsin^, z=^cO. 
The tangent plane at P is 

;rsin cos^ + — - w^ = 0, 


and hence, if p is 


the perpendicular to the plane from the point Q, 
__ c8}i8d 
^ C“ 


But if d is the distance PQ, the radius of curvature at P of the 
normal section through Q is given by 

Therefore + d-) — + dii? — 0. 


This gives two values of dO \du, which correspond to the two 
sections with radius p. If p is a principal radius, as in § 232, we have 
coincident values of dO : du. 


Hence 


p=± 




c 


The differential equation to the projections on the .ry-plane of the 
lines of curvature is 

V + C“ 


where w and 0 are polar coordinates. Hence the lines of curvature 
are the intersections of the helicoid and cylinders 

2it= c(Ae^ - A “ " ^), 

where A is an arbitrary constant. 


Ex. 11. For the helicoid 2 =ctan-i‘^, prove that 

P~ m 2 ’ ^”« 2 ’ •>- <■— yi > S -i > 

and deduce the results of Ex. 10 from the equations of § 232. 


Ex. 12. Prove that at a point of the conoid 

cc = ii cos ^ si n s — /( 0\ 

the principal radii are given by 

z'^pr - u^kz'p - u'^Jc^'uP' + z"^) ™ 0 , 

where 


etc., andi 2 = i+^. 


We have p=-^^z', 

^ U ’ 


COS^ , 


0"sin2^+2;'sin W 


s"sin^cos^ + /cos 2^ ^ /'cos^^ — Zsin 2^ 

S , ?=: — 
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Ex. 13. Prove that at a point of the surface of revoJution 
x—u cos 0^ y-zi sin j\u\ 
the principal radii are 

_ -(1 +3^2)1 


Pi==- 


P2 = 


dz 


where result of § 231. 

Ex. 14. For the surface 

X = 'Ll cos 0, y — % sin s = c log 4- - c^), 

prove that pi= — p 2 * 

Ex. 15. Find the principal radii at a point of the cylindroid 
Prove tliat at any point of the generator ^==y, 

2 = 771 , one principal radius is infinite and the other is — , where is 
the distance of the point from the 2 :-axis. 4m 

Ex. 16. Find the curvature at the origin of the lines of curvature 
of the surface 

22=-+?^+ha^ + 3i,rV+ +«;/)+.... 

Pi 9'i ^ 

If Z, 772, n are the direction-cosines of the tangent to a curve and a 


is the arc, 


H 


/^Y /^\2 

dJ ^\dj' 


But for a line of curvature, 

P{rpq-s(l ■hp-)}-hhn{r(l +^/)-^p^}=0, ...(1) 

and for the line of curvature that touches OX, ^=1, 7?i— 72 = 0. Also 
attheorigin p = g'=5 = 0; therefore differentiating (1), and substituting, 


we obtain 


ds 


dm dcL 1 ( & 
dcL~r-t~r — t\ 7’- 1 1 


Again, pl-\-qm=n^ and therefore at the origin 

-1 
>1* 


Pi P2 


^ = 7-^2 _p ^ = 7’ = — . 
dCL 


. T . 1 dl , dm ^ dn ^ dl ,, 

And, since Z-y- 4 -» 2 +72^=0, ~0. 

da. da. da. da. 

Therefore, if is the radius of curvature of the line of curvature 
which touches OX, 

2 1 F2 

Pq PiiVPi-^lpiy^* 

Similarly, the square of the curvature of the line of curvature that 
touches OY is . o 

1 \2 
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Ex. 17. Prove that the equation to an ellipsoid can be put in the 

Pi p2 p^pi^ P1P2 P1P2 P^l^'"' 

where are the coordinates of the centre. 

Ex. 18. Hence shew that the squares of the curvatures of the lines 
of curvature through a point P are 

(a--‘X)(b"-\)(c^-X) (a^ - (52 - ~ 

X(X-ixf AV' /x(/x-A)3 

where A and /x are the parameters of the confocals through P. 

Ex. 19. PN, PNi, PNg are the normals at a point P to an ellipsoid 
and the confocal hyperboloids of one and two sheets throucrh p 
Prove that the curvature at P of the curve of section of the elHpsoid 

and hyperboloid of two sheets is (pr“+p2”^)'S where n.-i is the 
curvature of the section of the ellipsoid by the plane PNN and p -1 
is the curvature of the section of the hyperboloid of two sheets hv 
plane PNiNg. ® 


233. UmMlics. At an umbilic the directions of the 
principal sections are indeterminate ; therefore, from equa- 
tions (5) of § 232, we have 

r t s ~ Ic 

where p is the radius of curvature of any normal section 
through the umbilic. 


Ex. 1 . Find the umbilies of the ellipsoid 
By differentiation, we obtain ' 


LaM- 


0 , 


or 



Whence 



At an umbilic 

Hence _p=0org=0; (,.j + i+^2^0 unless c^+a^=0). 
We have also at the umbilic 

t(l+p 2 )-j-(l+j 2 )=o 
ay(b^ - - a2)= c2(a2 _ 

If a>6>c, ^=0 gives imaginary values of q. 


If 
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Therefore, since p—- 

xja _ yjh _ zlc 1 

0 ±s/d^ 

At an umbilic k^=l+p‘‘+q^= 

Jc 

Hence, ^“7’ since 2 ' = 0, 


(Cf. §95.) 


(Cf. §226, Ex. 5.) 

Ex. 2. Shew that the points of intersection of the surface 

and the line x—y^z are umbilics, and. that the radius of curvature at 
an umbilic is given by 

^ m-l 

Ex. 3, Prove that the surface 

aV + h'^y^ + + z^y 

has an umbilic where it meets the line 

a^x ~ b^y = ch. 

Ex. 4. Prove that in general three lines of curvature pass through 
an umbilic. 

If the umbilic is taken as origin, the equation to the surface is 

2z = ^^-AJL ^ 

P 

The condition that the normal at {x, y, s) should intersect ohe 
noi mal at O is ^ - a) + xy'^ {d-2b)- cy^ = 0. 

Therefore, if the tangent to a line of curvature makes an angle cl 
with the j;-axis, 

tan oL=Lt- 

X 


and c tan^a + (26 ~ c?) tan^a - (2c - a) tan ol - 6 = 0. 

This equation gives three values of tan a which correspond to the 
three lines of curvature through the umbilic. 


_Ex. 5. If the origin is an umbilic of the surface s— /(.r, y), the 
directions of the three lines of curvature through the origin are 
given by 


^tan3a + ( 


'dy 'by) 


)tanoc.-^=0. 


Ex. 6. Investigate the lines of curvature through an umbilic of an 
ellipsoid. 

If the umbilic is the origin, the normal at the origin the ^-axis, and 
the principal plane which contains the umbilics the ^.v-piane, the 
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equation to tlie ellipsoid is 

^2 + cz^ + 2gzx + ^wz - 0 . 

Whence, at the origin, we have 

'dx~w'^'* 'dy~~'dy~~ 

Therefore the directions of the lines of curvature through the 
origin are given by tan^a+tan a.=0, 

and the only real line of curvature through the umhilics is the section 
of the ellipsoid by the principal plane that contains the umhilics. 


Ex. 7. Shew that the points of intersection of the line 

^ 3 jy3 G/ ly 0 

and surface =^2 ^re umhilics on the surface, and that the 

a 0 c 

directions of the three lines of curvature through an umhilic (jr, y, z) 
are given by 

c a ’ a b ' 

If P and Q are adjacent and ultimately coincident points of a curve 
drawn on the surface, the normals at P and Q intersect if 


xMx y^di/ ^dz 


Also, we have 

a ' b c 

since the tangent to the curve lies in the tangent plane to the surface. 
If these equations give three values of dx ; dy : dz^ and the 

first equation then reduces to 

{cdy — b dz) {adz — c dx) {bdx — a dy) = 0. 


234. Triply-orthogonal systems of surfaces. When 
three systems of surfaces are such that through each point 
in space there passes one member of each system, and the 
three members through any given point cut at right angles, 
they are together said to form a triply-orthogonal system of 
surfaces. The confocals of a given conicoid form such a 
system. 

We have seen that the lines of curvature of an ellipsoid 
are its curves of intersection with the confocal hyperboloids. 
This is a particular case of a general theorem on the lines 
of curvature of a triply-orthogonal system, Dupin’s theorem, 
which we proceed to enunciate and prove. 

If three systems of surfaces cut everywhere at right 
angles, the lines of curvature of any member of one system 
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are its curves of intersection with the members of the other 
two systems. 

Let O be any point on a given surface, Sp of the first 
system, and let and S3 be the sui'faces of the second and 
third systems that pass through O. We have to prove that 
the curves of intersection of with Sg and S3 are the lines of 
curvature on Sp The tangent planes at O to the three 
surfaces cut at right angles. Take them for coordinate 
planes. The equations to the three surfaces are then, 
to Sp 2 x+ + 2 h^yz + + ■ . . = 0, 

to Sg, V'H ... =0, 

to S3, 20 +a3aj2+ 2/13X2/ + %H...=0. 

Near the origin, on the curve of intersection of the 
surfaces and Sg, x and y are of the second order of small 
quantities, and hence the coordinates of a point of the 
curve adjacent to O are 0, 0, y. The tangent planes to 
and S.2 at (0, 0, y) are, if y^ be rejected, given by 
X’\‘h^yy + h^yz = Q, 
y + a^yz-\~h^yx = Q, 
and they are at right angles ; 
therefore /^i + /i2 = 0. 

Similarly, we have 

7^2 “h /^g = 0, h^ /q — 
and therefore = Ag = Ag = 0. 

Hence the coordinate planes are the planes of the prin- 
cipal sections at O of the three surfaces and the curve of 
intersection of S^ and Sg touches a principal section of 
at O. But O is any point of S^, and therefore the curve 
touches a principal section at any point of its length, and 
therefore is a line of curvature. Similarly, the curve of 
intersection of and S3 is a line of curvature of Sj. 

Ex. 1. By means of Ex. 8, § 232, prove that if two surfaces cut at 
a constant angle and their curve of intersection is a line of curvature 
of one, then it is a line of curvature of the other ; also, that if the 
curve of intersection of two surfaces is a line of curvature on each, 
the two surfaces cut at a constant angle. 

Ex. 2. If a line of curvature of a surface lies on a sphere, the 
surface and sphere out at a constant angle at all points of the line. 
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Ex. 3. If tfi® normals to a surface at all points of a plane section 
make a constant angle with, the plane of the section, the section is a 
line of curvature. 

235. 0urvaitur6 at points of a generator of a skew 
surface. We have shewn that a ruled conicoid can be 
found to touch a given skew surface at all points of a 
given generator, (§ 218). If P is any point of the generator, 
the ge^rators of the conicoid through P are the inflexional 
tangents of the skew surface, and therefore the conicoid 
and° surface have the same indicatrix at P. Hence the 
sections of the conicoid and of the surface through P have 
the same curvature. 

Ex. Investigate the principal radii of a skew surface at points of 

^ Take thrgenS’ator as u:-axis, the central point as origin, and the 
tangent plane at the origin as u;.(/-plane. The equation to the conicoid 
which has the same principal radii is then of the form 
2 wz + 2/^2 + "ihxy + hiP + — 0- 

Whence at (.r, 0, 0) we have 

_ - h hw^ - 2 f/ixw ch\v^ 

P=0, 2=—. ^=0. • 

The principal radii are therefore given by 

- a/rS + C.v^)p - (82 +.r2)2=0, 

where 8 is the parameter of distribution for the generator. 

236. The measure of curvature at a point. Gauss 
suggested the following method of estimating the curva- 
ture of a surface at a given point. Consider a closed 
portion, S, of the surface whose area is A. Draw from the 
centre of a sphere of unit radius parallels to the normals 
to the surface at all points of the boundary of S. These 
intercept on the surface of the sphere a portion of area a, 
■whose boundary is called the holograph of the portion S, 
and a is taken to measure the ■whole curvature of the 

portion S. The average curvature over S is -j. If P is 

a point within S, then Lt-| as S is indefinitely diminished 

is the measure of curvature or specific curvature at P. 
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237. Expressions for the measure of curvature. If 

and are the 'principal radii at a point P the 'ineasure 

of curvature at P is 

Let PQ, PR, (hg- 66), be infinitesitnal arcs of the lines of 
curvature through P, and let QS and RS be arcs of the lines 
of curvature through Q and R, Then the normals to the 
surface at P and Q intersect at Cj, so that 

and the normals at P and R intersect at Cg, so that 
PC2=RC2 = /)2. 


P 



If the angles PC^^Q, PCgR are 86^ and 80^, we have 
PQ = PR = 

and the area PQRS is 

If pqrs is the horograph corresponding to PQRS, 
pq = Sd^, pr-8Q^, 

Therefore the measure of curvature at P 

pqrs ^ ^ I 

PQRS p^p^SOiSO^ P1P2 

Got. The measure of curvature at a point of the surface 
z=f(x, y) 



348 


COORDINATE GEOMETRY 


[CH. XVI. 


Ex. 1. If a cone of revolution, semi vertical angle o,, circumscribes 
an ellipsoid, the plane of contact divides the surface into two portions 
whose total curvatures are 27r(l + sina), 27r(l — shio.). 

The horograph is the circle of intersection of the unit sphere and 

the right cone whose vertex is the centre and semi vertical angle 

Ex. 2. Any diametral plane divides an ellipsoid into two portions 
whose total curvatures are equal. 

Ex. 3. The measure of curvature at a point P of the ellipsoid 
‘^>+75 + ^= I is where p is the perpendicular from the centre 

to the tangent plane at P. 

Ex. 4. Prove that ai any point P of the paraboloid y--\-z-=Aax, 
the measure of curvature is ^ point («, 0, 0), and 

that the whole curvatur e of t he portion of the surface cut off by the 
plane .r ==.^0 2;? — 

Ex. 5. At a point of a given generator of a skew surface distant x 

from the central point the measure of curvature is , where d 

is the parameter of distribution. 

Ex. 6, If the tangent planes at any two points P and P' of a given 
generator of a skew surface are at right angles, and the measures of 
curvature at P and P' are li and /fj, prove that \lli-V-sjR^ is constant. 

Ex. 7. Find the measure of curvature at the point z) on the 
surface — 


/— )■ 
' nX-.T.r. 


Ex. 8. The binormals to a given curve generate a skew surface. 
Prove that its measure of curvature at a point of the curve is - l/o--. 

Ex. 9. The normals to a skew sin^face at points of a generator lie 
on a hyperbolic paraboloid. Prove that at any point of the generator 
the surface and paraboloid have the same measure of curvature. 


CURVILINEAR COORDINATES. 

238. We have seen, (§ 185), that the equations 
V), y=f,{U, V), V), 

where U and V are parameters, determine a surface. If 
we assign a particular value to one of the parameters, saj^ 
U, then the locus of the point (x, y, z) as V varies is a 
curve on the surface, since x,y, z are now functions of one 
parameter. If the two curves corresponding to TJ—u, 
V=v, pass through a point P, the position of P may be 
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considered as determined by the values u and v of the 
parameters, and these values are then called the curvilinear 
coordinates of the point P. Thus a point on an ellipsoid is 
determined in position if the parameters of the confocal 
hyperboloids which pass through it are known, and these 
parameters may be taken as the curvilinear coordinates of 
the point. If one of the parameters remains constant while 
the other varies, the locus o£ the point is the curve of 
intersection of the ellipsoid and the hyperboloid which 
corresponds to the constant parameter. 

Ex. 1. The helicoid is given by .tj-'ztcos y-umidy z — cB. 
What curves correspond to 'W — constant, 0 = constant? 

Ex. 2. The hyperboloid of one sheet is given by 

a l + A/x^ b 1 + c i + X/A 

What curves correspond to X = constant, /a = constant? If X and /a 
are the curvilinear coordinates of a point on the surface, what is the 
locus of the point when (i) X = /a, (ii) Xp.=X’? 

239. Direction-cosines of the normal to the surface. If 

0, (fig. 66), is the point of a given surface whose curvi- 



FfO. 06. 


linear coordinates are u, v, the direction-cosines of the 
tangents at O to the curves U=Uj F='y, are proportional to 

OC-v, yv^ 

Therefore if m, n are the direction-cosines of the 
normal at O to the surface, 

lx^+myu+m^=0, 

h>^+'my^+nz^=0, 
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. I m n +1 

and = — = = 

Vu^-^uVv ^uVv-yvP^v slEti-F^ 

where E==xJ+y ^^^+ , 

F “f" “h Z^u^v > 

(Cf.§185.) 

Cot, If Q denotes the angle NOM, 

240. The linear element. An equation between the 
curvilinear coordinates of a point on a surface represents a 
curve drawn on the surface. We proceed to find the 
relation between the differentials of the arc of the curve 
and the coordinates. 

Let O and P, (fig. 66), be adjacent points of the curve 
and have cartesian coordinates 

{x, y, z\ (x + (Sx, 2 / + Sy, 2 ; 4- &) ; 
and curvilinear coordinates 

(Uj v), (u + Su,v + Sv). 

Then x + 8x = x + x^Su+x^SV ’\- , 

y^-o\f==^y^yJu-\-y^§v+.,, , 
z-\-^z-^+zJu + z^8v-\- , 
and hence OP‘^=^E8u^ + 2FSu8v^G§v^i 
if cubes and higher powers are rejected. 

Therefore if ds is the dififerential of the arc of the curve, 
since Lt(OP/(5s)= 1, 

ds^ = Edv ? + 2 Fdu dv + G dv^. 

The value of ds given by this equation is called the 
linear element of the surface. 

Ex. Eor the surface of revolution, 

a.' ~u cos 0^ 2 ^ = -w sin z =/(w), ds^=^{X 4/'^) du^ 4 d(P. 

Find f if = z'^du^ -f d 6^. 

241. The principal radii and lines of curvature. We 
can find the principal radii at a point o£ the surface when 
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the coordinates are expressed as functions of two para- 
meters as follows : 

The normal to the surface is the principal normal of^ 
any normal section, and therefore if it has direction-cosines 
I, m, n, we have for the normal section whose radius of 
curvature is p, 

_ m _ dh/ n dh 
p ds^ ’ p ds^ ^ p ds^ 

..j, 1 Id-x + mdhj + ndh 

But dx = x^du + x^dVf 

and d^x - x^,^du^ + ^x^^du dv + x^^dv^ -f x^d^u + x^dhu 

and we have similar expressions for dy, dz, d^y and cJ%. 
Again, 

7 yiir'v'^^uyv ^ ^uVv VvP^v 

i- ^ , m- -jj , n- ^ , 

where H^==EG-FK 


Substituting these in (1), we obtain 

H _E'dii^-\-2F'dudv-\-G'dv'^ 
P 


E dvJ^ + 2Fdudv + Gdv^ 


where E' = 


x„ 


Vnu) 

Vu) 

G'^ OJ. 


F'^ x,^ 


m> Vuvi 

yu> 


Vv, 


yv'tii 

Vui 


^vi y^i 


Zjji} 

Zm 


^UV 


.( 2 ) 


Equation (2) may be written 

du\EH - E'p) -h 2dudv (FH - F'p) + dv^{GE -G'p)^ 0, (3) 

and gives two values of du:dv which correspond to the 
two normal sections with a given radius of curvature. If 
p is a principal radius the values coincide. Therefore the 
principal radii are given by 

p\EV'-r^)-^Hp{EO'+OE'^2FF')+E^=^0. ...(4) 
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If p is a principal radius, by (3) and (4), 
Edu+Fdv _ Fdu + Gdv __ p 
E'du+F'dv F'du + G'dv^ H' 


and therefore for a line of curvature, 

dv?(EF' - E'F) - dudv{GE' ^G'E) + dv\FG' ~ F'G) = 0. (5) 


Cor. 1. 
Cor. 2. 


The measure of curvature is 
, E F 

For an umbilic ]g 7 = p 7 ==^- 


E'G'-F'‘ 


Equation (2) may also be obtained as follows : 

If 0, (.r, y, z) is the point considered, and y+Sy, 2 + 82) 

is an adjacent point on a normal section through 0, p, the radius of 
curvature of the section, is given by 


P 



where p is the perpendicular from P to the tangent plane at 0. The 
equation to the tangent plane is — 2:,ty„) = 0, and 




Hence 


p^ 


E (.r„u Su 8v -h 

2£r ‘ 


E'8y?-\‘9.F'8u8v-^G'8v^ 


Therefore, since ljtOF=Edu^ + '^Fdudv-{-Gdv\ 
U ^E'd'iF ■^^F'diid'o + G'dv^ 
p E dip H- ^Fdu dv + G d%^ ' 


Ex. 1. Find the prineqDal radii and lines of curvature of the 
surface z—f{x^ y). 

Take u = 'v^y, then 

^a=l, yu=0, ; .r„ = 0, ?/„ = !, Zy=^q; 

^uu ~ytiu ~yuv ~ Oj 

Zuu ” r, Zuv ~ 5, Zvv^t. 

Hence E^l-^p% F^pq, G=^l^q\ IP=^EG-F^=l+p^+q^ ; 

E'==r, F'=:s, 

and on^ substituting in equations (4) and (5), we obtain the equations 

The student will find the methods of curvilinear coordinates discussed 
and applied in a recent treatise on • y -p Eisenhart, 

(Ginn & Co.). He is also referred • Geom^tnquea du Ccdcid 

PiffSreTttid, W, de Tanuenberg ; TMcn^ie des Surfaces, Darboux ; Geotneiria 
Differenziale, Bianchi. 



g24ll EXAMPLES ON LINES OF CUEVATCJEE 35;i 


Ex. 2. A ruled surface is generated by the bi normals of a given 
curve. Find the principal radii at a point distant r from the curve. 
The coordinates of the point are given by 

and are functions of s and r. Taking w = s and vsr, and applying 
Frenet’s formulae, we obtain 


(7^ 


1 


P P^" 

Therefore the principal radii are given by 


6 ‘'=: 0 . 


CT^ 




Ex. 3. Find the measure of curvature at the line of striction. 

The curve is the line of striction, and when r=0, the measure of 
curvature is — l/cr^. 


Ex. 4. Apply the method of curvilinear coordinates to prove that 
the principal radius of a developable at a distance I along a generator 

from the edge of regression is — . 

Ex. 5. Apply the method of curvilinear coordinates to prove that 

?r 4 - 

for the helicoid x — uq.(^'^ 0^ y = wsin z — cO, pi— -p^— > and that 

the lines of curvature are given by dO^ . 

-f- d 

Ex. 6. Find the locus of points on the helicoid at which the 
measure of curvature has a given value. 


Ex. 7. For the surface 


a*~ 2 ’ 6"'^’ "”2“’ 

prove that the principal radii are given by 

a^Wp^ + hahp — 52 ^ = 0, 

where (^u — 'vY 

and that the lines of curvature are given by 
du ^ ±dv 

Ex. 8. For the surface 

x=Zu(l4-v^)-u^, ?/ = 3r(l-l-«2)-'i?3, 
the principal radii at any point are 

and the lines of curvature are given by Avhere ai and 

are arbitrary constants. 

B.O. 


z 



354 


COOEDINATE GEOMETEY 


[CH. XVI. 


Ex. 9. The squares of the semi-axes of the eonfocals through a 


point P on the conicoid 


a 0 c 


are a^ — a — X^ = 5 — A, Ci = c-X; — /x, h 2 = h — fi^ C 2 = c-fi. 

Taking A and /x as the curvilinear coordinates of the point, prove 
that 

.-«A(A’- /X) 771 r\ A ry ^ - 

'/5fcc (A-/x) _ 

’ A/X a2^2*^2 * 


4:E^ 

X(A-m) 

F^O, 





AE' 

I aba (X-fx) 

F' — O 

AG' 

II ~ 

^ Xp> ciib^Cj^ 

r' — u, 

H “ 


Deduce that 




and that the lines of curvature are A = constant, /x = constant. 

If Ij w, 71 are the direction -cosines of the normal to the surface, 


since 

We have also 


etc. 

a ^ X/ub a 


Ex. 10. Prove that if F and F' are zero, the parametric curves 
are lines of curvature. 


Examples XIII. 


1 . Prove that along a given line of curvature of a conicoid, one 
principal radius varies as the cube of the other. 


2. Prove that the principal radii at a point of the surface xyz—o? 
are given by ^ „„ a 

p3 + J(^2j.y2 + 22) + _ = 


=0, 


where p is the perpendicular from the origin to the tangent plane at 
the point. Shew that this equation can be written in the form 


[ - » / I -1 

and that if (|, 97 , is a centre of principal curvature at (.r, z\ 


3. Pind the principal radii of the surface aV=z^(x^+y^) at the 
points where ,v=y—z. 

4. Prove that the cone 

hxy = z q. ^ ^2^ 

passes through a line of curvature of the paraboloid xy^az. 
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5. For the surface 

j?— wcos^, 

prove that the angles that the lines of curvature make with the 
generators are given by 

6. For a rectangular hyperboloidj (in which the asymptotic cone 
has three mutually perpendicular generators), the normal chord at 
any point is the harmonic mean between the principal radii. 

7. PT is tangent at P to a curve on an ellipsoid along which the 
measure of curvature is constant. Prove that the normal section of 
the ellipsoid through PT is an ellipse which has one of its vertices at P. 

8. Prove that at a point of the intersection of the cylindroid 

^{yp>j^yi)=7nxy and the cylinder the measure of 

curvature of the former varies as — =. 

9. The principal I’adii at a point P of a surface are pj and and 
the radius of curvature of a normal section through P is li. Shew 
that the normal to the surface at a neighbouring point Q on the section 
distant s from P, makes with the principal normal to the section at Q 
an angle 

10. Prove that the lines of curvature of the pan<,boloid wy — az lie 
on the surfaces 

sinh-i-±sinh-i^-J, 
a a ’ 


where A is an arbitrary constant. 

11. Shew that the sum or difference of the distances of any point 
on a line of curvature of the paraboloid xy—az from the generators 
through the vertex is constant. 

12. A curve is drawn on the surface 

touching the axis of x at the origin and with its osculating plane 
inclined to the ^-axis at an angle (f>. Prove that at the origin 

0 ?" = 0, y" = r tan cj), z'' = r, x'” = - — Zrs tan cji. 


13. Prove that the whole curvature of the portion of the paraboloid 

xy^az bounded by the generators through the origin and through the 
point {x, y, z) is 2 

- tan”^ 

s! y^z^ + 4 - x^y^ 

14. Prove that the differential equation of the projections on the 
^y-plane of the lines of curvature of the ellipsoid 



t 


62 



is Bly^xydx^ — (ffhV + oLO^y^ + a‘^b^y)dxdy + OLa^xydy’^^^O, 

where ol=1}^ — c\ p = — 
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Deduce that 

^ j =. 0, 

where and hence shew that the integral of the equation is 

^ ^ 9 ^‘> 7,2 

A a.aP'k — 

where /fc is an arbitrary constant. 

Prove that if reduces to 

(X-Ct/^ \Ct A . ) 

^; 2 (, 2 _^ 2 ) ^ 2(^2 2 ) _ ^ 

and deduce that the lines of curvature are the curves of intersection 
of the ellipsoid and its coiifocals. 


15. Prove that the measure of curvature at points of a generator 
of a skew surface varies as cos^^, where 6 is the angle between the 
tangent planes at the point and at the central point. 

16. Prove that the surface 

— 2ft 2) (y ^ — 2ft2) 

has a line of umbilics lying on the sphere — 


17. A ruled surface is generated by the principal normals to a 
given curve ; prove that at the point of a principal normal distant r 
from the curve the principal radii are given by 


or^ 


■¥R 






What are the principal radii at points of the curve? 


18. If I, m, 71 are the direction-cosines of the normal at a point to 
the surface 2 =f(x, y) the equation for the principal radii can be 
written 


1 IfZl 3m\ d(l.7n) 

p2 pVdx^'dy/^d{x,y) 


19. Prove that the osculating plane of the line of curvature of the 

surface 2 -2 i 

25 4. _ (^,^3 ^ 35^2^ + Zoxy"^ -h dy^)., . , 

which touches OX, makes an angle ^ with the plane ZOX, such that 
tan = 

P^-Pi 

20. Prove that for the surface formed by the revolution of the 
tractrix about its axis 


ft^log tan^ 


H-cos 


24 = ft sill < 5 ^), 


and that the surface has at any point a constant measure of curvature 



367 


examples XIII. 

21. If the surface of revolution 

^=wcos^, ?/ = wsin^j z — f(u) 

is a minimal surface, f{l +/'2) + w/"=0. 

Hence, shew that the only real minimal surface of revolution is 
formed by the revolution of a catenary about its directrix. 

22. At a point of the curve of intersection of the paraboloid ,vy=^cz 

and the hyperboloid the principal radii of the para- 

boloid are -^(1 d=N/2). 

23. The principal radius of a cone at any point of its curve of 

intersection with a concentric sphere varies as (sin A sin /x)*-, where 
A and /x are the angles that the generator through the point makes 
vs^ith the focal lines, 

24. A straight line drawn through the variable point 

P, {a cos (^, a sin 0), 

parallel to the za:~^\fine makes an angle where 0 is some function 
of (jf>, with the s-axis. Prove that the measure of curvature at P of 
the surface generated by the line is 

cos^qf) 

a^{l — s>mW \d4>) ‘ 

25. A variable ellipsoid whose axes are the coordinate axes touches 

the given plane 1. Prove that the locus of the centres of 

principal curvature at the point of contact is 

(p^ +gp+rz- l)(p^d^ + 9^ + ip^ + S'" + 
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CHAPTER XVII. 

ASYMPTOTIC LINES. 


242. A curve drawn on a surface so as to touch at each 
point one of the inflexional tangents through the point is 
called an asymptotic line on the surface. 


243. The differential equation of asymptotic lines. If 

are the direction-cosines of the tangent to an 
asymptotic line on the surface z—f{x, y), we have, from 
§lfllj = 0 \ 

whence, as in § 232, the differential equation of the pro- 
jections on the ic 2 /“plane of the asymptotic lines is 
T dx^ + 2sdxdy+tdy^ = 0. 

It is evident from the definition that the asymptotic 
lines of a hyperboloid of one sheet are the generators. 
This may be easily verified from the differential equation. 
If the equation to the hyperboloid is + 2/7^^ = b 

P~a^z’ ^ h^z’ bV’ a%^z^’ 



Whence the diffei’ential equation becomes 


dx-/^ 

liF\ 




or 2/ == ± 7 + b\ where y^ = 

This equation is clearly satisfied by the tangents to the 
elhpse z=0, x^la^+y^jb^=^l, or the projections of the 
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asymptotic lines are the tangents. We also have proved, 
(§104), that the projections of the generators are the 
tangents. 


244. The osculating plane of an asymptotic line. If 

are the direction-cosines of the tangent to an 
asymptotic line, 

pli + qr^\--n^ — 0. 

Therefore, by Frenet’s formulae. 


P 


— (rZ/ + 2slpn^ + tm^^) = 0. 


Whence 

or 


2 ^ g ^ Jy1_ 

mo m 


Therefore the binormal of the asymptotic line is the 
normal to the surface, or the tangent plane to the surface 
is the osculating plane of the asymptotic line. 

Cor. 1. The two asymptotic lines through any point 
have the same osculating plane. 

Cor. 2. The normals to a surface at points of an 
asymptotic line generate a skew surface whose line of 
striction is the asymptotic line. 


245. The torsion of an asymptotic line. Consider the 
asymptotic lines through the origin on the surface 

Fi Pi 

The tangents make angles ±a with the a;-axis, where 

tana^A/'^^^. Hence, for one asymptotic line, 

^ Pi 

= cos oc, = sin a, — O 

and Zg = ““ sin oc, 7?^2 = cos a, ™ 

Also, from §244, ^3 = -^=^—^- 



Therefore 
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Therefore if is the differential of the arc of the line, 

But at the origin, r = l/pp 6‘ = 0, = 0, g == 0. 

sin a _ cos a 

(T pi 

11, 

or ~ = ~cota = V 

cr px /)iP2 

Cor, The two asymptotic lines through a point have 
the same torsion. 

The asymptotic lines of a developable surface are the generators, 
and the osculating plane of an asymptotic line is the same at all 
points of the line. Hence l/cr=0. But one of the principal curva- 
tures is also zero, and thus the equation — - is verified for 

developable surfaces. ^ 

For a hyperboloid of one sheet, the asymptotic lines are also the 
generators^ but the osculating plane of an asymptotic line is not the 
same at all points of the line. The osculating plane at each point of 

the line is determinate, however, and ^ has a definite value 

^ PiPi 

at each point. The value is the rate at which the tangent plane is 
twisting round the generator. We have thus an instance of a straight 
line with a definite osculating plane at each point. 


Ex. 1. Prove that the projections of the asymptotic lines of the 
paraboloid on the .ry-plane are given by j = A, where X 

CL"' 0"" (X 0 

is an arbitrary constant. 

Ex. 2. Find the differential equation to the projections of the 
asymptotic lines of the conoid 

x—u cos ^ = w sill z =/( 0). 

Using the values of p, q, r, 5, given in Ex. 12, § 232, we obtain 

(i) ^0=0, or (ii) ?^=?lde. 

li z 

From (i) ^=a., where cl is arbitrary, and hence one asymptotic line 
through each point is the generator. 

From (ii) u^—X^\ where A is arbitrary. 

Ex. 3. Prove that the asymptotic lines of the helicoid 
JO—UQO^d^ y—wsin Z'^^cO 

consist of the generators and the curves of intersection with coaxal 
right cylinders. 
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Ex. 4. Prove that the projection on the ^^-plane of an asymptotic 
line of the cylindroid 

.V = u cos 6, y- u sin z^m sin W 

is a lemniscate. 

Ex. 5. Prove that the projections on the a’y-plane of the asymp- 
totic lines of the conoid 

X = u cos 0^ y=^u sin 0^ z— 
are equiangular spirals. 

Ex. 6. Prove that the differential equation to the projections on 
the a?y-plane of the asymptotic lines of the surface of revolution 

X — u cos 0, y = it sin 6, z —J\u) 

is z” diir-^-uz' d0^ = Oy where — 

ait did 

Ex. 7. Find the asymptotic lines of the cone z=^il cot a. 

Ex. 8. For the hyperboloid of revolution prove that 

the projections of the asymptotic lines on the jry-plane are given by 
— a sec(^~ oc), 

where oc. is an arbitrary constant. 

Ex. 9. The asymptotic lines of the catenoid w=ccosh- lie on the 
cylinders — + where a is arbitrary. ^ 

Ex. 10. Find the curvatures of the asymptotic lines through the 
origin on the surface 

2z— — -^~(ar^-{-36a72y4-3ca:?/2 4-cfy)+... . 

Pi P'l 

Differentiating we obtain 

“b + tmim2 } 

P 

For one line, ?^ = cosa., Wi~sina, 0; “Sina, 

?i„=0, where tan^a-=- — And at the orisrin, r=— , 5=0, z=— j 
^ Pi Pi P2 

3r 3r ^5 , 3s 'dt 'dt , , 

^ 2(pi-P 2)^ W-po VPi^ 

To obtain the curvature of the other line we must change the sign 


of n/X 


/> 2 - 


Ex. 11. The normals to a surface at points of an asymptotic line 
generate a skew surface, and the two surfaces have the same measure 
of curvature at any point of the line. 
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Ex. 12. In curvilinear coordinates the differential equation to the 
asymptotic lines is 

E' du- diidv G* — 0 . 

Apply the method of curvilinear coordinates to Exs. 3, 4, 6. 

Ex. 13. Prove that the asymptotic lines of the surface 
y- 2?« - 6-“, y = z^e^-v 

lie on the cylinders 

zy-^-caj — F — + 

where a and h are ai’bitrary constants. 

Ex. 14. For the surface 


.r_2i + y y _ u — v 


uv 


the asymptotic lines are given by ?i = Aj v—ii^ where A and ^ are 
arbitrary constants. 

Ex. 15. For the surface 

x=Zu{\-\'V-)-u\ y—Zv{l-\-iL^)-'V^, — 

the asymptotic lines are y = constant. 

Ex. 16. Prove that the asymptotic lines on the surface of revolu- 
X = u cos y=u sin 0^ z =^f{u\ 

where z = a (^log tan - + cos ^ and u~a sin 


tion 


are given by 


de==±-^ 


dcl> 


sin (j^‘ 


GEODESICS. 

246. A curve drawn on a surface so that its osculating 
plane at any point contains the normal to the surface at 
the point is a geodesic. It follows that the principal normal 
at any point is the normal to the surface. 

An infinitesimal arc PQ of a geodesic coincides with the 
section of the surface by the osculating plane at P ; that is, 
with a normal section through P. Therefore, by Meunier s 
theorem, the geodesic arc PQ is the arc of least curvature 
through P and Q, or the shortest distance on the surface 
between two adjacent points P and Q is along the geodesic 
through the points. 
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Ex. 1. The princi^pal normal to a right helix fa the normal to the 
cylinder, and hence the geodesics on a cylinder are the helices that 
can be drawn on it. 


247. Geodesics on developable surfaces. If the .surface 
is a developable, the infinitesimal arc PQ is unaltered in 
leugth when the surface is developed into a plane. There- 
fore if a geodesic passes through two points A and B of a 
developable, and the surface is developed into a plane, the 
geodesic develops into the straight line joining the points 
A and B in the plane. 

Ex. 1. The geodesics on any cylinder are helices. 

When the cylinder is developed into a plane, any helix develops 
into a straight line. ^ 

Ex. 2. An infinite number of geodesics can be drawn throuo'h two 
points A and B of a cylinder, * 

If any number of sheets is unwrapped from the cylinder and 
A, A, A ,... are the positions of A, B on the plane so 

formed, the line joining^ any one of the points A', A", A'", ... to any 
one of the points B', B", B'", ... becomes a geodesic when the sheets 
are wound again on the cylinder. 

Ex. 3. If the cylinder is = and A and B are 
(a, 0, 0), (a COSOL, a sin a, h\ 
the geodesics through A and B are given by 

x—aGO^O. 7/ = asin^, z — — . 

2?i7r+a 


248. The differential equations to geodesics. From 
the definition of a geodesic, we have 
dr'X d?y d?z 

F,- Fy^T: 

for geodesics on the surface F{x, y, z) = 0, and 
d^x d^y dh 

p q ^ ~ 

for geodesics on the surface z=f(x, y). 

If an integral of one of the equations (1) can be found, it 
will contain two arbitrary constants, and with the equation 
to the surface, F{x, y, 0 ) = O, will represent the geodesics. 
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Similarly, an integral of one of the equations (2) and the 
equation z=f{x, y) together represent the geodesics of 
the surface ^ =f{x, y). 

Ex. 1. Find tlie equations to the geodesics on the helicoid 

cos 0 dz 


q=- 


j • // // A 1 ®ha 0 dz 

For a geodesic, q:c -py = 0, and p = — ^ 

therefore cd' cos B -hy" sin ^ — 0 

or — 

But ; 

therefore u'^ -f ( 2 ^^ + c^) ^'2 = 1 

Hence, from (1 ), ( 1 - — {u^ -h C") w", 

which gives, on integrating, 

1 ^./2 

1 U — 7} j 

W- + 0- 

where I’ is an arbitrary constant. 

Eliminating ds between this equation and equation (2), we obtain 


de^ 

(1) 

( 2 ) 


. first integral 


dB=- 


i kdu 


J{u^ + c‘q ( -h - k‘^) ’ 


whence the complete integral can be found in terms of elliptic 
functions. 

Ex. 2. Find the differential equation to the projections on the 
.;?’?^-plane of the geodesics on the surface z = f{x^ y). 

If lii Ui are the direction-cosines of the tangent to a geodesic, 

and i is its curvature, 

p Vi 

But by Ex. 10, § 5:04, the radius of curvature of the projection on 

7^3 

jOTOi-gfi 

Vl+iB'^4-9^ 

Therefore the radius of curvature of the projection is 

( pm^ - qli){rl^ + * 

Hence, at any point of the projection we have 


the plane is p 
And 




\ 


1 + 


isr 




2*1 t 


dh/ 

dx^ 




(l+pH2^)p + (^ 


r-j-25 


or 


£(i +?’+«-{ 


r4-2s^H-^ 
ax 
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249. Geodesics on a surface of revolution. The equa- 
tion to any surface of revolution is of the form 

or z=f{u). 


Hence 


and q = 
d?y dP'x 


But for a geodesic, ? ^^2 • 

Therefore 

(Px dhj ^ d dx 

" m 's 


ds/ 


Hence 


y 


dx dy 
ds ^ ds 


- c, 


where c is an arbitraiy constant. 

Change to polar coordinates, where 
x = u cos 0, y = u sin 0, 

x' = vf cos 6 — u0' sin 0, y' = u' sin 0 + cos 0, 


and we get 


gcZ0 

ds 


Ex, 1. If a geodesic on a surface of revolution cuts the meridian 
at any point at an angle 'Zisin c/i is constant, where u is the distance 
of the point from the axis. 

dd 

We have sin< 5 i>=-z«^, whence the result is simply another form of 
that of § 249, 


Ex. 2. Deduce that on a right cylinder the geodesics are helices. 

Ex. 3. The perpendiculars from the vertex of a right cone to the 
tangents to a given geodesic are of constant length. 

If O is the vertex, the perpendicular on to the tangent at a point P 
= O P sin <^ = 24 cosec a sin < 56 . 


Ex. 4. Investigate the geodesics through two given points on a 
right cone. 

Let the points be A and B, (fig. 67), and take the zx-iplme through A. 
Let the semivertical angle of the cone be a and the plane B07 make 
an angle /B with the plane. Suppose that A and B are distant 
a and h from the vertex. 

If the cone is slit along OA and developed into a plane, the distance 
of the vertex from any tangent to the geodesic remains unaltered, 
and therefore the geodesic develops into a straight line, (cf. § 247). 
Figures 67 and 68 represent the cone and its development into a 
plane. The circular sections of the cone through A and B become 
arcs of concentric circles of radii a and b, and 


Z^AiODj 


arcAjDj_ arc AD 
"0^(7"“ OA 


=:^sina= 7 , say. 
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The geodesic develops into A^Bi, and if P, any point on AiB^, has 
polar coordinates yfr referred to O^Ai as initial line, 

since Z^O|A|Pj'h 

ar sin yfr + br sin (y - — ctb sin y. 

Now the relations between the cylindrical coordinates u, $ in space 
and the polar coordinates r, ^j/ in the plane are 

w = ?*sinoL, i/^=^sina., 

and therefore the coordinates of any point of the geodesic satisfy the 
equation 



Fig. 67. Fio. 68. 


This equation represents a cylinder which intersects the cone in the 
geodesic. 

If the arcs D^Dg, DgD^, ... are each equal to the circumference of 
the circle in the plane ADC, the positions of OB, when in addition to 
the curved sector OAB of the surface of the cone, one, two, ... com- 
plete sheets are successively developed into a plane, are O^Bg, O^Bg ... . 
If Ai and Bo are joined and the plane sector A^OiBg is wrapped 
again on the cone, AjB.g becomes a second geodesic passing through 
A and B and completely surrounding the cone. Similarly A^Bg be- 
comes a third geodesic. AjB^, however, does not lie on the sheets 
that have been unrolled from the cone, and hence the only geodesics, 
(in our figure), through A and B are those which develop into A^B^, 

A^Bg, AjBg. 

It is clear from the figure, that if (n+l) geodesics pass through two 
points A and B, and the angle between the planes through the axis 
of the cone and A and B is 

sin tx.(^ H- 2?i7r) < TT. 

The equations to surfaces through all the geodesics through A and 
B can be obtained from equation (1) by writing (/3-p2?i7r)sin cl for y. 

If A and B are points on the same generator of the cone, /3=27r 
So that, if we are to have any geodesic through A and B, 

sin CL. I^<7r or sina<A 
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A geodesic on a cone will therefore not cross a generator at two 
points unless the sernivertical angle of the cone is less than 

Ex. 5. Find the length of the geodesic AB. 

Atis. AB2=raH&^-2a6cos(/?sin(x.). 

Ex. 6. Find the distance of the vertex from any tangent to the 
geodesic AB. 

ahsm(f3B\u a) 


Ex. 7. If A and B are ]joints on the same generator OAB of a 
cone semi vertical angle a, and a geodesic through A and B cuts OA 
at right angles at A, then sin oc< ^ . Also OB = sec ( 27 r sin a) and 
the length of the geodesic arc AB is « tan (27r sin a). 

Ex. 8. Shew that a first integral of the equations of the geodesics 

of the cone u—ztsma is sinaa?0= ± — p===, and deduce the equa- 

lev 16- -P 

tion to the projections of the geodesics in the form 
u — k sec (Osin 

where k and cj) are arbitrary constants. 

Ex. 9. Determine the values of k and if the geodesic passes 
through A and B, and deduce the equation (1) of Ex. 4. 


250. Geodesics on conicoids. The following theorem 
is due to Joachimstlial : If P is any point on a geodesic on 
a central conicoid, r is the central radius parallel to the 
tangent to the geodesic at P, and p is the perpendicular 
from the centre to the tangent plane to the surface at P, 
fv is constant 

Let the equation to the conicoid be ax^ + hy^ + cz^—'^> 
Then at any point of a geodesic, 

■ 

ax by cz o V p 

where p is the radius of curvature of the geodesic. 

W e have also p^^ = aV + b^y^ + c V, 

r-^=^ax'^+by'^+ cz'^. 

Whence — ^ = a^xx' + h^yy' + c^zz', 

— r ~ V = ax'x" + hy'y" + cz'z'\ 

—\(a^xx' A-V^yy' t>y (l). 

ipZ* 


Therefore 


( 2 ) 
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Again, since the tangent to the geodesic is a tangent to 
the conicoid, axx ' + hyy' + czz = 0, 

and therefore 

ax' -- {axx" + hyy" + czz") 
or r " 2 = — X (a^x^ + b-y^ + by ( 1 ), 

= ( 3 ' 

Hence, combining (2) and (3), 

rp4*pV = 0, 

and therefore is constant. 

Car. 1. Since X= ±-, from (3) we deduce n— 

P P 

(Cf. § 226, Ex. 2.) 

Gar. 2. If the constant value of pr is k, 


hence along a given geodesic the radius of curvature varies 
as the cube of the central radius which is parallel to the 
tangent. 


Ex. 1. The radius of curvature at any point P of a geodesic 
drawn or n conicoid of revolution is in a constant ratio to the radius 
of curvature at P of the meridian section through P. 

If OL and /? are the axes of the meridian section and is its radius 
of curvature, ^ 2/32 

and we have from § 250, 0 = ± 

r pi 

Ex. 2. For all geodesics through an umbilic, 

Ex. 3. Shew that the theorem of § 2h0 is also true for the lines of 
curvature of the conicoid. 

Ex. 4. The constant pr has the same value for all geodesics that 
touch the same line of curvature. 

Ex. 5. Two geodesics that touch the same line of curvature 
intersect at a point P. Prove that they make equal angles with 
the lines of curvature through P. 

Ex. 6. PT is the tangent to a geodesic thx'ough any point P on the 
ellipsoid and A, p. are the parameters of the 

confocals through P. PT makes an angle 0 with the tangent to 
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the curve of intersection of the ellipsoid and the confocal whose 
parameter is k. Prove that ^ ^ ^ 

A + (where 


The central section parallel to the tangent plane at P, referred 
to its principal axes, has equation 


— -{-^ = 1 whence 

/JL A 


cos^^ ain^^ 1 
itx A ~ * 


We have also p^-aWc^lk[x^ and the result immediately follows. 


Ex. 7. The tangents to a given geodesic on an ellipsoid all touch 
the same confocal. 

One confocal touches the tangent- Suppose that its parameter 
is V. If the normals to the ellipsoid and confocals through P 
are taken as coordinate axes, the equation to the cone, vertex P, 
which envelopes the confocal is 

V — p v — A V 

The tangent at P to the geodesic is a generator of this cone, and 
since its equations are 

^ _ y _ g 

cos ^”sin 6~0' 

y = k cos^ ^ -f- sin^ ^ = constant. 


Ex. 8. The osculating planes of the geodesic touch the confocal. 


251. The curvature and torsion of a geodesic. Consider 
a geodesic through the origin on the surface 

22 = £! + ^V.... 

Pi P2 

If the tangent makes an angle 0 with OX, then, at 
the origin, 

l^ = cosd, 77^l= sin 6, 71^ = 0; 

0, m2= 0, 'n>2=li 


hence. 


k= 

u = sin 6, m. = — cos Q, Tig = 0. 


We have, generally, 


-p 


s/l+p'^+q^’ 




-<1 


Whence, differentiating with respect to a, the arc of the 


1 


geodesic, and applying Frenet’s formulae, 

2a 


B.Q. 
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which gives, at the origin, 

CQS0 ^ sin 0_cos9 
P ^ Pi' 

Similarly, differentiating mg, we obtain, 
sin Q cos Q ^ sin Q 
P o- p2 * 

-pv • j.* u 1 cos- 6 , sin2 0 

Eliminating a-, we have, - = \ 

in §§220, 221. 

Eliminating p, we have 


, a result obtained 


- = sin 0 cos sf— — 
cr \pi 

Cor. 1, If the surface is developable, so that — = 0, 

Pi 

0 -=— ptan0, where 6 is the angle at which the geodesic 
crosses the generator. For a geodesic on a cylinder, 6 is 
constant, and we have the result of § 202. 

Cot. 2. If a geodesic touches a line of curvature, its 
torsion is zero at the point of contact. 

Cor. 3. If a geodesic passes through an umbilic, its 
torsion at the umbilic is zero. 




fJL 



pj 

\p2 

p! 


Ex. 2. A geodesic is drawn on the ellipsoid 
from an umbilic to the extremity B of the mean axis. Find its 
torsion at B. 

At B, pi==-^, and therefore 


- = cos ^ sill 
cr 




Also jDr=(ZC, and at B, p~b, and 

1 __COS“^ 

r2"“^2- 
1 


1 _cos2^ sin2^ 
r2" 


whence 


252. Geodesic curvature. Let p, o, c, (fig. 69), be 
consecutive points of a curve traced on a surface. Along 
the geodesic through P and O measure off an arc OG equal 
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to PO, and along PO produced a length OT also equal to PO. 
PO is ultimately the tangent at O to the curve or geodesic, 
and the geodesic touches the curve at O. Denote the angle 
GOT by the angle TOC by the angle GOC by de. 
Then, if OP = Ss, 


Lt~ = curvature of curve = - ; 

os p 

Lt = curvature of geodesic =- 


and Lt^ is defined to be the geodesic curvature of the 

1 


curve. Let us denote it by i 

Pa 



Fig. eo, 


The points CGT lie on a sphere whose centre is O, and 
therefore the arcs CT, TG, GO can be taken to measure the 
angles COT, TOG, GOC. And since the plane OCG is 
ultimately that of the indicatrix, and OGT a normal section, 
the angle CGT is a right angle. Hence, 
ct2=:cgHgt2 


or = 

Therefore = 

P“ P</ Pq“ 

whence the geodesic curvature is expressed in terms of the 
curvatures of the curve and the geodesic. 

Again, if the angle CTG is denoted by w, co is ultimately 
the angle between the planes OCT and OGT, which become 
respectively the osculating planes of the curve and the 
geodesic, or the osculating plane of the curve and the normal 
section of the surface through the tangent to the curve. 
From the right-angled triangle CGT, 

= Syp' cos Se = sin co ; 

whence (i) p^p^^cosw, (ii) = p cosec cot w. 
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We have thus (i) another proof of Meunier’s theorem 
and (ii) the relation "between the geodesic and ordinary 
curvatures of the curve. 

Got. If a curve of curvature is projected on a plane 
through the tangent which makes an angle a with the 
osculating plane, the radius of curvature of the projection 
is psecoc, (§204, Ex. 10). Hence the geodesic curvature 
of a curve on a surface is the curvature of its projection 
on the tangent plane to the surface. 


Ex. 1. Shew that the geodesic curvatures of the lines of curvature 
through the origin on the surface 


22 = — + ^ + \{a3(^ -t- Zhx^y + + dy^) -f . . . 
Pi P2 ^ 


are 

Use Ex. 16, § 232. 


^P]P2 ^PlP2 
Pi ~ P2 Pl’~ P2 


Ex. 2. Prove that at the origin the geodesic curvature of the 
section of the surface aj(P + hy^ — 2z by the plane Ix+myi^nz^O is 


n(bP+am^) 
' + 


Ex. 3. A curve is drawn on a right cone, semivertical angle 
so as to cut all the generators at the same angle /3. Prove that at 
a distance R from the vertex, the curvature of the geodesic which 

touches the curve is and that the geodesic curvature of the 

A tan a. 


sin/5 

A 


Ex, 4. By means of the results of Ex. 3 and the result of Ex. 7, 
§ 204, verify the equation p~^ — pg'^-h Po~'‘^ for the curve on the cone. 

Ex. 5. If u and v are the curvilinear coordinates of a point on a 
surface and the parametric curves cut at right angles, shew that the 
geodesic curvatures of the parametric curves are 

1_3^ 1 

sIW: 'du ’ * 

Consider the curve U—u. Let o) be the angle between the osculat- 
ing plane and the normal section through the tangent. Then the 

geodesic curvature is given by Let U. mo, Uo be the 

Pg p' 

direction-cosines of the principal normal to the curve, then since ft> is 
the complement of the angle between the principal normal to the 
curve and the tangent to the curve V=v, 

sin (0 = ^2''g»+''»-2y»+W2^i. 
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m 


I2 7 TO 9 


02; £1?.S ’ ^ 

^(3l. 
p'^slG 02 ; Wa 


Therefore 


Therefore |(^) 

But, since the parametric curves are at right angles, '^XuXv—O^ and 
therefore 

'Z.VuX„ = - 2.r^,„ = - 2 = - g y 

Therefore i = ■ ~]_- 5^. 

Pa ^(Jsl 'dll sJgE du 

Similarly for the curve V=^v, -- r=r-Z-L 

Pif 02; 

(This solution is taken from Bianchi’s Qeometria Differeiiziale.) 

Ex. 6. If the parametric curves are at right angles and f? is a 
function of v alone and E a function of ii alone, the parametric curves 
are geodesics. 

Ex. 7. By means of the expressions given in § 241, Ex. 9, shew 
that the squares of the geodesic curvatures of the curves of inter- 
section of the ellipsoid + its confoeals whose para- 

meters are A and /x, are 

aihiC^ aohco 

A(A-/x)^' p(p--A)3’ 

Shew how this result may be deduced from that of Ex. 18, § 232. 


253. Geodesic torsion. If OT, (fig. 70), is the tangent at 
0 to a curve drawn on a surface, and the osculating plane 
of the curve makes an angle 0 with the normal section 
through OT, then 0 is the angle between the principal 
normal to the curve and the normal to the surface, and 


therefore 


cosm = 




( 1 ) 


The binormal makes an angle 90°i:<w with the normal to 
the surface. Let us take as the positive direction of the 
binormal that which makes an angle 90° — co with the normal 
to the surface, and then choose the positive direction of the 
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tangent to the curve, so that the tangent, principal normal 
and binormal can be brought into coincidence with OX, 
OY, OZ respectively. Then 





Differentiate with respect to s, the arc of the curve, and 

we have, by (1), 

/ 

da) _ ^ _ ^3 4“ ~h 


cos CO 


ds ' 


Jl+p'^ + q^ 


d 


- (pi, + qm, ^n,)^^(l+p^+ q^y\ 


.( 2 ) 


Now take O as the origin, and let the equation to the 
surface be 

2s = ^+^ + .... 

Pi P2 


Then at the origin (2) becomes 

dco cos CO mom. 

cos co-i- = ^ 

as 0 - Pi P 2 

Let OT make an angle 0 with OX. 

Then = cos 6, = sin 0, 02 i — 0 ; and since = cos co, 

I, = = sin 0 cos co, 

m,— — ^l'?^ 2 = —cos 0 cos CO. 


,( 3 ) 
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Therefore (3) becomes 

1 d(jd 


— sin Ocosdi 


and hence, by §251, the value of is the torsion of 

the geodesic that touches the curve at O. It is called the 
geodesic torsion of the curve, and is evidently the same for 
all curves which touch OT at O, 

Cor. 1. If a curve touches a line of curvature at O its 
creodesic torsion at O is zero. 

£3 

Cor. 2. The torsion of a curve drawn on a developable is 
sin 6 cos 6 do> 

p 

where 0 is the angle at which the curve crosses the 
generator, p is the principal radius, and w is the angle 
that the osculating plane makes with the normal section 
of the surface through the tangent. 

Ex. 1. The geodesic torsion of a curre drawn on a surface at a 
point O is equal to the torsion of any curve which touches it at O and 
whose osculating plane at O makes a constant angle with the tangent 
plane at O to the surface. 

Ex. 2. The geodesic torsion of a curve drawn on a cone, semi^ 
vertical angle a, so as to cut all the generators at an angle fiy is 

sit ^ cos /? ^ jg ^ 1 ^^^ distance of the point from the vertex. 

E tan OL 

Ex.. 3. A catenary, constant c, is wrapped round a circular cylinder, 
radius o, so that its axis is along a generator. Shew that its torsion 
at any point is equal to its geodesic torsion, and deduce that 

1 c\lz^~c^ 


where z is the distance of the point from the directrix of the catenary. 


Examples XIV. 

1. A geodesic is drawn on the surface 

2z = ax ^ + 

touching the x-a^xia. Prove that at the origin its torsion is k 

2. For the conoid prove that the asymptotic lines consist 

of the generators and the curves whose projections on the .ry-plane 
are given by where c is an arbitrary constant. 
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3. Prove that any curve is a geodesic on its rectifying developable 
or on the locus of its binomials, and an asymptotic line on the locus 
of its principal normals. 

4. A geodesic is drawn on a right cone, semivertical angle a. 

Prove that at a distance R from the vertex its curvature and torsion 
are o 

r 

Altana.’ 


where p is the perpendicular from the vertex to the tangent. 


5. Prove that the p-r equation of the projection on the .jc^-plane of 
a geodesic on the surface is 




* 


where k is an arbitrary constant. 

6. Prove that the projections on the jry-plane of the geodesics on 

the catenoid ti=ccosh- are given by 
c 

kdu 

where k is an arbitrary constant. 

7. Geodesics are drawn on a catenoid so as to cross the meridians 
at an angle whose sine is where u is the distance of the point of 

crossing from the axis. Prove that the polar equation to their pro- 
jections on the .ry-plane is 

?^4'C 

where a is an arbitrary constant. 

8. A geodesic on the ellipsoid of revolution 

I 1 


crosses a meridian at an angle ^ at a distance u from the axis, 
that at the point of crossing it makes an angle 


with the axis. 


cos~^ 


m cos Q 


Prove 


9. Prove that the equation to the projections on the jfy-plane of 
the geodesics on the surface of revolution 


jr = w cos 6^ y — ii sin z — f{iC) 



where a and a are arbitrary constants. 


10. If a geodesic on a surface of revolution cuts the meridians at a 
constant angle, the surface must be a right cylinder 
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11 . If the principal normals of a curve intersect a fixed line, the 
curve is a geodesic on a surface of revolution, and the fixed line is 
the axis of the surface. 


12 . A curve for which ^ is constant is a geodesic on a cylinder, 
and a curve for which is constant is a geodesic on a cone. 


13 . The curvature of each of the branches of the curve of inter- 
section of a surface and its tangent plane is two-thirds the curvature 
of the asymptotic line which touches the branch. 

14 . Si, S.j, Sg are the surfaces of a triply orthogonal system that 
pass through a point O. Prove that the geodesic curvatures at O of 
the curve of intersection of the surfaces S2 and S3, regarded first as a 
curve on the surface So and then as a curve on the surface S3 are 
respectively the principal curvature of S3 in its section by the tangent 
plane to S2 and the principal curvature of Sg in its section by the 
tangent plane to S3. 

Verify this proposition for confocal conicoids. 

15 . Prove that the angles that the osculating planes of the lines of 
curvature through a point of the ellipsoid ;:;2+p+;;2“^ make with 
the corresponding principal sections are 

♦.n-l A . //x(o--A)(6--A)(c2-A) 

^ abc^ (XTiTy abcl (^-A)» ’ 

where A and ti. are the parameters of the confocals through the point. 
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Note to § 37 : Distance from a point to a plane. 

When the axes are rectangular, the distance from the point P, 
(x'l y', 2 ') to the plane aa:+ 6 y+c 2 +d =:0 can be found as follows. 

Let N, (a, j3, y) be the foot of the perpendicular from P to the plane. 
Then aa+6j3+cy +d=0, and the direction of NP is given by 

x'-x-.y'-^-.z'-y, 


or, since NP is parallel to the normal, by a : 6 : c. 

ax'+by'+cz 
ft® 4 

ax'+by' -hcz'+d 


Therefore 

a b c ’ 




-% say. 


x'-Qc=au,y'-^=bUfZ'-y=cUf 




Hence 


NP=- 


ax'+by'^^cz'+d 


±\/a2 4.6Hc^ 

From (1), N is given by a-x' -an, ^-y' -b% y=^z^ -cUn 


,.( 1 ) 


Note to § 43 : Constants in the equations of a line. 

The constants may be put in a more symmetrical form as follows : 


If nb-mc^\, im-lb=Vt so that ZA-j-mjLt+^v=0, the 

X (z V '~b 3 c 

equations -=^ — = are equivalent to 

I m n 


ny-mz^Xf Iz-nx-fi, m-ly=Vf ( 1 ) 

from which Xx-j-ixy-hvz^Of ( 2 ) 


The equations ( 1 ) represent the planes through the line parallel to 
the coordinate axes ; the equation ( 2 ) represents the plane through the 
line and the origi' .. 

Since ZA+mju.T?ip= 0 , the ratios of any five of the quantities t m, w, 
X} (z, Vi to the remaining one are equivalent to four independent con* 
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stants, and, when they are given, the line is determined. If, for 
example, the ratios of w, n, A, /a, v to ? are given, the equations 

lz~nx=fjL, mx-ly^vt 

determine fixed planes j if the ratios of I, m, n, jjl, v to X are given, the 
equations 

ny~mz—X, Xx + /j,y + yz=0, 
determine fixed planes. 

The ratios I : m: n : X: fi :v have been called the coordinates of the 
line, and the line is referred to as “ the line (Z, m, n, A, (jl, v).” (See 
Miscellaneous Examples I, Ex. 116.) 

Note to § 54 : Section of a surface by a given plane. 

The scheme on p. 73 can be written down mechanically. Choosing 
Of and Of as stated, we have 



X 

y 

z 


-m 

i 

C 

‘JV + m? 



V 

(1) 

(2) 

(3) 


1 

m 

n 


where the spaces (1), (2), (3) are to be filled. Now in the determinant 


k, 

mi. 

Wi 


ma, 

^2 

Zs> 

m3, 

n^ 


of § 53, provided that the orientations of the new and the original axes 
are the same, each element is equal to its cofactor. Hence in the spaces 
(1), (2), (3) we may place 


' .0 


, 0 


-m 

1 

+m^ 

m, n 

> 

1 

Z, 71 1 

> 

1 

h 

VZ® + m® 

m 


respectively, or 

-In - mn 

Note to § 63 : Cone with a given curve as base. 

Let V, (a, y) be the given vertex, and /(a;, y) = 0, 2=0 represent 
the given base. Let P, {x', y\ z*) be any point on the cone and let 
VP cut the base in Q. Then VQ/QP = - yjz\ and hence Q, is the point 

pz'-yy' \ 

\ z'-v * z'-v * y 
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Therefore, since Q lies on the surface /(a;, y)=0, 

f az'-yx' ^z'~yy' \ 
^\z'-y ’ z'-y ) * 

or the coordinates of P satisfy the equation 

\ 3 - V Z - V / 


which represents the cone. 

This equation can be written 





z- V 


iii 


which, in the case where /(^, y) is of the second degree, can be expanded 
in the form 


S)=». 


or 




y z-yJ 
4-yV(^-a^2/-j3) = 0, 


which can then be transformed as in § 63. 

A more general case is that of the cone with vertex V, (a, j8, y) and 
base the curve in which the plane 


u~lx + my-{-nz+p=0 
cuts the surface f{x, y, z) —0. 

If P, (x', y\ z') is any point on the cone, if VP meets the plane in Q, 
and if VQ/QP =A/1, Q is the point 


/Xx'-hoc Xy'+p Az' + y'N 
VTTT’ "aTT’ A + 1/ 


Since Q lies on the plane and on the surface. 


and 


A (lx' + my' -hnz' -\-p) + (lix + m^’hny+p)= 0, 

/Xx'-hcc Xy'+^ 

A + 1 ’ A + 1 ^ A + 1/ 


.(1) 

.( 2 ) 


Whence, if u'=lx' -\-my' -j-nz' +p and v^la + m^+Ttyi-pf (1) and (2) 
give 

V , , Jau'-vx' pu'-vy' yu'-vz'\ ^ 

--=A, and 


which is the condition that the coordinates of P should satisfy the 
equation 

/ g^ -- vx pu-vy _Q 

\ u — v * u — v * u — v J 


and this equation represents the cone. 
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^2 y2 2;^ 

Note to § 96 : The generators of the hyperboloid ^ ^ = 1- 

The equation of the hyperboloid can also be written 
1/2 ^2 , 

whence we deduce that the lines whose equations are 


!+-=^ 
b c 


, 

y 

b cJ 

= 1 - 2 ; 

a 

(3) 

f-W( 

b c ' 

1 +- ) , 
^ aJ 


y 

b cJ 

- 1 - 5 ; 

a 

( 4 ) 


are generators of the hyperboloid. Adding and subtracting the equa- 
tions (3), we obtain 

\~h 

If now we put ju. for the equations (5) become identical with 

the equations (2) of §96. Similarly from (4), by putting A for 
1 - h' 

- — we obtain the equations (1) of § 96. Thus different methods of 

i “T A/ 

factorising the equation of the hyperboloid lead to the same two systems 
of generating lines. 

y 2 ^2 1^2 

Note to §104: The generators of + through the point 

(a cos a, b sin a, 0). a d c 

The equation of the hyperboloid can be written 

/x y • ^ y 2:2 _ 

I - cos a + Y sin a ) + ( - sm a - t cos a I - - = 1. 

\a 0 y \a h J 

Hence the tangent plane at [a cos a, h sin a, 0), whose equation is 

- cos « -f-- sm a = 1, or cos “ cos a J 4- sm “ ~ sin aj =0, cuts the 

surface where it cuts the planes - sin a - ~ cos a= ±- , that is, in the 

lines ah c 

xja - cos g _ yjh - sin a. _ ±zlc 

sin a - cos a sin® a + cos® a ’ 

X — a cos a y — b sin a z 
or . ^ ' _ = — - * 

a sm a - 0 cos a ±C 

The reduction of the general equation of the second degree (axes 
rectangular). 

The nature of the surfaces represented by the equations 


Aif^+A27?®+A3£^=^, (1) 

( 2 ) 
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is shown in the following tables : 


At 

A 2 

A 3 


Surface 

+ 

+ 

+ 

4- 

Ellipsoid (or sphere) 

-+• 



4_ 

Hyperboloid of one sheet 


- 

- 

4- 

Hyperboloid of two sheets 

-f- 

4- 

- 

0 

Cone 


+ 

0 

4- 

Elliptic cylinder 

+ 

- 

0 

4- 

Hyperbolic cylinder 

•b 

- 

0 

0 

Pair of intersecting planes 

+ 

0 

0 

4- 

Pair of parallel planes 




At 

A., 

P' 

Surface 

+ 

4 - 

+ 

Elliptic paraboloid 

4“ 

” 

+ 

Hyperbolic paraboloid 

4 - 

0 

4 

j Parabolic cylinder 


If we change the origin and rotate the axes, the transformed equation 
is obtained by substituting for t), ^ expressions of the form 

Ix + my + nz+p, 

and therefore it is of the form 

ax^ + hy^ + cz^ + 2fyz + 2gzx + 21ixy + 2ux + 2vy + 2wz + d=0 (3) 

We shall now indicate how the values of Ai, Ao, A 3 , {jl in equations (1) 
and (2) may be found when equation (3) is given. 

First we shall prove that if, by a rotation of rectangular axes, 

ax^ + hy^ -h cz^ + 2fyz + 2gzx + 2hxy 

transforms into 


then Ai, A 2 , A 3 are the roots of the equation 
a *" A, h ^ 
K &~A, / 

9 , f, c-A 



or 


A^ 


— A^ “f* 6 "t e) + A (be "b 


ca+ah 

- (a6c + 2fgli - ap - 6^® - eft®) = 0. 
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This equation is called the Discriminating Cubic, and it can also he 
written in the form 


A® — A^(< 2+6 + c)+A(A + B + C) — D — 0 , 

where Ds a, h, g , and A, B, C are the cofactors of a, h, c 
h, b, f respectively, inD. 

.g>f’ c 


Suppose that the scheme for change of axes is 



X 

y 

z 

s 

h 

mi 

ni 

V 

h 


?^2 


h 

m3 

7I3 


and 


then + miy + n^z, 

7] = l^x + m^y 
i-lzX-\rm^y-^n^z, 


XSiX-Vm^y H- n-iZf + + ^2^/ + + Kikx + m^y + n-^zy 

=ax- + Oy- -t- cz^ + 2fyz + 2gzx + 2hxy. 


Whence 


a — . Xili‘‘ “1“ X^y “{“ XJ/^ , f — XyTfi-in-y -}- X^ni^n^ “f* X-^m^fliQ, 

b =: X^my + X^my + X^my, g = XiuJ.^ + X^nJ^ + 

c — X-^ifiy -f- A2^2** "t As^s^) ^ — Ai^iWj -{- “f- 

a + 6+c=Ai + A 2 +A 3 , since Eiy — \, etc. 
Again, he -p = A2A3 {m^n^ - m^n^f + A3A1 {m^n^ - rnyU^y 

+ A 1 A 2 (WiTig - 

^AoAgZi^ + AsAiZa' +AlA 2 Z 3 ^ by § 53 (E) ; 
similarly ca-g^— X^X^my 4 - AgAimg^ + X^X^m^, 
ab ~ “ A 2 A 3 Wi" "f" A3 Ai? 1'2^ "h , 


6 c + CO + ah -P - _ ^2 _ + A 3 A 1 + AiAg. 


hy 

l%y 

^3 

AiZj, 

XJ>2,y 

A3Z3 

mi. 

m2, 

m3 

Aimj, 

Aama, 

AgWlg 

ni, 

^2> 

ng 

Ai'^i, 

A2^2> 

Ag^ig 


= EXili^, EXil-^m^, EXin:J.i 
EX'il^m'^, EX-^my , EX^m'jn'y 
EX-^ijii, EX-iifTi-iiiii, EX-^ny 

i*o* A 1 A 2 A 3 = a, li, g by § 53. 

K b, f 
fy C 


Therefore the roots of the discriminating cubic are Ai, Aa, A 
§93.) 


3 


(Cf. 
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The direction- cosines of the new axes can be found as follows : 
From the above equations we obtain 

all + hmi + gni = -I- -f X2I2 {lilz + -i- njU^) 

H- A3Z3 (Zg^i -j- m^TTii + 

= Ai^i- 


and similarly, 


(a -Ai)Zi -fAwi -l-gf%=0, 
hli + (b - Ai) Wj -h/wi =0, 
gl^ +/mi-h(c-Ai)%=0. 


.(4) 


Whence Zi, Wj, and, similarly, the other direction- cosines, satisfy 
the equations 


al + hm + gn ^ lit + bm -^fn __ gl _ 


I 


A, 


.(5) 


where A is the corresponding root of the discriminating cubic. (If we 
eliminate Zi : mj : rii from the equations (4), we obtain 

a-Ai, li, g 1=0, 

K b-Ai, / 
g, /, c-Ai 

and so another proof that Ai is a root of the discriminating cubic.) 


Ex. 1. + 3y^ + 5z^ - 8yz - Sxy gives, for cubic, 

A® - 9A^ - 9A + 81 =0, whence A = - 3, 3, 9 ; 

L mi fii 

corresponding to Ai= -3, we have li=mi=z2ni, or 2 ’ 

^ « L mo 712 

A2= 3 or ~Z~2~~Y~~2 ’^ 

9, 2Z8= or j =32^'2 * 


Thus if the lines 

Of, Or), Of, respectively, -h - 8yz - 8xy transforms into 

- 3^ + 8072 + 9^2. 


Ex. 2. Verify the following transformations : 

(i) 6a;2 + 1 1?/2 ^ iq ^2 _ i2yz + 8zx - ^xy ; 3f 2 + 6772 + 18f 2 ; 

rst y ^ ^ n nr 

2~2 1 ’ 1 -2 2 ' 


(ii) 4a;2 + 2y^ + Sz^ + 4:yz - izx ; + 6f2 

z 


a; y z ^ ^ y ^ r\r ^ 

l“'r2~2’ -2 1 2‘ 


B.O. 
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(iii) S2x^ + 2 /^ 4- 2 ;^ + Qyz - l%zx - \%xy ; Z^if 

z 




^ ^ y 
O’?’ i=:n=-ri’ 


- 2 ^ 2 ; 

OC. = 

^ 0 1 - 1 “ 


(iv) 5a;- -- 16^^ + + Zyz - I4czx 4 Sicy ; 

X y z ^ X 


12 f 

y ^ ^ ^ y ^ 


- W ; 

o^. -=^=5. 
2 1 2 


Ex. 3. Reduce to the given forms : 

(i) 7a;® 4 33?/® 4 72® 4 12yz - IQzx - 12xy - 


P 7 )® P 

36,to-+l+L=i; 


(ii) a;® - Sli/® 4 2 ® - 20yz - 6zx + 20xy = 36, to ■ 


18' 


= 1 ; 


(iii) 2a^ + 33?/^ + 22® + 12 j/z-20zx- 12x^= 72, to ^ - — = 1 . 

8 2 9 ’ 

^2 „2 

(iv) 13a;® 4 20y^ 4 62 ® - I2yz 4 142a; - 4xy = 336, to -I- == 1 ; 


24 14 


= L 


and 


( v) 5a;® - 12^® - 82 ® 4 20^2 - 2zx 4 28a;^ = 336, to ; 

Ex. 4. Show that 

(i) 2a;® 4 5i/® 4 IO 2 ® 4 12yz 4 62 a; + 4xy — 1 
(ii) 4a;® 4 2 /^ - 42® -12yz- 62 a; - 4xy = 1 

represent an ellipsoid and hyperboloid of revolution, respectively. 

(i) transforms into |^®4i7®4 15^® = ! and (ii) into ® 4 67 ^® - 9^2 _ 

In (i) OC is given by A 3 = 15, whence | = ^ = gj^g 

Zi4 27?Ii43wi= 0 ; i.e. Of and Or] can be any two perpendicular lines 
in the plane a; 4 2i/ 4 3z =0, as is evident from the nature of the surface. 
Derive the same results for the axes in the case of (ii). 

Ex, 5. Show that 13a;®445y®4402®4 12y2 4 362 a;- 24 a;y =49 repre- 
sents a right circular cylinder whose axis is a ;/6 - y /2 = 2 /( - 3 ) and radius 1 . 
Consider now the case of 

ax^ 4 by^ + C 2 ® 4 2fgz 4 2gzx 4 2Jixy 4 2ux + 2vy 4 2wz 4 d =0. 

By the above methods we can determine new axes Of, O77, Of, with 


r = 1 , 2, 3, so that this equation transforms 


direction- cosines I, 
into 

AifHA^f 4A3f®42f(^4Zi 4 vm^ 4 lUTii) 4 277 {ul^ 4 ^;w^2 4 wn^) 

4 2f ( wZs 4 vm^ 4 wn^) 4 d = 0, 

or Aif® 4 4 Asf ® 4 2 U f 4 2 V77 4 2 Wf 4 d = 0 . 

If Ai, A 3 , A 3 are all different ffom zero, this can he written 

W® 


and if the origin is changed to 


-~d. 


/ U _V 
V“"Ai’ a. 


w\ 

■ A 3 /’ 
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this becomes + Ajf^ =fi, where 

U» V“ W‘ , 

If the new origin is {S', r^', f') referred to Of, Oi?, Of and {a,fi, y) 
referred to OX, OY, 02, we have the scheme 



a 

)8 

y 

e 

h 

nil 

Ui 

v' 

h 

mg 


C' 

h 

m3 

TIq 


" ^ Ai Ai ~ aZi+/tWi+gf% ' y\ )> 

:. {all + f ' = “ ^1 {^^1 + vnii + will). 


Similarly {al^ 4* hm^ 4- gn^ri' = - h {'^h + ^^2 + '^ 2 )* 

and {al^ 4- hm^ 4- gn^) f ' = - Z3 {ul^ 4- vm^ 4- urns). 


/. adding, we have aa + h^ + gy^ - u (6) 

and, in the sa,me way, ha 4- +fy = -v, (7) 

g<x+f^ + cy= -w. (8) 

Again, 


= - {uli 4- vrrii 4- wrii) S' - {ul^ 4- vm^ 4- - {nl^ 4* vm^ + wn.^) I' -d 

— - {UOL -\-V^ + lVy\-d). 

Thus the values of a, j8, y, fj, can be found from the given equation 
directly. The determinant 

a, h, g, u 
h, b, f, V 
g, f, c, w 
u, V, w, d 

forms a useful mnemonic for writing down the equations (6), (7), (8) 
for a, j8, y and the value oi 

The given equation in this case represents a central conicold (or 
cone, if |x=0), and (a, j3, y) is the centre (or vertex). 

The above transformation can still be carried out if one of the 
quantities Aj, A3, A3 is zero, provided that the corresponding U or V 
or W is also zero. Thus if A3 =W =0, the transformed equation is 

Aif + A27j2 + 2Uf4-2V^4-d=0, 

which, by a change of origin, can be reduced to 
Alf®+A277^=/£, 

which represents an elliptic or hyperbolic cylinder, or, i£ fx—0, a pair 
of planes. 
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In this case is indeterminate. If we multiply the equations ( 6 ), 
(7), ( 8 ) by i^ 3 , m 3 , ng, respectively, and add, the sum is identically zero, 
by (5). Hence (a, y) can be any point on the line of intersection of 
the planes corresponding to ( 6 ) and (7), 

ax-\-liy + TiX’^hy-\-fz-\’V—Q, 

This is what is to be expected, since any point on the axis of an elliptic 
or hyperbolic cylinder can be considered a centre. 

Similarly if A 2 =A 3=0 and V=W = 0, the transformed equation is 
Ai^^ + 2U^ + d=0, which represents a pair of parallel planes; and if 
A 2 =A 3 = 0 , Vt^O, W=0, the transformed equation is 

Aif + 2Uf + 2V^+cZ=0, 

which can be reduced to Ai|® + 2 V 7 ?— 0 , and represents a paraboHc 
cylinder. These cases are easily recognisable, as the terms of second 
degree in the given equation must form a perfect square, and they are 
easily discussed by a direct method which is indicated in Ex. 6 below. 

Lastly, we have the case in which :ne of the quantities Aj, Ag, Ag is 
zero and the corresponding quantity U or V or W is not zero. Suppose 
A3=0, W9^:0. 

The transformed equation is 


or 


Ai^^ *!■ + 2U^ + 2V'j^ + d — 0, 




U2 

2WAi 


V2 d\ 
2WAa’''2W/ 


= 0 , 


which, by a change of origin, can be reduced to 


Aif +A27?^+2Wf=0, 

and represents an elliptic or hyperbolic paraboloid. 

If the final origin is (f', 17 ', f ') referred to O^, Oij, OJ and (a, j 3 , y) 
referred to OX, OY, OZ, then 


and 


and 


f=- 


+ vrrii + wmi 

Ai 


ali+hmi+gn^ ’ ^ 


Uln + W ?^2 + 14^2 _ - ^2 + ^^2 + Vm<^ 

Aa ~ al^-\-}im2+gn^ 

\ (all + hTrii + gn-i) (uli + mii + wni\ 

(al^ + Ama +gn2)r]' = -Iz (ul^ + vm^ + vm^), 
(aZ 3 -{-Am 3 + g?i 3 )^'= 0 , by (5), since A 3 = 0 . 


adding, we have 


a« + + gfy = w (ZgS ~ 1 ) -}- 


(60 

and similarly Aa -{- +/y -v, (70 

and goL 4 - Cy=n^W -w (80 


These equations correspond to (6), (7), (8), but are not independent, 



APPENDIX 


XI 


since, if we multiply them by ^ 3 , m 3 , respectively and add, the result 
is identically zero. But we have also 

Ai Ag 

or 2 {uk + vma + wUs) ^'~~{uk + vm,^ + wni)i' ~ {uk + -f wn^) rf' - d, 

W^'= -UK-V^-lVy-d, 

or W {Zga -{- majS + n^y) = -U 0 i~vp-ivy-d (9) 

Any two of the equations ( 6 '), (7'), (S'), with equation (9), determine 
the values of a, j5, y, which are the coordinates of the vertex of the 
paraboloid. If Ave multiply the equations ( 6 '), (7'), (S') by a, y, 
respectively, and add to (9), we obtain 

da^ + + cy“ + 2jfji3y + 2^ya -I- 2iha^ + 2wa -f 2v^ -H 2wy + = 0, 

thus verifying that the point (a, y) lies on the surface. Note that in 
this case the three equations ( 6 ), (7), ( 8 ), i.e. aa.+Jip + gy+u=0. 
Jia + hp -i-fy 4 - w = 0, got +/^ + cy + ziJ = 0, give, when multiplied by Z 3 , m., 
Tig, respectively, and added, + + since, by ( 5 ), 

ak-hhms + gn^^Xsk-O, etc. But, by hypothesis, so that the 

equations ( 6 ), (7), ( 8 ) give a point at infinity. (Cf. §45.) 

We may sum up the methods of reduction in the various cases as 
follows : 

( 1 ) If the terms of second degree form a perfect square proceed as in 
Ex. 6 below. 

In any other case, first solve the discriminating cubic. 

(2) If the roots Aj, Ag, A 3 are all different from zero, find (a, jS, y) from 
the equations ( 6 ), ( 7 )", ( 8 ), i.e. aoL-\-h^-\-gy+u=0, Aa + 6 j 8 +/y + i;= 0 , 
ga-^fPi'Cy + w=0. Then - {uoc-j-v^ + ivy-^d) and the reduced 
equation is Ajf^ +A 2 ') 7 ® + Ag^^ =g. 

(3) If one root, A 3 , say, is zero ; attempt to solve the equations ( 6 ), 
(7), ( 8 ). If they reduce to two independent equations, assign an 
arbitrary value to one of the quantities a, y, and solve for the other 
two; e.g. put y=0. Then g= ‘-{uoc + v^ + wy-jrd) and the reduced 
equation is Ai^^ + Ag^j^ = g. 

If the ec{uations lead to a paradoxical result (as in § 45, p. 47), find 
/g, mg, Wg fi’om aiiy two of the equations 

al^ 4- hm^ 4- gn^ = 0, hl^ 4- 4-/?^3 = gk + c?^3 =0. 

Then W='w23 + ^^m3 4-^^??^3, and the reduced equation is 
AiP4-A27jH2Wf=0. 

Ex. 6. Reduce the equations ; 

(i) (3x-4:y-{-z)^~hQx-l2g-h3Z‘-10=0, 

(ii) {3X’-4:y-^z)^=26{x+y+z)i 

(iii) (3tr -4^ 4- 2 )^ 4- 16a: -27?/ 4- 18=0. 

Equation (i) can be written 

(3a; - 4y 4- 2 :)H 3 (Sir - 4y 4- ^) - 10 =0, 



COORDINATE GEOMETRY 


xii 


or (3a;“42/ + s + 5){3a;-4?/4-2;-2)=0, 

and therefore represents a pair of parallel planes. 

In (ii) we note that 3a;~42/ + s=0, x-\-y+z=0 represent perpen- 
dicular planes. Taking the first as fOf and the second as t^O^, we have 

— ,sothat(ii)reducest07?2 = v3^,andrepresents 

a parabolic cylinder. 

Write (iii) in the form 

(3a: - 4?/ -f s + A)^ =a:(6A - 16) - 2/ (8A - 27) + 2A2 + A^ - 18, 
and choose A so that the planes 

3a: - 42/ +2 + A =0, a;(6A ~ 16) - 2/(8A - 27) + 2A2: + A^ - 18 =0 
are at right angles. This gives A — 3, and the equation becomes 
(3a: - 42/+a5 + 3)^ = 2a: + 3?/ + 62-9, 
which, as in (ii), reduces to 2677^ =7|. 


Ex. 7. Verify the following reductions : 

(i) (2a: -2y- Zzf + 19a: - 34?/ - 442 + 50 =0 ; Yl'rf = 11^. 

(ii) 5x^ + 7?/^ + 62^ - 4:yz - 42a: - 6a: - lOi/ - 42 + 7 =0 ; 

+ 2772 + 3^2^1, centre (1, 1, 1). 

(iii) Ix^ + y^+z^ + IQyz + 82a: - Sxy + 2a: + 4?/ - 402 - 14 =0 ; 

+ = centre (1, 2, 0). 

(iv) 2a:^ -y^- IO2® + 20yz - Szx ~ 2Sxy + 16a: + 26y + 162 - 34 =0 ; 

= centre (^, f , i). 

(v) lla:^ + 5y^ + 2z^ + 20yz + 42a: - IQxy - 10a: - 14y - 28z + 26 =0 ; 

2?+f -?"-=0, vertex (1, 1, 1). 

(vi) 4:X^ + + 2z^ + 4i/2 - 4:Xy - 4a: - 6?/ - 82 + 6 =0 ; P + 2^7® = 1, 


(vii) x^ - y^ + 4:yz + 4:zx - 6a: - 2t/ - 82 + 5 =0 _ ^2 _ 

a:- 1 y~ 1 2 - 1 


-axis - 


(viii) 32a:2 + ^72 _j, Qy^ „ _ 10^^ - 6a: - 12y - I2z + 18=0; 

18^2 _ vertex (|, f, §). 

(ix) 5x^ - 16y^ + 52*^ + Syz - I4tzx + Sxy + 4a: + 20y + 42 - 24 = 0 ; 
2f - Sf + 2? =0, vertex ( 1, 1, 1). 


Ex. 8. Reduce the equation : 

x^ + 22/2 _{_ 32-2 _ Qy^ 42;aj _ 2xy - 10a; + 12y - IO2 + 7 =0. 

The discriminating cubic is A® — 6A® - 3A + 2=0, of which the roots 
cannot be found by inspection. There are two changes in the sequence 
of signs in the equation, and hence, by Descartes’ Rule, two of the 
roots are positive and one is negative. (The values to three places are 
-0'806, 0-387, 6-419.) We find in the usual way that a = l, |3=2, 
y=3, jLt = l. The reduced equation is -0-806^2 + 0-38777^ + 6-419{2=:l, 
and represents a hyperboloid of one sheet. 
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1. If is the distance of the origin from a line whose direction- 
cosines are I, m, n, and pi, p^, p^ are the distances of the origin from 
the projections of the line on the planes YOZ, ZOX, XOY, respectively, 
stow that 

Pi^ -VPi +P3 ~p'^= l^p^ + m?p^ + 

2, The equations of the lines bisecting the angles between the lines 

X ^__2. a _y_ z y ® _2/_2 

2“-l~0 ^~ni2’ “®2“^“6’ ^"2“3’ 


3. Show that the point (2, 3,-1) Kes on both the planes 

2x-y-z=2t a: 4- 2?/ -32=11, 
and that the line of intersection of the planes is given by 
x-2=y-^=zi-l. 

4. The equations of the perpendicular from the point (5, 9, 3) to 

the line a;-5_y-9 2-3 

are ^ g— 'll ’ 

and the foot of the perpendicular is (3, 5, 7). 

5. If OZ is vertical, the line of greatest slope through the point 
(1, 1, 1) on the plane 2a;-{"32/+42=9 is given by 

*^"“1 ij 2 2—3 

6. The orthogonal projection of the line “ on the 

3a;+4y-i-52=0 is ^=~=~. 


7. Show that the lines 

(i) j2;'f^+2-3=0=2.'r-f 3y-l-42-5, 
4a:-2/+52-”7=0=2a;-5y-2-3 ; 

a3_2/-2_2+3 a;-2_y-6^2-3. 

Wr‘ 2 " 3 ' 2 3 4 = 

are coplanar, and lie in the planes 

(i) a;+2y+32=2, (ii) 05-2?/ + 2 +7=0, respectively. 

8. If a+5+c=0, show that the line x+a=y+b=z^c intersects 
the four lines ir=0, y+2=3fj; 2 /^= 0 , 2+jr=36; 2 = 0 . a;+y=j 
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x^-y + z-^h, ^- + »^5-=0; at right angles, and that the 

IC — Cb tC 0 ic — c 

shortest distances between the first of these four lines and the other 
three are •JZ(a-c), •J%{a-h). 

9. Rind the equations of the common perpendicular to the lines 
y + z-h~c; y — O, z + x=c-a; 
in the form 3x + b -c = 3y + c-a = 3z + a — b* 

Show that it is also at right angles to the line z—O, x +y=a -b, and 
that the lengths of the shortest distances between the three lines are in 
the ratios b +c - 2a : c -ha - 2b : a + b - 2c. 


10. If pl~hgm-hrn = 0, show that each of the sets of equations 

p-?iy~hmz = 0 ; q-lz+nx=0 \ r - Tnx -hly =0 i (i) 

l-ry-hqz=Oi m-~pz-hTX=0; n-qx-hpy=0; (ii) 

is satisfied at all points of one of two perpendicular lines ; that the 
length and equations of their shortest distance are 


P-h'tn^-hn^-hp'^ + q'^ + r^ 


lx + my + nz^O—px -\-qy-hrz; 


and that the shortest distance is diTided by the origin in the ratio 


11. Show that the three planes hz-cy^h-c, cx-az—c-a^ 
ay -hx=a~-h, pass through one fine, L, and that the three planes 
(c - a)z -{a- h)y—h+c, (a - h)x -{b- c)z~c-ha, 

(b ~c)y -{C'-a)x=a-^b, 

pass through a line L' ; that L and L' are at right angles and that the 
shortest distance between them is of length 

2 (ci^ + 62 + c2)i/[(6 - c)2 + (c - a)2 + (a - 6)2]i 

and has the equations 

ax-hby + cz—a-hb + Cf (b - c)x + {c~a)y -h{a-b)z=0 ; 

and that the shortest distance meets L and L' in the points given by 
x-y=z = l, 

a; _ ^ 2 _ 1 

a^-bc b^~ca c^ — ab a^ + b'^-hc^ ~bc — ca~ab 


1 2. Show that the equations of any line which meets the three lines 


x~a, y^O; y=a, 2 = 0 ; z~a, x=0; 

can be written x-a=ty, z{t + l) + t{y --a) = 0, (i) 

and that the locus of such lines is the surface 

yz-hzx + xy-ax-ay -az-ha^—0 (ii) 

Show that the equations of any line which meets the three lines 
z=a, y—Q; x~a, 2 = 0 ; y=a, x=0; 

can be written x-a—sz, y(s-hl)-hs(z -a)~0, (iii) 

and that this line also lies on the surface (ii). 
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Show that the lines (i) and (iii) meet at a point P given 

X a 

(i + 1) (5 + 1) ” 5 ~ i * 

and that, if they meet at right angles, either 5^=1, or 5^+5 4 - j5 =:0. 
Deduce that, in these cases, P lies on the sphere 

x{x-a)+y{y-a)-\-z{z-a)=:0 
and on one of the planes x-{-y+z=a, x+y+z=2a» 

13. Show that the length of the S.D. between the lines 

cc-h3 _ y-6 g-3 ^ 

2 “ 3 

is 3 and that the line of the S.D. cuts OZ. Show also that all lines 
which cut the given lines and OZ lie on the surface 

7 (x - y -i- 6)(x + z) = (Sx ~ 2y -\-2l)(x -{-2z), 

14. Show that the condition that the line drawn through the origin 
to meet both of the lines 
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should also meet the line 

x-a^_y-h^_z 

~ C3 
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15. Show that the lines 

== ajX -j- b{y + CiZ 4- = 0, = a^x + ; 

Uq -a^x-^bsy^ C32; + dg = 0, W4 = a^x + b^y -f + 6^4 = 0 ,* 

are coplanar if | a^, 61, c^, 

^2, &2> ^2a dg 

U'S, ^3, C3, <^3 

^4 j ^4> ^4? ^4 

and that the equation of the plane containing them can be written 

bi9 Cl, % 6i, Cl, 0 

®2> ^2> ^2 n ^ A 

y r\ wj or 7 — 

^3J G39 0 O3, C3, 'Ws 

C4, 0 «i4> ^4» C4, «4 

1 6. If the equal and paraUel edges of a triangular prism pass through 

the points (^i, 61, Cj), (^2, b^^ C2), ^3> C3) ^-nd the lengths of their 

projections on OX, OY, OZ are a, y, respectively, show that the volume 
of the prism is cc, y, 0 

1 Ui, 61, Cl, 1 

2 Cl2? ^S> ^2> ^ 

^3j ^3> 1 
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17. The plane + cuts the axes OX, OY, 02, which are 
rectangular, in A, B, C. P is the point (a, /3, y) and the feet of the 
perpendiculars from P to OA, BC ; OB, CA ; OC, AB, are D, D' ; E, E' ; 
F, F', respectively. Show that the equations of DD' are 

2/ _ g 

2a - P + y- 1 -y + fi-l 

Show also that if DD', EE", FF' are concurrent, P lies on the line 
x=y=:z, 01 on one of the hyperbolas 

y=z, 2zx-z-x + l=0; z=x, 2xy-x-y-l-l = 0 ; 
x—y, 2yz-y -z + l=^0. 

18. The lines AB, CD, EF are given by the equations y~h^ 2= - c ; 
2 = 0 , x= -a; x=a, y= -6. If P is a point such that the planes 
PAB, PCD intercept a constant length 2k on EF, show that P lies on 
one of the hyperboloids 

ayz + bzx + cxy-\-abc=±k{x-ha){y-b). 

1 9. A variable sphere passes through the points (0, 0, ± c) and cuts 
the lines a; sin a = d= 2 / cos a, z = ±c in the points P and P". If PP' 
has a constant length 2k, show that the centre of the sphere lies on the 
circle 2 = 0 , + ys — _ c^) cosec^ 2a. 

20. A variable line which meets y ~ mx, z~c ; and y~ - mx, z~ - c; 

and which intersects the ellipse x = 0, y^la^+z^lb^ = l, generates the 
surface ^^2 _ m^x^)^ (yz - cmxY _ {cy - mzxY 

21. Find the equations of the line through (a, jS, y) which meets 
both of the lines y~mx, z=c ; y= - mx, z= - c ; in the forms 

y~mx z-c y + mx z-\’C ^ 

^ — Wa y — C /3 + TTlcx. y+C 

y-p _ 2 -y 
myoc - ^y- mccx. y^ - 

22. The locus of a variable line which is always parallel to OX and 
intersects the given lines 

X ~a _y -b __z-c X- a' _^y -h' ^z-c' 

I m n ^ V ^ mf ’ 

given by the equation 

x-a, y~b x-a', z-c' __ x-a\ y-b' x-a, z-c 

l» m. V, n' V, m' I, n 

23. Show that the tetrahedron whose vertices are (1, 2, 3), (6, 4, 2), 
(3, - 7/2, 8), ( - 5/8, 15/4, 35/8) is self-polar with respect to the 
sphere + 2 /^ + 2 ^ =20, and verify that each edge is at right angles to 
the opposite edge and that the planes through the edges at right angles 
to the opposite edges all pass through the centre of the sphere, 

24. Show that A, (1, 2, 3), B, (0, 11, 7), C, ( - 3, 2, 11), D, ( - 8, 6, 3) 
are the vertices of a tetrahedron in which each edge is at right angles 
to the opposite edge. Show that the perpendiculars from the vertices 
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to the opposite faces meet at the point P, f - ^ ^ and that 

V X4 14 28 J 

P divides the shortest distances between the pairs of edges AB, CD • 
AC, BD ; AD, BC ; in the ratios 31 : 33, 319 : 465, 1431 : 1705, respec- 
tively. Verify that the mid-points of the edges lie on the sphere 
4- 2:2 + 5a; -lOy- 122 + 65=0, whose centre is the centroid of the 
tetrahedron. 

25. If O is the origin and A, B, C are the points (4a, 46, 4c), 
(46, 4c, 4a), (4c, 4a, 46), show that the sphere 

a;2 + 2/2 + ^a^2(a;+2/ + 2)(a + 6 + c) + 8(6c + ca + a6)=0 

passes throngh the nine-point circles of the faces of the tetrahedron 
OABC. 

26. For the tetrahedron whose vertices are 

A, (1, -2, 11), B, ( -4, 2, 4), C, (3, -6, 6), D, (2, 2, 1), 
obtain the following results : 

The faces are 16a; + 13?/ - 42 + 54 = 0, So; + 1 1?/ + 162 - 64 = 0, 

20a; + 5?/ +42 -54 = 0, 4a; + 19y + 82 -54=0 ; 
the area of each face being 63/2 : 

The lines joining the mid-points of pairs of opposite edges are mutually 
perpendicular and the lengths of the S.D. between the opposite edges 
are 3, 6, 9 : 

The volume of the tetrahedron is 54 : 

The equation of the circumscribing sphere is 

a;2 + ?/“ + 2^ - a; + 2^ - II 2 =0, 

and the three faces which meet at any vertex make the same angles 
with the tangent plane to the sphere at that vertex : 

The centre of the inscribed sphere is (i-, - 1, •^) and its radius is 9/7 ,* 
the centres of the escribed spheres are (0, 0, 0), (5, -4, 7), ( -2, 4, 5), 

( - 1, -4, 10), and their radii are all equal to 18/7. 

27. Show that the planes a;-?/ -2 -9=0, 5a; + y + 2- 9=0, 

a; + 62/-2 - 15=0, a;-?/ + 52 -21=0, are the faces of a regular tetra- 
hedron which is inscribed in the sphere 

X- + 2/^ + 2^ - 9a; + y - 2 - 40 =0 
and circumscribed to the sphere 

a;2 + ?/2 + 2^ - 9a; + 2/ - 2 + 14 =0. 

Show that the escribed spheres are 
x^+^^-hz^ + 6x-i-4?j + 2z-13=0, a;2+2/2 + 2:2-12a;-142/+22 + 59=0; 

12a; + 4?/ -102 + 77 = 0, a;^ + ?/2 + 2:2_i8a; + 10?/ +82 + 95=0. 
Show also that the spheres which touch all the edges are 
a;2 +2/*^ + 2^ - 9a; +2/ - 2 + J = 0, 
a;2 + 2/® + 2'^ + 21a; + 72/ + 52--^=0, 
a ;2 ^ 2/2 + ^2 _ 15 a ; + 7 ?/ - 312 +^=0, 

+ 2/2 + ;22 _ 15a; 29?/ + 52 + ^ = 0, 
a;® + ?/2 + 2;a _27a; + 19?/ 4- 172 +-^^=0- 
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28. The six spheres 

aj® + 2/2 + - 2a: + 222 ; - 4 = 0, 

a;3 + 2/^ + ^2 + 8a: + 22 - 4 = 0, 

£Ij 3 _j. 2 / 2 + 2:2 - 12a: + 422 + 36 = 0, 
a :2 + y 2 ^g 2 _ 12a: ~ 182 +36=0, 

4a:2 + 42/2 + 422 + 42a: - 122 + 9 = 0 , 

4a:2 + 42/2 + 422 - 18a: - 122 + 9 =0 
all touch the four sides of the skew quadrilateral given by 
a:= 0 , ±y + 2,z-Z; 2 = 0 , a: d= 22 / = 6 . 

29. If the spheres Si = a :2 + 2/2 + 2 ^ + 26iia: + 2h^y + 2 ci 2 + = 0, 

S2 = a:2 + 2/2 + 22 + 2 ^ 03 : + 2622/ + 2002 + c?2 = 0, 
meet in a great circle on the sphere 

2fli2 -f- 26i2 + 2Ci2 ““ £^1 — + 26162 + 2C1C2 

30. The centres of spheres which cut both the spheres 

a :2 + 2/2 + 2 ^ + 2uiX + d=0, x^+y^ + z--h 2u^x + = 0 

in great circles lie on the plane a: + Wi +W 2 = 9 . 

31. Given the eoaxal spheres 

Si s a:2 + 2/2 + 22 + 2Wia: + cZ = 0, 

S2 = a:2 + 2/2 + 22 4- 2 ^ 23 : + c2 = 0, 

83=3:2 + 2/2 + 22 + 2(2^2 - %)a: + c?=0, 
show that S 3 cuts in a great circle any sphere orthogonal to Si which 
has its centre on S 2 , and that Sg cuts orthogonally any sphere which has 
its centre on Sg and is cut by Si in a great circle. 

32. Show that the circles 

a:2 + 2 / 2 + 22 -4a; + 4 ?/ -22 “7=0, 2a: “ 21 / + 2 -9=0 ; 

a:2 + 2/2 + 22 - 2a: - 32 / + 62 + 3 = 0, 2a: + 3?/ - 62 - 28 = 0, 
lie on the same sphere and find its equation. 

33. Lines are drawn through 0 to meet the circle in which the plane 

(i) a: + 2 / + 2 : = l cuts the sphere 3:2 + 2/2 + 22 ~4a:“ 63 / - 82 +4=0. Show 
that they lie on the cone x^~y^ ~ ^yz - 4zx - 2xy=0 and meet the 

sphere again at points on the plane, (ii) y'\-2z—2. Show that 

^(a;2 + 2/2 + 22 - 4 a:- 62/-82 + 4) + 2 ( 2 / + 22 - 2 )(a: + y + 2 - 1)=0 
represents a cone if i5= - 1 or if t = 19 125, and deduce that the circles 
in which the planes (i) and (ii) cut the given sphere lie on a second cone 
whose vertex is ( - 36/7, - 4/7, 4). 

34. Show that two cones can be drawn through the circles in which 
the planes x+y+z--l, y + 2z = 3 cut the sphere x^+y^ + z^= 4 , and that 
their vertices are (1, 2, 3) and ( -2, 0, 2). 

35. If lines are drawn through points on the circle in which the 
plane lx + my +nz = k cuts the sphere x'^ + y^'\-z^= parallel to the line 
xlp^ylq=:zlT, show that they meet the sphere again in pomts on the 
plane 

{Ix + my + nz-h) (p® + g'S 4. _ 2 (px 4 -qy + rz) (pi + g'wt + rn). 
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36. Of a sot of rectangular axes through O, one lies in the plane 
tix+hy + cz=0, and one in the plane px+qy+rz=Q. Show that the 
third lies on the cone 



37. If OX, OY, OZ, O^, Or), 0^ are two sets of rectangular axes 
through the same origin O, show that the equation of the cone which 
passes through them can be written in the forms 

[ 1 — . — 1 ^ — = 0 : 

a; y z § rj ^ ^ 

where n^, are the direction-cosines of 0|, Or), O^, 

referred to OX, OY, OZ. Deduce that 

liVh" + - 1 - 4 - 

38. A, B, C, D, E arc the points (1, 2, 3), (3, 2, 7), (4, 1, 9), (8, 11, 21), 
(4, 19, 21), respectively. Show that the equation 

( 1 1 a; -f 2/ - 52: ) ( + 3y - 55 ;) -}- if ( 4a; -f- ^ - 2^) ( 1 3a’ -I- 2y - 62 ;) =r 0 

represents a cone passing through the lines OA, OB, OC, OD, where O 
is the origin. Pind the value of t if the cone passes through E and 
deduce that the cone through the five lines is given by 

bx--{-y'^-z^=0. 

39. Show that the cone generated by rotating the line xll=ylm=zln 
about the line xja~ylh — zlc as axis is given by 

(Z^ + m- + n-) (ax + by + cz)^~ (al -f Z)?n -f cnfix’^ + 2/2 -f. z% 

40. If a is the semi- vertical angle of the right circular cone which 
passes through the lines OX, OY, x—y—z, show that 

cos « = {9 -4 n/3) ^ 


41. The plane x-\-y-\-z=0 cuts the cone ^x'^-Z2y^’{'21z^=0 in 
perpendicular lines. Show that the cone through these lines and 
OX, OY, OZ is given by Byz ~ Z2zx + 21 xy = 0. Show also that the planes 
through the origin at right angles to these lines are given by 

-^2x-^By + 21z~±^SB^{x-y), or -21x-h^2y-6z^ ±^SB9{x-z)» 


42. If Z, m, n, and V, m', n' are the direction-cosines of the lines in 
which the plane ^x-bqy-i-rz=0 outs the cone 


( 6 - 


g)P I (0 


-a)q ^ 


show that 


IV 

b-c 


y 

mm' 

c-a 


z 
Tin' 


then show, by taldng the given plane as a new coordinate plane, and 
changing the axes, that these lines bisect the angles between the lines in 
which the given plane cuts the cone ax^-\-hy^-\-cz^—Q, 
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43. An ellipse of semi-axes a and h has its centre at the origin and the 

direction- cosines of its axes are respectively ; and mg, 

Show that the ellipse itself is the orthogonal projection on its plane of 

(l^x H- . (kx + rfi.yf _ , ^ ^ ^ 

? ' 2 — u , 

and that its orthogonal projection on the plane XOY is given by 

44. Show that the section of the cone _ 2^2=0 by the plane 
x-i-y is a parabola whose equations can be written Z=0, 
6X2+4n/3Y = 1, and that the section of the hyperboloid x^-i-y^ 

by the plane a;>f y - 2z=0 is an ellipse whose equations can be written 
Z=0, X2-fY^/3 = l. 

45. What does the equation x^-hy“-h7z^ + 8yz-8zx + 16xy=81 
become when the lines joining the origin to the points (1, 2, 2), 
(2, 1, -2), (2, -2, 1) are taken as coordinate axes? 

46. The cone whose vertex is (1, 2, 3) and which passes through 

the circle x^-i-y^'hz^=4, x-{-y-l-z = l, 

is given by 

2(x-hy-hz-l)(y + 2z-3) = 5(x^ + y^ + z^~-4), 

47. Show that the two cones ayz"i-bzx~hcxy=0, fyz + gzx + hxy 
intersect in the coordinate axes and in the line 

x{h}i - cg)~y{cf'-ah) -z{ag -- hf ). 

48. The points common to the two cones 3yz - 2zx + a;?/=0, 

x'^-z'^~2yz + 3zx + xy~0, lie in the pairs of planes 

(x-y){x-^y + bz)^0, {x-^y -z){x + y + 2z)-0. 

49. The cone through OX, OY, OZ and the lines in which the plane 
aih -c)x-\~h(c-a)y-{-o(a~h)z = ^ cuts the cone 

^2(52 — c2)a;2 + 62(c® -a2) 2/^ + c^(a2 — 62^2^2—0 

is given by (Jb - c)yz 4- {c - a)zx 4-{a - h) xy=0, and the other two com- 
mon generators of the two cones lie in the plane 

a{h^c)x + h{c-\-a)y + c{a4-h)z = 0, 

50. The common generators of the two cones 

(6 + c) (& - cyx^ 4- (c + a) (c - a)y + (a + 6) (a - byz^=0, 
ayz-^ hzx + cxy—Oj lie in the planes 

(6 --c)2a: + (c-a)2y + (a-6)2z=0, (6® “C2)a; + (c2 (ct® -62)2=0. 

51. Show that 

-a: 4- 2?/ + 22=0, 2x-y+2z=^Q, 2a;4-2i/-2=0 ; 

6x~2y + 3z = 0, 3a; 4 - 6?/ -22=0, - 2a; 4- 32/4-62=0, 

are two sets of mutually perpendicular tangent planes to the cone 
x^-hy^ -hz^ - 2yz - 2zx - 2a;y =0, 

and that, in each case, the generators of contact are mutually inclined 
at angles of 00°. 
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52. Show that the cone 


6~c c~a a~b 


has sets of three mutually perpendicular tangent planes. If one plane 
of a set is a; + ?/ + 2: = 0, show that the other two are given by 
{b ~ c) (x^ + 2yz) + (c - a) + 2zx) + (a - 6) {z^ + 2xy) =0, 

and that the line of intersection of these planes is x^y-z. Show also 
that the lines along which these planes touch the cone lie in the plane 


53. Show that, for all values of t, the plane 

at^{x ~ y - z) - 2t{bx + ay) - b{x - y +z)~0 
cuts the cone ax^-^by^=:{a-hb)z^ in perpendicular lines, and deduce 
that all such planes touch the cone 

a b a + b 

54. Show that any cone whose vertex is on the paraboloid x^i'y^= 2cz 
and which passes through a meridian section has sets of three mutually 
perpendicular generators. 

55. A cone has vertex (0, 0, c) and base 2=0, y^^iax. Show that 
its equation is cy'^ +4:ax{z - c) =0 and that the equation of the reciprocal 
cone is ay^ + ca; (2 - c) = 0. 

56. The cone whose vertex is (0, 0, 2a) and base 2=0, y^=4:ax is its 
own reciprocal. The plane z=x cuts it in a circle. By changing the 
origin to the vertex, and turning the x- and 2 -axes through 45°, show 
that the cone is right circular and has a semi-vertical angle of 45°. 
Draw a diagram showing the cone and the section by the plane z=x, 

57. The cone whose vertex is (0, 0, c) and base 2=0, x^ + y^- 2ax~Q 
has a reciprocal cone given by a^y'^~c{z - c)(cz ~c^-~ 2ax). Hence show 
that if the section of a cone by a plane at right angles to a generator is 
a circle, the section of the reciprocal cone by the same plane is a para- 
bola. 

58. Show that the cone whose vertex is (3, 4, 5) and which passes 

through the oimve of intersection of the plane X’\-y+z=0 and the 
surface yz + zx'^-xy given by 

5a;2 + 4?/2 + 32:2 _ 52/2 ~ 42 a; - 3a;?/ -h 2^ + 2t/ + 22 - 12 =0 
and that it meets the surface again at points in the plane 
5a;+42/ + 32-f2=0. 

59. Lines drawn through points on the circle 

x+y-\-z = l, a;2-j-?/2 -1-22=4, 

parallel to the line a;/2 =?//•- 1 =2/2 generate a cylinder whose equation is 
2x’^ + ^if + 2z^-^4:yz-2zx+4txy-2x-^y-2z-^-Q. 

The cylinder meets the sphere in a second circle in the plane 
a;-5y+2+3=0 
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and the two circles lie on the cone 

25x^ + 25z^ - 162/2 4- Szx - 16x^ + 8x-h 82y + - 96 = 0 

wliose vertex is at the point (4/3, 16/3, 4/3). 

60. Show that the equations of the two planes which pass through 
the hne 2x^ -y^2z and cut the cone I5x^ - 142/2 + 5^2=0 in perpendi- 
cular generators are 3a; + 22/ + 2 = 0, 2a; - 2 / - 42 = 0. 

61. If two planes, each of w^hich cuts the cone ax^ + by^-hcz^=0 in 
perpendicular lines, are at right angles, their line of intersection lies on 
the cone (2a + 6 + c)a;2 + (26 + c + a)^2^(2c+a + 6)22=0. 

62. Find the tangent planes to the hyperboloid 3a;2 ~ 72/2 ^ = 126 

which pass through the lines 

(i) and (ii) 3a; + 72/ + 4;2 = 0=a; + 42/ + 32 + 3, 

giving the'’points of contact in each case. 

63. Show that the pair of tangent planes to ax^ + by^ + cx® = 1 whose 


Hit; ui luutJiHcuuiuu xo — ; — — — io liivcixi x/v 
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and deduce that, if {jp, r) is a fixed point and the planes are at right 
angles, the line of intersection lies on the cone 

a(h + c)(x-pY + b{c-i-a){y --qf + c{a-\-h)(z-TY 

= abc[(ry - qzf + {pz ~ rxY + (qx -pyY\ 

64. Show that the two tangent planes to ax^ -\-hy^ cz^ =^\ which 
pass through the line given by 

ny-mz—p, Iz-nx-q, mx~ly=r, J!p + 2ng' + 2ir=0; 
are represented by the equation 

iny ~mz-pY (Iz-nx-qY (mx-^ly -rY 
~ ~ - ^ =(px+qy+Tz)K 


65. The tangent plane at a point P, not in a principal plane, and the 
normal at P to the ellipsoid -^y^lb^ + z^jc^ — l meet the plane XOY 
in a line QR and a point G. Show that QR is the polar of G with respect 
to the ellipse 


H — - — = 1. 

a2^c2 62 _^2 


z=0. 


66. If the normals at points P and P' on the elHpsoid 

x^la^-hy^jh^ + z^lo^ = l 

meet a principal plane in G and G', show that the plane which bisects 
PP' at right angles also bisects GG'. 

67. If the normals at P, (aj^, z^) and Q, (x^y 2/2, z^) on the ellipsoid 
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+ zVc® = 1 meet at the point (a, p, y), show that PQ is given 
by the equations 



)= 64-^-1 

)= c ^( yL .{) 

yx^x^ 

^ ^2/12/2 

J \ZjZ2 ) 


68. If the feet of three of the normals from (a, y) to the ellipsoid 
x^la'^ + yW+z^lc^ = l are (x^, z^), r = l, 2, 3, the equation of the 

plane through them can be written 

C^y^Z 

{b- ~ c'^){c^ - a^)ZiZ2Z2 


69. Normals are drawn to the ellipsoid x^/a^ + y^jb^+z^lc^-l at 
points on its section by the given plane z~y. Show that the normals 
meet the plane XOY at points on the conic 


^ZyZ 


0=1-^ 


z^O; 


and meet the planes Y02, ZOX at points on the lines 

a;=0, z = yil~-a^lc^); 2/ = 0, z = y{l -b^c^). 


70. If the polar plane of P with respect to the conicoid 

ax^ + hy^ -hcz^ = l 
touches each of the conicoids 

hx^ 4- cy- -haz^ = l, cx^ 4 ay^ 4 hz^ = 1, 
show that P lies on the curve of intersection of the cone 
(b -c)aV + {c-a)b^y^ + {a~b)c^z^=0 

and the surface 

(b+c) a^x^ + (c-ha) b^y^ + {a-j-b) ch^ = 2abc. 

71. The normal at a point P on the ellipsoid x^ja^-hy^jb^+z^lc^ — l 
meets the planes YOZ, ZOX in G and G', and OQ is drawn from the 
origin O equal to and parallel to GG'. Show that the locus of Q is the 
ellipsoid aV + b^y^ 4- c^z^ ~ (a^ - b^)K 

72. The normal to the ellipsoid x^ja^i‘y^lb^+z^lc^ = l at a point P 
on its curve of intersection with the plane lx-^my-hnz=0 is produced 
outwards to a point Q such that PQ . p = k^, where p is the perpendicular 
from the centre to the tangent plane at P, and ^ is a constant. Show 
that Q lies on the conic 

aHx ^ b^my cHz a^x^ , ^ 

a- + Ic^ 5'*^ 4- + + 

73. P is a point on the hyperboloid x^la^ + tflb^-z^lc^=l such that 
the planes through the centre and the generators through P are at right 
angles. Show that the normal at P intersects the conic 

2/2 ^ c2 ga 

2 c 


B.a. 
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74. If is a point on the cone ax’^ + hy^-{‘Cz^:^0, three 

normals, other than the normal at P, pass through P. Show that the 
equation of the plane through the feet of these normals is 

(a - 6) (a ~ c) /a; + (6 - c) (b ~-a)gy'h{c- a) (c - b)hz =bcf^ + cag'^ + ahli\ 

75, P is a point on the ellipsoid + z^jc^ = 1 and ON is the 

perpendicular from the centre O to the tangent plane at P. If PN is 
of constant length K, show that ON lies on the cone 

y^^(b^ - cY +zVic^ - a2)2 + xY{a^ - 

- K2 (a;2 + 2/2 + z^) (a^x^ + h^y‘^ + d^z% 


76. The feet of the normals to 2i/2 + 35:^=984 which lie in the 
plane x-{-y + z — 2 are the points (12, -18, 8), ( -6, 18, -10), and the 
normals intersect at the point ( - 12, 54, - 40). 


77. The plane a; - s = 4 cuts the ellipsoid x^ -j- 2y^ + = 50 in a circle 

and the radii of the circle through the points (6, ± 1, 2) are the normals 
to the ellipsoid at these points. 

78. If P, (Xi, yi, Zj), is a point on the curve of intersection of the 
conicoid ax^-i-by^ + cz^^l and its director sphere, show that the normal 
at P meets the conicoid again at the point Q, given by 


x-Xi _y-yi_ z~-Zi _ -2 

and that the locus of Q, is the curve of intersection of the conicoid and 
the cone 

(h + c) (c + a)2>^^ + 

(h + c-ay^ (c-^a-hY^ {a + h -c)- 

79. The normals at y^, z^), 2 / 2 , Sa)* on the ellipsoid 

x^ja^ + 2/2/6^ + = 1 

will intersect if 

{b^~c^)x^ ^ {c^-a")yi ^ (a^-6")gx ^Q 
^2 2/2 ■“ Vi ^2 

and if (ex, y) is the point of iaterseetion, 


a^ac (i _ i) = 62^ (i - i) = (i - i) • 

\x^ xj ^ \y^ y^J ' \zi zj 


80. The six normals from (4/3, 2/3, 0) to the ellipsoid 
-24 consist of the normals at (2, 2, 2), (2, 2, -2), the normal at 
(4, -2, 0) counted twice, and the normals to the ellipse x^ +2y^ = 24f 
s = 0, at the points where the line x-2y+4~0, z=0 cuts it. 


81. If the line = - is perpendicular to its polar 

with respect to the surface ax^ + by^ + cz^ = 1, and meets the surface in 
P and Q, show that the normals at P and Q lie in the plane 

bc(qn - m) (x -p) i-ca(rl -pn) [y-q) 4- ah [pm - ql) (z - r) =0, 
and that PQ, is a principal axis of the section of the surface by the plane 
x-p, y-q, z-^r 

I, m, n 

hc(qn - m), ca{rl -pn), ah {pm - ql) 


= 0 . 



MIvSCELLANEOUS EXAMPLES I. 


XXV 


82. Show that the points (1, -2, 2), ( -5, 4, 8) are the extremities 
of a normal chord of the hyperboloid 2a;- +2/^ - ^^=2 and that the chord 
is a principal axis of the section of the surface by the plane 

4a; - y -j- 5;3 = 16. 

83. P, Vv 2 / 2 , - 2 ), R, (^''3, 2 / 3 , 23 ) extremities of 

three conjugate diameters of the ellipsoid -h y^jb^ + z^jc^ — 1. Show 

that {x - Xi)ix. ~ 0 : 3 ) 4 - (y - 2 / 1 ) ( 2/3 ~ 2/3) + {2 - ^ 1 ) {^2 ~ ^ 3 ) =0 represents the 
plane drawn through the normal at P at right angles to the plane 
PQR and deduce that the projections on the plane PQR of the normals 
at P, Qj R are concurrent at the orthocentre of the triangle PQR. 

84. OP, OQ, OR are three conjugate semi-diameters of the ellipsoid 

+ OP, OQ are produced to P' and so that 

OP 7 OP — where /b is a constant. Show that the enveloping 

cones whose vertices are P' and Q' intersect in two planes, of which one 
is the plane through OR and the mid-point of PQ, and the other touches 
the ellipsoid 2/“ ^ 

85. OP, OQ, OR are conjugate semi-diameters of the ellipsoid 

= 1. OP', OQ', OR' are drawn at right angles to the 
planes QOR, ROP, POQ, and of lengths such that kOP', kOQ/, ^OR' are 
equal to the areas of the triangles QOR, ROP, POQ, respectively, h being 
a certain fixed length. Show that OP', OQ', OR' are conjugate semi- 
diameters of the ellipsoid 

y'^ 1 

h'^cr ^ ^ W 

86. OP, OQ, OR are conjugate semi-diameters of the ellipsoid 
x^la^-by^lb'^-hz'^lc--!. Show that the sides of the triangle PQR touch 
the ellipsoid x^/a^ -t- y“lb^ ~hz^lc^ = 2 their mid-points. Show also that 
the necessary and sufficient condition that the line 

x-a z-'Y 

I'm n 

should cut the ellipsoid in the ends of two conjugate diameters is 

2o“(wy - W|8)" + 2bHna - Zy)= + 20= (Z/S - + c^aW + aW. 

87. The equations of the axes of the conic 3®* +!/'*- 2 “= 3, 
2a: -f y 4 - 22 = 0 are a;/ 1 = yl2 =:zl -2, xl2=yl -2~zl - 1, and the lengths 
of the axes are 6 and 6f \/5, The axes are the lines in which the given 
plane outs the cone llx-l/y-pljz—O, The axes of all sections parallel 
to the given plane lie in the planes 

' ex-2y-\-z=^0, Sx+2yi-2z=0. 

88. The lengths of the axes of the conic 

~ a;s + 20y 8 Bx-^6y-^2z=0, 

are 4, 2 j the equations of the axes are a;/2 = ^/ — 3 = zjQ, xj -‘6— yl2 — zfB i 
the equations of the equi-oonjugate diameters of the conic are 
- 1 =zl0^ xj - lO^yjl =zjl2. 
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89. The foci of the conic + + =21, 2a; + 3?/ -62=0, are 

(9, -4, l),(-9,4, -1). 

90. The centre of the conic = 72, 2x~y-2z + 36 =0, 

is (10, - 14, 35) ; the lengths of the semi-axes are 18, 36 ; the extre- 
mities of the axes are (22, -2,41), (-2, -26, 29); (22, -38,59), 
(-2, 10,11). 


91. The centre of the conic 2x^ + y^ = 12z, 6x~-3y ~6z=7 is 
(3, -3, 10/3) ; the lengths of the semi-axes are (39/2)2', (39/4)i, and the 
directions of the axes are given by 2 : 2 : 1, 1 : -2:2. 

92. The centre of the conic 5x^-i-17y^ -7z^=0, x -2y-h2z=81, is 

( -119, 70, 170) ; the lengths of the semi-axes are 3(595)'2', 9(595)J ; 
their directions are given by 2 : - 1 : - 2, 2 : 2 : 1. 

93. The axes of the conic xy—az, Ix + my i-nz^O, are given by 

nx-\'am __ ny+al __ nH~2alm 


94. If the plane lx-^my + nz=Q cuts the paraboloid xy~az in a 
hyperbola of eccentricity 2, the line xll=ylm~zjn Hes on the cone 
z^ix^ +y^-\- z^) ~ Sx^y-. 


95. Show that the director circles of sections of the ellipsoid 
— 4'p+^ = l, whose planes are parallel to the fixed plane 
lx + my + nz=% lie on the conicoid 

{lx + my + nz) [(6^ -f c- - a^) lx + (c^ -ha^- h^) my + (a® + h'^- c^) nz] 

= - {aH^ -f h'hnP‘ -f d^n^) 

X -]ry ^-z aH^ ) 




96. Show that if <22 + 52—20^, the generators through any one of the 
ends of an equi-conjugate diameter of the principal elliptic section of 
the hyperboloid a;2/a2+ 3/2/62- 2;2 /c 2 = 1 are at right angles. 


2z 

97. Show that a; = l-f>A^='Y“l represents a generator of the 
A 

hyperboloid x^-2yz = \ and that any point on the surface is given by 


/A+ A 


uA 

2=—!-- — • 

(M-X 


[JL - X’* g, - A’ 

Show also that if the generators through P are at right angles, P lies 
on the circle in which the plane 3/ -j- s = 0 cuts the surface. 


98. Show that the section of the hyperboloid 4:X^ + y^ — 2z^ = l2 
whose centre is ( - 3, 0, 6) is circular and that its area is twice that of 
the parallel central section. Show that the sphere which has the given 
circular section as a great circle is 

(a: - 1 ) (a; 7) 4- (3/ - 4) (y -f 4) + (2 - 2) (2 - 10) = 0. 
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99. The radius of a real circular cylinder which circumscribes the 

ellipsoid x'^ja^ -Vy"-lh'^ + z^lc^ = \ is h and the area of its curve of contact 
with the ellipsoid is 77(Z>“C" ~ + (a>’b>c). 

100. If each of two tangent cones to a conicoid has sets of three 
mutually perpendicular generators, their common points lie in two 
perpendicular planes. 

101. Two circular sections of the ellipsoid x^la^ + y^jb^ + z^lc^=l of 
opposite systems have the same radius r. Show that the square of the 
radius of the sphere through them is 

or 62+^-^ (&2-r2), {a>b>c). 

102. P, Q, R, S are vertices of a skew quadrilateral whose sides lie 
along generators of the hyperboloid x^ja ^ + y^jb^ - z^ld^ = 1. Show that 
{^p + zr) (zqzs -c-) = {zq + zs) {zpZR - 

103. P, {x'y y', s'), is a point on the ellipsoid x^la^ ^y^lb^-{-z^lc^-l 

and ON is the perpendicular from the centre to the tangent plane at P. 
If OP = r and ON show that the bisector of the angle PON is given by 

a'^x b^y C“2! 

x'ipr + a-^) y'{pr + b^)~' z'ipr * 
and that, if a point Q, is taken on the bisector such that OQ®=ON . OP, 
0, lies on the surface 

X- y^ 1 

a- -h x^ y- ' b^+x^ + y^ + z^ ' c^ + x^+y^+z^ 2 

104. If the plane Ix + nz—p cuts the hyperboloid 

x^la^- + tj^lb'^-z^/c^ = l 

in a parabola, show that aH-~C“n^ and that the vertex of the parabola 
is the point '^a ^ p® - c'^n’ 

'~2pl ’ 2pn 

105. If a + h+C“0, the section of the cone ax^-hby^ + cz^=0 hy 
the plane ax + by-hcz = lSabc is a parabola whose latus rectum is of 
length 4 'v/S (a“ + 6- + c®) ; the axis is parallel to the line x=y=z; the 
vertex is (a- -I- 5bc, b'^ -f 5ca, + 5ab) ; and the focus is 

[3(a2 + 6c), 3(h2+ca), 3(c2+a6)]. 

106. If the plane lx + my-i-nzi-p—0 cuts the cone 

x^la’hy^lb~hz^lc=0 

in a parabola, the directrix lies in the plane 

{b + c-a)lx + {c + a-b)my + {ai'b-c)nz=0, 

and the focus is given by 

X y __ z P . 

a{b-bc-a)l “ b{c + a-b)m ^ c{ai-b -c)n~ 2 [aH^ + hW + 

107. The hyperbolic paraboloid which has the lines 

aj,x + h^y =1, s =Cy, r = L 2, 3, 
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as generators is given by 


aiX + h^y-l 


Z-Ci ’ 

Cli, 

a^x + b^y-l 

2 — Cg 

a^x + b^y-l 

'*2> 

®3> 

Z~Cz 


= 0 . 


108. Tbe equation of the hyperboloid which has the coordinate axes 
for principal axes and the line x — a=^y~h—z-ceiQQi generator is 




■ + 1=0, 


(c-a)[a-h) {a~b){b-c) (6~c)(c-a) 

and the equations of the other generator through the point (a, 6, c) are 
x-a _ y-h _ z-c ^ 

-bc + ca-hab be -ca + ah hc-^ca-db 


109. The vertices of a tetrahedron are (a, b, c), (a, -b, - c), 
{-a, b, -c), (-a, - 6, c). Show that the altitudes are generators of 
the hyperboloid 

dx^{b^ - c^) + b^y^{c- - a^) + c^z-{d^ -b^) + (b^~ c^) {c^ - a^) {a^ - b^) = 0 . 

110. Show that the equations of the generators of the hyperboloid 

Sx"^ + 8 i/^ - 4:Z^ - Syz - 82 : 2 ; + ixy = 3 
which are at right angles to the planes of the circular sections are 
2x^2y±2=2z±l, 10:r = 10y± 10= -22:±5. 


Ill, The condition that ax- + by^ + cz^ + 2fyz + 2gzx 4 - 2hxy = 1 should 
have generators at right angles to the planes of its circular sections is 
a-b-c, 21ii 2g 

2h, b-c-a, 2f |=0. 

2g, 2/, c~ a -b 


112. A variable circle with its centre on OZ and its plane at right 
angles to the line x=a,y=z, intersects that line. Show that it generates 
the hyperboloid 2x^ + 3y^ ~ ^ 2yz ~ 2a-. Show that the same surface 

is generated by a variable circle with its centre on the line x=:0, 2y—z, 
which has its plane at right angles to the line x—a, 3y + z=0, and 
intersects that line. 


113. PP' is a diameter of the principal elliptic section of the hyper- 
boloid x^ja^-hy'^lb^ A variable generator intersects a gene- 

rator through P and the generator of the same system through P' in the 
points Q and Show that zqzq' = - cK 

114. Show that the two generators through the point (a, y) on 

the hyperboloid -z^jc^ — l are the lines in which the tangent 

plane at the point meets the planes 

{^x-QcyY _ {z-yY 

Show that the same result holds for the paraboloid x^ja^ ~ y^Jb^=:2zlc. 
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115. Show that the equations of the generators oiyz -hzx -hxy + =0 

are 

y-a = \(x-ha), A(z ~a) -i-y + z=0 ; z-a= yly-aj-hy+z—O; 
and that any point on the surface is given by 

^ ^ y g ~a 

24'A+/x4-A/a X-fx-Xy, - X-\~ fx~ XfjL~ X + fx + Xfi' 

Show that 

y=cif z~ — Cl I z^cif x~ —d i x—df y :=z — d I X — CL^ — 2y ^z-i-d^ 

are generators of the same system and that, if they meet any gen- 
erator of the opposite system in P, Q, R, S, respectively, (PR, QS) is 
a harmonic range, 

116, Establish the following results involving the coordinates of a 
line (see Apj^cndix, Note to § 43). 

(1) If the line (I, m, A, g, v) lies in the plane ax + by-hcz + d=0, 

7.7 , A j bv-cii cX~av atjL-hX ^ 

al-i-bni-hc7i = 0 and — r— ^ =d. 

I m n 

(2) If the lines (I, m, w, A, ix, v), {I', m', A', p,', j^') intersect, 

IX' -{-mix' + nv' -\-VX-\-m''ix+n'v=0, 

and the jjlane through the lines is given by 

l'{ny-mz-~ X) m' (Iz - nx - ix)-^n'{mx~ly 
or by I {iri'y - m'z - X') + m(Vz - n'x - jx') + n (m'x ~ Vy - v') = 0. 

(3) The line (/, m, n, A, /z, v) touches the surface 

ax^ + hy'^ -f = 1 

if 6c A^ + cci p? -h ahv"^ = aP + hnP + crP. 

(4) The tangent planes to x^ja^ + y^jb^ -^z^lc^ — l whose line of inter- 
section has coordinates /, m, n, A, g, v, are given by 

a^{7iy - 7nz - A)^ 4- b^ {Iz -nx- pY + c^i'tnx -ly -vY={Xx + fxy+vzY, 
and, if the axes are rectangular and the planes are perpendicular, 

li (^2 + c^) + m2 (c2 -f a2) + (a2 + = ^ 2 ^ ^ 2 ^ 

(5) The tangent planes to x^la+y^lb=2z whose line of intersection 
has coordinates I, m, n, X, ja, v, are given by 

a{ny -mz- X)^-\-b{lz-nx- fxY=2{mX’~ly-v){Xx + ixy’^vz). 

(6) The normals at the points where the line {I, m, n, A, v) meets 
the ellipsoid x^la^--\-y^jb^ + z^lc“ = l intersect if aHX-tb^'mix-i-chiv=0, 
and the equation of the plane containing them is 

^2(6“ - c^)mnx + 6^ (c® - a-)nly + c- (a^ - b^)lmz = b^cHX + c-ahnjx + a-b-nv, 

(7) The line (2, m, n, A, (x, v) is a diameter of the section of the surface 
ax^ + by- -j-cz^ — l by the plane 

hmj-mz-X)+^(lz-nx-ii)+''-{mx-ly-v)-0. 
a 0 0 
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(8) The polar line of (Z, w, n, A, /Lt, v) with respect to the surface 
ax^ -hhy^ ■^cz^=^l is (bcX, cafjLi abv^ -al, -hm, -cn), and if the line 
is a generator of the surface, 

al hm cn Imn , 5 - 

— = — = — = — = ±v ~ahc. 

A V AfjLV 

(9) If the line (?, m, A, /i, v) is a generator of the surface 

x^ja^ ” = 2zlCy 

lla~±mlbf aX~±bjjL, cv=±abn; 

if it is a generator of ayz + bzx 4- cxy + abc ~ 0, 

\P iim^ vn^ , 

— = — =±hnn. 
abc 


(10) The conicoid which has the coordinate axes as conjugate dia^ 
meters and the line (Z, m, w, A, jLt, v) as a generator is given by 
Xmnx^ + yMy^ + Ajy-v =0. 
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1. Prove thcat the lines 

?/+l s-f-l 

-y ^+2?/+32-14=0=3^+4?y4-5^-26 

are coplaiuir, and find the coordinates of their point of intersection. 
Ans, (1,2, 3). 

2. Show that the planes 

.^’-?/^-;s-4=0, 

form a triangular prism, and calculate the breadth of each face of the 
prism. 

iWA*. \/fj^ n/jJ, 


3. 


Find the angle between the lines 


“T""^ T 


6.r+4;y"-52=4, .'r-%+2^=12 ; 


show that the lines intersect, and find the equation of the plane 
containing them. 

7r/3, x-{-y~z^O. 


4. Find the equations of the line drawn through the point (3, - 4, 1) 
parallel to the plane %x-\-y -z=b^ so as to intersect the line 

—-"'—"TT* 

Find also the coordinates of the point of intersection, and the equation 
of the plane through the given line and the required line. 


5. Prove that the equations of the perpendicular from the origin to 
the line ax-\’hy^oZ‘\'d-Q=(^x-]rVy-{‘dz\d! are 

x{y - Vo)^y{c(i - Q'a)A’Z{aV - a'5)-0, 
x{adl ~ a!d) -^y^bd! - h'd)A-^{cd‘ - dd) =0. 

6. Prove that the planes 

6.3;-|-y+5^+5=0, 2^+7jf+32; 4-3=0 
intersect the line joining the points (1, 2, 3), (3, -5,1) in points 
which form a harmonic range with the given points. 
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7. Obtain, in the symmetrical form, the equations of the projection 
of the line = 

on the plane 5^-3/^ — 4^=3. 


A ns. 


. -3 2' 


8. Prove that + 83 /^ + - ^yz + hzx ~ 1 %xy ~ 0 represents a pair of 
planes, and find the angle between them. Pind also the angle between 
the lines in which the plane ll.r - 13?y + 2^=0 cuts them. 

Ar^. cos-1 ^ 2 ’ 90". 


9. Find the length of the shortest distance between the lines 
£^=2^=£ 2.»+3y-52-6=0=3.a;-2y-«+3. 

Am. 97/1 Sv'e. 


10. Find the equations of the straight line perpendicular to both of 
the lines 2 + 2 a ;+2 ?y- 5^2 + 3 

1~2“3’ 2 - -I 2’ 


and passing through their intersection. 



y-3 

4 


2-1 

- 5 ' 


11. For the lines 

x-^ _ y — l z .a? — 3 _?/-5_ 2-f 1 

find the length and equations of the shortest distance and the co- 
ordinates of the points where it meets the given lines. 

Ans. 3, '^=-^=| (2, 1, 0), (1, 3, -2). 

12. A square ABCD, of diagonal 2«, is folded along the diagonal 
AC, so that the planes DAC, BAG are at right angles. Show that the 
shortest distance between DC and AB is then %ajsjz. 

13. Find the equation of the plane which passes through the line 
3.r-f5y+72-5 = 0=.27-}-y+2-3, and is parallel to the line 

4.r + y + 2 = 0 = 2.51; - 3?/ - 52. 

Ans. x-l-2y+2z=l. 

14. Find the equation of the right circular cylinder whose axis is 
£c—%y——z and radius 4, and prove that the area of the section of the 
cylinder by the plane XOY is 247r, 

A ns. + 2y^ + 52^ + ^yz + 82.51? — 4.373/ = 1 44. 

15. Find the equation of the right circular cone which passes 
through the line 2.27=33/= -52, and has the line x^y=z as axis, 

Am. yz’\-zx-^xy^0. 
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16. Obtain the formulae for the transform a, tion from a set of rect- 
angular axes OX, OY, OZ, to a second rectangular set, O^, 0% O^, 
where lies in the plane XOY and makes an angle 6 with OX and 
Ot^^iakes an angle (j} with OZ, viz. 

.r == g oos6-7] sin ^ cos cjt + ( sin 6 sin 
2 /==^ sin 61+7 ?cos ^cos^-^cos^sin^, 
z=7] sin (jb-l-fcos cfi. 

Apply these to show that the section of the surface 
3.^2 -- •+> = 4 

by the plane 2.r — 2y+^ = 0 is a circle of radius 2. 


17. If Iry Wj-) yir 0'=1) 2, 3) are the direction-cosines of three 
mutually perpendicular lines, prove that 

{ml - ^ 2 ) - m^n.^{ml - == 

and that 

l ^ m^n 1 (ni 2 ?? 3 + ^3^12) 4 * (^3^1 + ^^^-1^3) + "I" = ^1^3- 

18. If 0£, 0?7, O^ are a second set of rectangular axes whose 

direction-cosines referred to OX, OY, OZ are 4) 0’=1, 2, 3) 

and the projections of O^ and Or} on the plane XOY make angles <^| 
and cjj 2 with OX, prove tliat 


tan(<^i-</)2)- 


± 




19. Find the sui-face generated by a variable line which intersects 
the parabolas 2«m, y — 0, z — am^‘, ^’=0, y = 2aa, z=-an^^ and is 
pai’alJel to the phine ^-h^ — 0. 

Alls. SG^—y^—Aaz. 


20. A line PQ moves with its extremities on the lines 

y = mos, z~c ] y = - '^ 00 , z—-Cy 

so as to subtend a right angle at the origin. Prove that the font of 
the perpendicular from the origin to PQ lies on the curve of inter- 
section of the surfaces 

{y^~m\v^){l - m^)==^{z ^ - c^)in^ and mz{x'^-^y^-\-z’^-c^)=cxy{l-{-m-). 

21. Lines are drawn parallel to the plane ^=0 to intersect the 

parabola 5:=0 ; and the line y — 0, z^c. Prove that they 

generate the surface <p‘y^—Aax{z^(^^. 

22. Find the surface generated by a straight line which intersects 

the lines . 2/ = 0, s'=c; ^’==0, 2=-c 

and the hyperbola z=0, xy + c^~0. 

A ns. z^ — xy = G^. 

23. Prove that lines drawn from the origin so as to touch the sphere 

.^^2 4, ^2 -h 2 w.57 -H 2vy -h ^WZ H- c? = 0 

lie on th e con e d {x^ -{- y® + = {'^^ + 

24. Find the equations of the spheres which pass through the circle 

^2 4.,y2+;s2_i^ 2^-f4y + 52:=6 

and touch the plane z—0. 

Ans. 4y-~5^+5 = 0, 

5.a?2^ 5^*2 ^5^2 _ 2.^;“ 4y - 5s-i- 1 = 0. 
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25. Prove that the locus of the centres of spheres which touch the 

two lines z— ±c 

is the surface xym + cz{\ + w^)= 0. 

26, P and Q are points on the lines 

z~c] y^-mx^ z=-c 

such that PQ is always parallel to the plane ZOX. Prove that the 
circle on PQ as diameter whose plane is parallel to the plane ZOX 
generates the surface ^^^2^2 _ ^2 4. ^2^2 = ^2^.2 


27. Prove that the plane 

(.a?-a)(w+0L)+(3/-/3)('y'f 0)-f (2“7)('W)+7)=0 
cuts the sphere + + + 

in a circle whose centre is (a, fS, 7), and that the equation of the sphere 
which has this circle for a central section is 

+ +2^ - 2a.(^ — u) - 2j3(y — v) - 2y(z — w) -h 2 cl^ + 2/3^ + 2y^ -{-d=0, 

28, If three mutually perpendicular lines whose direction-cosines 

are 1^, w-r, Tir (r=l, 2, 3) are drawn from the origin O to meet the 
sphere in P, Q, R, prove that the equation of the 

plane PQR is 

(^1 4- ?2 + + ^”2 + + (^1 + ^2 + 

and that the radius of the circle PQR is J{2j2)a. 


29. If A, B, C are the points (a, 0, 0), (0, 6, 0) and (0, 0, c), and the 
axes are rectangular, prove that the diameter of the circle ABC is 




62 _|,^ 2 )(c 2 + a 2 )(^ 2 _|,/y 2 ) 

52^2 _j_ ^2^2 


30. Find the radius of the circle 

2^7 -3/ -22+ 13—0, ^2+3^^+22 = 2.r + 43/^ + 42:+l, 
and the equation of the right circular cylinder Avhich has the circle for 
a normal section. 

A ns. 1 , + 8 y- + - 43^-2: + Qzx + Axy - 34r - 23y - 20^ + 56 = 0. 

31. Show that the plane lx+4y-\-z=0 cuts the cones 

Sojr-- 83 /^- 3^2 = 0 , lyz^-^zx-Zxy^O 
in the same pair of perpendicular lines, and that the equation of the 
plane through the other two common generators of the cones is 
57^ — 23/ -3^—0. 


32. An ellipse whose axes are of lengths 2a and 26 (a>6) moves 
with its major axis parallel to OX and its minor axis parallel to OY, 
so that three mutually perpendicular lines can be drawn from O to 
intersect it. Prove that its centre lies on the ellipsoid 


01 JO 

a- 0- 



33. Two right circular cones have a common vertex and axis, and 
their semivertical angles are 7r/4 and tt/S respectively. Show that any 
tangent plane to the first cuts the second in perpendicular generators. 
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34. OP, OQ, OR, whose direction-cosines are wi,., 2, 3), 

are three mutually perpendicular generators of the cone 

+ (,-22 0, (a + 6 + c = 0). 

Prove that the three planes through OP, OQ, OR, at right angles 
respectively to the tangent planes which touch along OP, OQ, OR, 
pass through the line 

_ {a-h)z 


35. If 

y‘^ z 

2+P + c 


P is any point on the curve of intersection of the ellipsoid 
2 ^»2 ^/2 / ~^ 1 , \ 

r^=:l, and the cone tangent plane 


at P to the ellipsoid cuts the cylinder in an ellipse of 

constant area. ^ O" 


36. If the axes are rectangular, find the length of the chord of the 
conicoid + 4?/ - 42*-^ = 28, which is parallel to the plane 3^-* 2y 4-22=0, 
and is bisected at the point (2, 1, -2). 

Alls. \/l54. 


37. Find the equation of the tangent plane to the surface 
3.r2-{-2?/-622 = 6, 

which passes through the point (3, 4, - 3), and is parallel to the line 

=:y=z ~z. 

A71S. .jr+y4-22 = L 


38. Prove that for all values of A the plane 


a 0 c 


(£_|/_£_2)=o 

\a 0 c J 


is a tangent plane to the conicoid 

— z^jc^— 1, 


and that its point of contact lies on the line 
4.x - 5a _ y _ 42 -I- 3c 
2a ~b~~ -DC ‘ 


39. Provo that the straight lines joining the origin to the points of 
contact of a common tangent plane to the conicoids 

+ Z>y2 -j- cz^ = 1 , (a- X)x^ 4- (Z> - k)f 4- (c - X)z^ = 1 , 
are at right angles. 

40. Find the equations of the two planes that can be drawn through 
the line ^=4, 3y4-42=0 to touch the conicoid 3^2 _e2'2= 4. 

Aois. a'4-9y4-122=4, a’-9y- 122=4. 

41 Find the points of contact of the tangent planes to the conicoid 
2.r‘-^->25?/2 4-22^=l, which intersect in the line joining the points 
(-12, 1, 12), (13, -1 -13). 

Ans. (3, -1, 2), (-2, -1, -3). 
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42. Find the equations of the two plane sections of fche surface 
which have their centres on the line 

_ .^y~3 _ g-7 
3 ’ 1 4 ’ 

and pass through the point ( - 1, -5, 1). 

Ans. a7-2?/+62- 15 = 0, 2jr4-y+22-f 5 = 0. 


43. M, the mid-point of the normal chord at P, a point on the 
ellipsoid ^^,2 ^2 ^2 

lies on the plane ZOX. Prove that P must lie on one of the planes 




and M on one of the lines 




-=l=±- 




44. P is any point on the curve of intei’section of the ellipsoid 

<y2 OG 'll Z 

fn + — — 1, and the plane — {-r-f-- — !, and the normal at P meets 
a^b^c-^ a 0 c 

the plane XOY in G. From O (the origin) OQ is drawn equal and 
parallel to GP. Prove that Q lies on the conic 

ax+by-{-cz= c\ a-x^-‘ 4- IP-ip" 4- = c*. 


45. A cone is described whose vertex is A, and whose base is the 
section of the conicoid a. 27 - 4- 4- — 1 by the plane z = 0. It meets 
the given conicoid at points in the plane XOY, and at points in a 
plane Q. Prove that if A lies in a fixed plane P, the pole of Q, with 
respect to the given conicoid, lies on a conicoid which touches the given 
conicoid at all points of its intersection with the plane P. 


46. If the polar planes of P and Q wnth respect to a central coni- 
coid meet in a line AB, and the plane through Q parallel to the polar 
plane of P meets the plane through P parallel to the polar plane of Q 
in a line CD, sho\v that the plane through AB and CD passes through 
the centre of the conicoid. 


47. Prove that the equation of the cone whose vertex is (a, /3, y) 
and base the conic ax^ ^ = 1, P =Z.jp 4 -?ny 4 -^z 2 :“-jo =0 is obtained 
by eliminating A from the equations 

a ( A^ 4- 4- ^ ( Ay 4- ^)“ 4 - c ( A^ 4- y)^ = ( A 4- 1 

and AP + P'—O, where P^^lcLA-nijB+iiy—pj and then obtain the 
equation of the cone in the form 

P-{aaA-^hld^-\'(yy^-l)-’^PP\acu)G-\-ljBy-\-cyz--l) 

4” 4- 4“ “ 1 ) = 0. 

Deduce (i) the equation of the cone whose vertex is (ol, y) and 
base a.r^4-iy^=l, ^=0, and (ii) the equation of the other plane section 
of the conicoid and the cone. 
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48 . Prove that the locus of centres of sections of ax‘+ly^+cz^=zl 

which pass through the line is a conic whose centre 

(t Ylt Ql 

is given by — aal-^h^m-^cyn 

49 . If the axes are rectangular and P, (^i, z-^\ Q, zX 

R> (^’3) Vz'i fa) extremities of three conjugate diameters of the 

ellipsoid ^+'p+^=l, prove that the planes through the centre and 
the normals at P, Q, R pass through the line 

- c%vj)\c^ - a^)y y{a^-W)z 
hhh 

50 . If OP, OQ, OR are conjugate semidianieters of the ellipsoid 

whose equation referred to rectangular axes is ^+|5+“2~I) and the 

areas of the triangles QOR, ROP, POQ are equal, the planes OOR. 
ROP, POQ touch the cone 'i ^ i 

£!L__ ,3/^ r. 

a%a-b'^ -h V - + c^b‘^ - Sa^p) 

51 . If P(.^i, yi, ^i), Q(^25 3/2) %)) RC^33 ys) h) are^the extremities of 
three conjugate semidiameters of the ellipsoid ^+p+~2=l, prove 
that the cone through the coordinate axes and OP, OQ, OR is given 

and the cone which touches the coordinate 

Lv iV (jl/ 0^^ 

planes and the planes QOR, ROP, POQ by 

, ^yy\y^y% , n 

—^2 + ^+— ^-0. 


52 . If one axis of a central section of the ellipsoid ^+f2+^2=I 

in the plane ^^^ + vy + ^r>s=:0, the other lies on the cone 
, 62 (c 2 -a 2 )'y , ^ 

I r “ — t/. 

X y z 

53 . If the radius of the director circle of the conic lx-{‘my'\'nz~ 0 ^ 
x^ja^-{-y^jh'^-\-z^lc^ = l is of constant length r, prove that the plane of 
the conic touches the cone 

I 3 /^ . 

a2 ( 62 + 62 (c^ + cc^ - r^) ^ ^,2) 

54 . Prove that the equal conjugate diameters of the conic in which 
the plane y =0 cuts the conicoid 2^2 3^2 ^422— \ ^re the lines in 
which the plane cuts the cone SoiP—y'^-lOz^—O. 

55 . If a plane section of ax^'\"hy'^-[-cz^ — l has one of its axes along 
the line ^=2?.=^ its equation must be 

A [X V ^ 

( A2 v^) (aXx + b(xy + cvz) = (aX^ + by? + cv-){Xx+yy + vz). 
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56. Prove that the lengths of the semi-axes of the section of the 

surface 2j/;s -}- ^zx + %xy + = 0 by the plane lx -f my are 

By considering the cases (i) ^+m'4-?i = 0, (ii) show that the 

surface is a hyperboloid of revolution whose axis i^x~y=z and whose 
equation referred to its principal axes is 

57, Prove that the axes of the conic in which the plane 

lx+my-\-nz—0 

cuts the paraboloid ax^-\’hy'^^^z are the lines in which the plane cuts 
the cone i ^ (a-b)n^ ^ 

anx+l bny + m ahnh — — am^ 


58, The fixed plane Ix’^ny where the 

cone ax^-\-by’^-\-G^=^^ in a parabola. Prove that the axes of all 
parallel parabolic sections lie in the plane 

o?‘Q)-g)x , , d‘{a-b)z 

— — , -j — y 

I Til n ' 

id the vertices on the line 


lx 


^~ie~af+${a-bf ^^^(a-bf+^(b-cy |( 6 -c)^+£^(o-„) 


viy 




59. If the axes are rectangular and a line moves so as to intersect 
the lines ^=a, y=0; x=-~a, y-mz and the circle 
prove that its locus is a hyperboloid of one sheet whose circular sections 
are perpendicular to the given lines. 


60. Prove that the centre of any sphere which passes through the 
origin and through a circular section of the ellipsoid 


^+'P+72=1> (a>&>fi), 


lies on the hyperbola 








61. Prove that the cylinders ^ 

Alx "^ - 24 :Xy -f 34 y 2 = 25 , 25^2 ^ 40^0 -p 34^2 ~ 9 

have a common circular section, finding its equation and radius. 

Ans. Ax — Zy-\-bz=^0, 1. 

62. Prove that any enveloping cone of the conicoid x^-^4yz-2z^-a\ 
whose vertex lies on the js-axis, touches the conicoid at all points of a 
circle. 


63. O is an umbiiic of an ellipsoid and OP is the normal chord 
through O. The tangent planes at O and P intersect in a line AB. 
Prove that any cone whose vertex is O and whose base is the section 
of the ellipsoid by a plane through AB is right circular. 
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64. If the generators through a point P on the hyperboloid 

y 2y ^2 _ _ I 

meet the principal elliptic section in A and B, and if the eccentric 
angle of A is three times the eccentric angle of B, prove that P lies on 
the curve of intersection of the hyperboloid and the cylinder 

= 46222 

65. If P is an extremity of an equiconjugate diameter of the ellipse 

= 2=0 and 202 = ^ 24 . 52 ^ the two generators through P of 

the hyperboloid are at right angles. 

66. P and D are the extremities of conjugate diameters of the 

principal elliptic section of the hyperboloid + 

generators through P and D form a skew quadrilateral PQDR. If 
the angles QPR, QDR are 2^ and 2c^), prove that 

COt2 0 4- C0t2 cj> = (a2 q. 

67. A genei^ator of through the point (a cos a., 

a sin a, 0 ) intersects a generator through the point (a cos js, a sin 0 ) 
at an angle 0. Prove that 3 cos2^/2 — 2 cos 2 (oL-y 8 )/ 2 , and show that if 
Aj, Ag, Ag, A 4 , A 5 , Aq fire the vertices of a regular hexagon inscribed 
in the principal circular section, the generators of the one system 
through Aj, A 3 , Ag and the generators of the other system through 
Ag, A 4 , Aq are the edges of a cube whose volume is 

68 . If a^>bc show that the points of intersection of perpendicular 

i)fpi 2 

generators of the hyperboloid central 

circular sections. 

69. The generators through S, any point on the hyperboloid 


meet the plane — l in the points P and Q. The other 

generators through P and Q intersect in R. Pind the equation of the 
plane PQR, and prove that if R always lies on the plane - 2 := 0 , S lies 
on the plane 

^ 4- hV + ~ 1 ) + 2?ic2 {lx 4 my - 1 )= 0. 

70. If a hyperboloid passes through six edges of a cubejt must he 
formed by the revolution of a hyperbola of eccentricity n/ 3/2 about a 
diagonal of the cube. 

71. Prove that any hyperboloid which passes through the £-axis 
and the circle x^-^f^ax, 0=0 is given by x{x^gz-a)+y{y-¥fz)^^. 
If the two planes that pass through the origin and cut the hyperboloid 
in circles are inclined at a constant angle a, show that the generator 
which passes through {a, 0, 0) and does not intersect OZ lies on the 
cone {x — a)2 4 -y 2 = tan® cl. 

72. The centres of conicoids that pass through the circle 

^'2^22=^® y = 0, 

and the parabola = + 3 = 0 lie on the parabola 

ic— 0 , 3®42ay=0. 
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73. Prove that the equation of the conicoid which passes through the 

lines 2 /== 0 , z^c ; -c, and has a centre at (a, ^8, y) is, if y^O, 

xy x{z-c) y{z-\-c) ^ 
cLf^ a(y“c) /8(y + c) y’‘^-c^ 

State what this equation represents, and discuss the case in which y ~0. 

74. Hyperboloids are drawn through the lines x=% z~ c \ y = 0, 
with their centres at the origin. Prove that the lines of inter- 
section of the polar planes with respect to them of two fixed points 
(a, jS, y), (a , y ) lie on the paraboloid 

yi {yaJ - y'a) -zx(l3y'~ jS'y) + c^lx {fi - /3') +y («- - a.')] =0. 

75. A variable line is drawn througli the origin to meet the fixed 
planes ?/— &, z=c in P, Q, R, and through P, Q, R parallels are 
drawn to OX, OY, OZ respectively. Prove that the centre of the 
hyperboloid which passes through these parallels lies on the surface 

4:xyz X y z 
ahc a b c ~ ’ 

76. If a cone intersects a conicoid in plane curves, their planes and 
the plane of contact of the enveloping cone which has the same 
vertex pass through one line. 

77. A variable cone is drawn through the conics — 0, ax^-\-hy‘^~l^ 
and one of its principal axes passes through the fixed point (p, g', 0). 
Prove that the vertex must lie on the circle 

bq{x-p)—ap{y-~q)^ apz"^ (apx i-bqy — l)(x — p)—0. 

78. Prove tliat the coordinate axes and the three lines of intersection 

of the three pairs of planes that pass through the four common gene- 

rators of the cones ax^ + by^'^cz^ = (}, fyz’\-gzx+/ixy = 0 lie on the cone 

-«/ 2 ) +!(«/““- ¥)= 0 . 

79. If (r = l, 2, 3) are the direction-cosines of the principal 

axes of the conicoid ax’^ -^hy- ^-cz^ ^2fyz-\-'ilgzx -\-^hxy prove that 

(i) y?iW3+g??tiW22?a3-f/mi7io%=0 ; 

(ii) -{- \r\7ipi<pi^ — 0. 

Hence or otherwise show that the cone through the coordinate axes 
and the principal axes is given by 

yz{gH- AG) + 3x (AF -'/H) -{- xy (/G g F) = 0, 

and the cone which touches the coordinate planes and the principal 
planes by 

^x(gH-kG) + shj{h¥-fH) + - 0. 

80. Show that if ax^^ ■{-hy‘^-^cz'^-{-'2>fyz-\-'^gzx-\-2Jixy=^\ transforms 
into A 2 r/“"h A. 3 f- = 1, the equations of are 

^(F+/Ai)-y(G-fg'Ai)-KH+AAi), 
with similar equations for Og and 
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81* Show that the necessary and sufficient condition that a conicoid 
should be of revolution is that its two systems of real circular sections 
should coincide, and hence prove that {ahcfghxyzf—\ represents a 
conicoid of revolution if 

{a - H- (6 - A)y- + (c - A)^^ + '^fyz + %gzx + ^hxy 

is a perfect square. 

82. Prove that, for all values of the equation 

(.a? sin ^-^cos ^) 2 + 20 (. 2 ?cos ^+^sin 0)—Q^ 
represents a hyperboloid of revolution, and that the axis lies in one of 
the coordinate planes, or on the cone 

83. Prove that the general equation of conicoids of revolution that 

pass through the fixed point (0, 0, c), and the parabola 2 — 0 , is 

?/2-'4a^+2A2^+(l — \^)z{z — c)~0, 
and show that their axes envelope the parabola 
y=0, {x-2af—c(2z-c). 

84. Prove that, for all values of A, the equation 

(A^ — 1) {z^ — G^) + 2A [y (2 -1- c) +0? (s ~ c)] + 2.ry = 0 
represents a hyperboloid of revolution which passes through the given 
lines y==0, z—c\ ^=0, 2 =-c; and show that the axes of all such 
hyperboloids lie on the paraboloid y^-x^ = Acz. 

85. The only conicoid of revolution which has its centre at the 
origin, and passes through the parabola s = 6, y^=4a.r'f 4a^~ m a 
right cone whose semivertical angle is tan"^ 2a/6. 


86. Por the curve 

x — a{Zt — t% y — Za^^ s=a(3^ + ^^), 

prove that p = o- = 3a (1 + 

87. Show that the tangent at any point to the curve of intersection 
of the cylinders y^—^ax^ y=^2ae^l^ makes a constant angle with the 

(^X “I” 

line 2 = 0 ?, y = 0, and prove that p = o' — ^ 


88. For the curve x=2ahtj y—a^logi, z^hH% 
prove that 

Prove also that the centre of circular curvature at (.'r,y, z) is given by 


^-x _ 7]-y _ ^-3 
- 2bH'^ ~ - 2abt 2abt 2abt 


89. Prove that the locus of the feet of the perpendiculars from the 
origin t' v ^he helix o? = acos 0, ?/=asind, z=^a$ k the 

curve ■ / ‘ ■■ 6), 2y = a{2&m O-S cosd), 2z=a9. Show 

that this cuiVe lies on the hyperboloid o? 2 +y 2 _ 22=^2 and that it 
crosses the generator 

X — a cofi CL y ~ a sin tx _ g 
sin OL - cos a 1 

fit right angles at the point where ^=a. Prove also that 

20(1 + ^ 

2d2 


B.a. 
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90. A semicircle A'BA is drawn with A'OA as diameter and O as 
centre, and a second semicircle OCA is described on OA as diameter, 
so as to lie within the first. The semicircle A'BA is then cut out of 
the paper and folded so as to form a right cone with OA and OA' 
coinciding along a generator. Show that the curve on the cone which 
the semicircle OCA assumes can be represented by the equations 

2ji? = a(cos3^4-co3 ^), 2y=a(sin 3^ + sin ^), ^ = >/3acos^, 
and obtain for it the results : (i) the length of the arc measured from 
the point (a, 0, J3a) is (ii) 4a^—p^(4: + ^co&^S\ and (iii) 

2a (4 + 3 cos 

^ 3^3 sin ^(2 4- cos 2^) 

91. A curve is drawn on a sphere of centre O, so that the tangent at 
a variable point P makes a constant angle with a fixed line. A is a 
point on the curve where the osculating plane passes through O. 
Show that the length of the arc AP of the curve is proportional to the 
perpendicular from O to the osculating plane at P. 

92. P is a variable 'point on a curv^ C^, and the arc AP, measured 
from a fixed point A, is of length s. A distance PT equal to s is 
measured backwards along the tangent at P, and the locus of T is a 
curve Cg. If the radii of curvature and torsion of Cj at P are p and 
(T, and the radius of curvature of Cg at T is p^, prove that 



93. Prove that the tangent to the locus of the centres of circular 
curvature of a curve makes an angle 9 with the corresponding principal 
normal to the curve such that sin d — pjlt 

94. If 8^ is the angle between the radii of spherical curvature at 
the ends of^n infinitesimal arc 5s, prove that 



95. P is a variable point on a given curve and PQ a line through 
P which makes fixed angles, whose cosines are a, b, c, with the tangent, 
principal normal, and binormal at P respectively. Show that if the 
locus of PQ, as P moves along the curve, is a developable suiTace, 
{b-+c^)p-^accr=^0, where p"^ and (r“^ are the curvature and torsion 
atxP. 

96. Show that the edge of regression of the developable surface 
which passes through the two curves, 

' a’=2a^^ y = 2a2f, 2=0 ; -3at'\ z—4.at^ 

lies on the conicoids 3 / 2 -b 6 (Q:jr= 0 , 64r^ = 92-. 

97. OA, OB, OC are the principal semiaxes of an ellipsoid, and are 
of lengths a, 6, e respectively. Prove that the curvature at A of the 
section of the ellipsoid by the plane ABC is 

2 M (ja + c2)- f . 
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98. For the si^rface show that the principal radii are 

c'i > 26 *=^ 

99. A surface is generated by a variable straight line which meets 

the circle 2 = 0 in P, and OZ in Q, so that the angle POX 

is equal to the angle OQP. Prove that at any point of the surface, 

cos d, ;/==?isin 6^, z={a-^t)Qot 0^ and that the measure of curva- 
ture of the surface at P is -a"^. 

s 

100. The curve in the plane XOY, for which !c — ae is rotated 
about OY. Show that the measure of curvature of the surface of 
revolution so formed is — and that the whole curvature of the 
part of the surface intercepted between the plane ZOX and the 
parallel plane through {x^ y, z) is 27r(^/a- 1). 
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Cluiraotoristic points, 311, 

Cirolo of curvature, 292. 
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Circular sections, 138. 
of ellipsoid) 138. 
of hyperboloid, 139. 
of general central conicoid, 140 
of paraboloid, 142. 

Circumscribing cone, 109, 202. 
conicoids, 249. 
cyliiider, 110, 203. 

Condition for developable surface, 
318. 

tangency of plane and conicoid, 
92, 103, 120, 124, 199. 
Conditions for umbilio, 342, 352. 
singular point, 263. 
zero-roots of discriminating cubic, 
206. 

equal roots of discriminating 
cubic, 210. 

Conditions satisfied by plane, 34. 
conicoid, 196. 
surface of degree n, 259. 

Cone, defined, 88. 
equation lioniogeneous, 88. 
equation when base given, 93. 
with three mutually perpendicu- 
lar generators, 92. 
reciprocal, 92. 

through six normals to ellipsoid, 
114. 

condition for, 219. 
enveloping conicoid, 109, 202. 
conjugate diameters of, 120. 
lines of curvature on, 334. 
geodesics on, 365. 

Cones through intersection of two 
conicoids, 245. 

Confooal conicoids, 176. 

Conic node or conical point, 264. 
Conicoid through three given lines, 
163. 

touching skew surface, 320. 
Conicoids of revolution, 228. 
with double contact, 246. 
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The numbers 
Conicoids through eight points, 
251. 

through seven points, 252. 
Conjugate lines, >see polar lines, 
diameters, 101, 114, 120. 
diametral planes, 101, 114, 123. 
Conoid, definition and equation of, 
257. 

Constants in equations to the plane, 
34. 

the straight line, 42. 
the conicoid, 196, 
the surface of degree 259. 
Contact of conicoids, 246. 

of curve and surface, 278. 
Coordinates, cartesian, L 
cylindrical, 4. 
polar, 4. 
elliptic, 178. 
curvilinear, 348. 

of a point of a curve in terms of s, 
301. 

Cross -ratio of four planes, 38. 
Curvature, of curve, 284. 
of surfaces, 326. 
of normal sections, 326. 
of oblique sections, 330. 
specific, 346. 
spherical, 293, 299. 
geodesic, 371. 

of line of curvature, 336, 341. 
of geodesic, 369. 
sign of, 288. 
lines of, 333, 352. 
on conicoid, 333. 
on developable, 333. 
on surface of revolution, 335, 
Curve, equations to, 12, 275. 

Curves, cubic, 113, 239, 245. 
quartic, 238. 

Curvilinear coordinates, 348. 
Cuspidal edge, 309. 

Cylinder, enveloping, 110, 203, 229. 
Cylindroid, 258. 

Degree of a surface, 259. 

De Longchamps, 95. 

Developable, polar, of curve, 300. 
Developable surfaces, 313, 316. 
condition for, 318. 
lines of curvature on, 333. 
torsion of curve on, 370. 
Diameters, of paraboloid, 124. 
Diametral planes, of central coni- 
eoids, 101, 114. 
of cone, 120. 
of paraboloid, 123, 125. 
of general conicoid, 204. 


refer to pages. 

Differential equations, of asymptotic 
lines, 358. 
of geodesics, 363. 
of lines of curvature, 338, 352. 
of spherical curves, 293. 

Direction -cosines, 19, 25. 
of three perpendicular lines, 69. 
of normal to ellipsoid, 111. 
of tangent to curve, 277. 
of principal normal and binomial, 
283, 289. 

of normal to surface, 272, 349. 
Direction-ratios, 28, 40. 
relation between direction-cosines 
and, 30. 

Discriminating cubic, 205. 
reality of roots, 208. 
conditions for zero-roots, 206. 
conditions for equal roots, 210. 
Distance between two points, 6, 20, 
26. 

of a point from a plane, 35. 
of a point from a line, 24. 

Double contact, of conicoids, 246. 
Double tangent planes, 266. 

Dupin’s theorem, 344. 

Edge of regression, 309. 

Element, linear, 350. 

Ellipsoid, equation to, 99. 
principal radii of, 332, 
lines of curvature on, 333. 

Elliptic point on surface, 270, 
326. 

Envelope of plane — one parameter, 
316. 

Envelopes — one parameter, 307. 

two parameters, 311. 

Enveloping cone, 309, 183, 184, 202. 

cylinder, 110, 203. 

Equation, to surface, 8, 
to cylinder, 9. 
to surface of rovolixtion, 13. 
to plane, 32, 33. 
to cone witli given ba.so, 93. 
to conicoid when origin is at a 
centre, 217. 
to conoid, 257. 

Equations, to curve, 12. 
parametric, 271. 

Factors of 

{ahcfgh) - \{x- if 2 *^), 209. 
Focal ellipse, hyperbola, 177, 190. 
parabolas, 192. 
lines, of cone, 193. 

Foci of conicoids, 187. 

Frenet’s formulae, 286. 
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laitss, meaeure of curvature, 346. 
enerating lines of hyjjerboloid, 148. 
of paraboloid, 149. 
systems of, 154, 161. 

Generator, properties of a, 167, 320. 
Generators of cone, 88. 
condition that cone has three 
mutually perpendicular, 92. 
of conicoid, equations to, 153, 197. 
conicoids with common, 239, 241. 
of developable, 316. 

Geodesies, definition, 362. 
differential equations, 363. 
on developable, 303. 
on surface of revolution, 365. 
on cone, 365. 
on conicoid, 367. 
jodosic curvature, 371. 
eodesic torsion, 373. 

dieoid, 258, 339. 
lix, 258, 290. 
jrograph, 346. 

idson, Kummer’s Quartio Sur- 
face, 266. 

yperbolio point on surface, 270, 
327. 

yperboloid of one sheet, equation 
to, 100, 166. 
generators of, 148, 153. 
asymptotic linos of, 358. 
yperboloid of two sheets, equation 
to, 101. 

dicatrix, 270, 320. 
pherical, of ourvo, 285. 

Icxioual tangents, 261. 
tegral curvature, 346. 
itersection of three planes, 47. 

»f conicoids, 238. 
i/ariants, 231. 

lachimsthal, geodesic on conicoid, 
367. 

grange’s identity, 22. 
near element, 350. 

.n equations to straight, 88, 40. 
rallel to plane, 43, 
rmal to plane, 43. 
strict ion, 321. 

, eoplanar, 56. 

ersecting two given lines, 53. 
oersecting three given lines, 
54, 

.ntorse'eting four given lines, 165. 
isymptotic, 358. 

5f curvature, 333. 


Locus of mid-points of parallel 
chords, 108, 125, 204. 
of tangents from a point, 108. 
of parallel tangents, 108, 203. 
of intersection of mutually per* 
pendicular tangent planes, 
103, 125, 199. 

of poles of plane with respect to 
confooals, 181, 

of centres of osculating spheres, 
300. 

MaoCullagh, generation of conicoids, 
187. 

Measure of curvature, 346. 

Meunier’e theorem, 330, 331, 371. 

Mid-point of given line, 7. 

Mid-points of system of parallel 
chords, 108, 125, 204. 

Minimal surfaces, 336. 

Nodal line, 265. 

Node, conic, 264. 

Normal plane, 277. 

Normal, principal, to curve, 282. 

Normal sections, curvature of, 326. 

Normals, to ellipsoid, equations, 111. 
six from a given point, 113. 
to paraboloid, 126. 
to confooals, 182. 
to surface along a line of curva- 
ture, 334. 

Origin, change of, 6. 

Orthogonal systems of surfaces, 344. 

Osculating circle, 292. 

Osculating plane of curve, 279. 
of asymptotic line, 359. 

Osculating sphere, 292. 

Parabolic point on surface, 270, 329. 

Paraboloid, equation to, 122. 

Parameter of distribution, 169, 321. 

Parameters of confooals through a 
point on a conicoid, 181. 

Parametric equations, 271. 

Perpendicular, condition that lines 
should be, 22, 30. 

Plane, equation to, 32, 33. 
through three points, 34. 

Point dividing line in given ratio, 
7. 

Points of intersection of line and 
conicoid, 102, 197. 

Polar developable, 300. 

Polar lines, 105, 202. 

Power of point with respect to 
where, 84. 
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Principal axes, 101. 
planes, 101, 124, 204. 
directions, 212. 
normal, 282. 
radii, 327, 332, 337, 350. 

Problems on two straight lines, 61. 
Projection of segment, 15. 
of figure, 17. 
of curve, 19. 

Properties of a generator, 167, 320. 

Quartic curve of intersection of 
conicoids, 238. 

Radical plane of two spheres, 83, 
Radii, principal, 327, 337, 350. 
Radius of curvature, 284, 288. 
of torsion, 284, 289. 
of spherical curvature, 293, 299. 
Reciprocal cone, 92. 

Rectifying plane, 282. 

Reduction of general equation of 
second degree, 219, 227. 
Regression, edge of, 309. 
Revolution, surface of, equation, 13. 
conditions that oonicoid is, 228. 
lines of curvature on, 335. 
geodesics on, 365. 

Ruled surfaces, 148, 313. 

Salmon, generation of eonieoid, 187. 
Section of surface by given plane, 
72. 

of eonieoid, with given centre, 107, 
204. 

of eonieoid, axes of, 131, 134, 137. 
Sections, circular, 138. 

Segments, 1. 

Shortest distance of two lines, 57. 
Signs of coordinates, 2. 
of directions of rotation, 3. 
of curvature and torsion, 288. 
of volume of tetrahedron, 65. 


Singular points, 263. 

tangent planes, 265. 

Skew surfaces, 314. 

Specific curvature, 346. 

Sphere, equation to, 81. 

Spherical curvature, 293. 

Striotion, line of, 321. 

Surfaces, in general, 259. 
of revolution, 13, 228. 
developable and skew, 314. 
Synclastic surface, 270. 

Tangency of given plane and coni 
coid, 92, 103, 120, 124, 199. 
Tangent plane to sphere, 82. 
to eonieoid, 102, 124, 198. 
to surface, 261 , 202, 272. 
to ruled surface, 315. 
singular, 265. 

Tangent, to curve, 275. 

Tangents, inflexional, 261. 
Tetrahedron, volume of, 64, 
Torsion, radius of, 284. 
sign of, 288. 

of asymptotic lines, 359. ^ 

of geode.sics, 309. 
of curve on developable, 375. 
geodesic, 373. 

Transformation of coordinates, 6 
75. 

of {ahcfgh){xyzfi 214. 
Triply-orthogonal systems, 344. 
Trope, 266. 

Umbilics, of ellipsoid, 143. 

conditions for, 342, 352. 

Unode, 264. 

Vertex of paraboloid, 124, 221. 
Volume of tetrahedron, 64. 

Wave surface, 267. 

Whole curvature, 346. 
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